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ITanOyHBIA N3ecAiKIaACHIKI!

Tarbl mamamorkHik cmaTpabiliia BaM OJisS HNaApBIXTOYKiI ga ypokay, sK3ameHay i
YCTYIHBIX iCIIBITAY IMa MaTIMAaThII[bl, & TAKcaMa AJSA IarJbI0IeHHs Bemay Ia ajareOpbl.

Kuira ckimagaernia 3 6 pasgsenay, KOMKHBI 3 AKiX IIajsejieHbl Ha maparpadsbl.

Y pasgsenax 3, 4 i 5 pasmenruaHbl 3aJaHHI IIa T9MAaX, AKiA aalIaBAmaIONb BY-
ysbHaMy mamaMoKHiIKY <«Aure6pa, 10». Capon ix cycTpsHyIla Takcama i 3agaHHI 3
HeCTaHJAapPTHBIMI yMoBaMi.

Pasnsensr 1, 2 i 6 mpamanyoIilia AJd BLIBYUSHHS MaTAIMAaTBLIKI Ha MaBBIIIIAHBIM
yspoyHui. Koskubl maparpad y raTeixX pasjseiax yKJIOdae:

* HOBBI TAP3THIYHBI MATIPBIAT i MeTabl AT0 IPbIMIHEHHS; aJrapbITMBbI;

* Ba’KHBISA IPaBiJbI i ACHOVHBIA MPBIKJIALBI 3 PAIISHHAMI i maapaba3HbBIM alricaH-
HeM MHacJaI0yHACI[l A3eIHHAY;

* TPOHIPOBAYHBIA NPAKTHIKABAHHI 1 {30pHI IPHIMAHEHHS TI0PHIL § 3aJaHHAX 3
HeCTaHJapTHBIMI yMoBaMmi.

V KHiZe BBI CyCTpaHeIle HACTYIHBIA YMOYHBIS a0asHaUdHHI:

@ — HOBBI TRAPATHIUHBI MATAPHIAJ i METaAbl AT0 IPHIMIHEHHS;
@ — aJIrapbITMBI;

Q — MaTIPBIAJ MaBbIIIIaHATA Y3POYHIO;

@ — TPYHIPOBAUHBISA MPAKThLIKABAHHI;

@ — IaJaTKOBBI MATIPBIAJ AJIA MATJILIOJIeHHI MaToOMAThIUHBIX
Bemay.

Hnsa abarynpHeHHS BhIByuaHara paHeil MaTaphIANY § ByUsOHBIM JAlaMOMKHIKY pas-
merruaHbl pasasen «llayrapsuHe. ToMaTBIUHBIA TICTHI.

EI' El HamaTKoBBIA MaTHPBIAJIBLI Ja KHIri, a Takcama aJKasbl Ja TPSHipOBAUHBIX
mpaKkThIKABaHHAY MOKHA 3Haicii Ha caiine http://e-vedy.adu.by, xypc
«MaramaTbIKa».

HKamaem mocmexay!



Q Pazpgsen 1. ®yHKUbIi

§ 1. Cknamanasa (pyHKIBIA

IIpsr BEIBYyUSHHI YaaciiBacieir pyHKIBIH i mabymoBe rpadikay uacra Heab-
XOJHA BBLIIiUBAIlL 3HAUSHHI (PYHKIBIL OIS PO3HBIX 3HAUSHHSAY apryMeHTA.

Hamnpruikiaazn, a1 Taro Kab BELIIUBIIh 3HAYUSHEE (DYHKITBIL y=f(x)=\/x2 —4 ma
3aJa/I3eHBIM 3HAUDHHI apryMeHTa, clayaTKy Tpa0a BbLIIULIIL 3HAUSHHE (PYHK-
ueti t=g(x)=x%—4, a 3areIM 1S 3HOMA3eHAra 3HAUSHHS { BBLIIUBIND 3HA-
ysHHe QyHKILI y = h(t) = Jt.

®yuknsio ¢ = g(x) = x? — 4 HasbIBAIOIB IpaMeKKaBail GyHKIbIAN, a PYHK-
OBII0 Y = f(x)=+x? —4 — cruanganaii (GYHKIIBIAN i 3amicBaloONb y BBITVIAI3E
y="r(x)="h(g(x)).

AzHausHHE

Haxaii sanansens pyuknsi h(x) i g(x) Takia, mrro E(g(x)) C D(h(x)),
Tanbl QYHKIBIA Yy =f (x)= h(g(x)) Has3bIBaeIllla cKJagaHail (PyHKILIAN abo

ramnasinerait dyuxnsiit h(x) i g(x): f=hog.

IIpeixaan 1. Bagansens! Gyukner f(x)=sinx i g(x)=2x+ 3. 3 gana-
morau popMyJs 3amanie (PYHKIIBIi:

a) y=r(gx); 6) y=2g(f(x)).

Pawsnne.
a) ITakosbki pmma ckaagaHaiti (QYHKIIBI y=f(g(x)) dyarnsia  g(x)

3’Ayadeliia IpaMe;KKaBaii, To samMeHiMm y popmyse f(x) = sinx 3meHHyIO X Ha

2x + 3. ArppiMaeM CKJIaaHYI0 QYHKIBIIO [ = f(g(x)) = sin(2x + 3).
6) IMakonbki mas ckaagamait gymaxunei y=g(f(x)) dymrmea y=f(x)
3’ayigenna nmpaMesxXKaBail, To saMeHIM y dpopmysne g(x)=2x+ 3 3MeHHyIO X

Ha sin x. ATphIMaeM CKJIAZaHYIO PYHKIBIIO Y = g(f(x)) =2sinx + 3.
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IIpeikaan 2. 3aminrbiiie GyHKIIBI, 3 faraMorai aKix sagaaseHa KaMIiasi-
mbIa (cKJIamaHad QYHKIIBIST):

a) y=1(g(x))=2x+7; 6) y=rf(g(x))=(2x2 —1).

Pawanmne.
a) YcTaHOBiM mapajak A3esHHAY ITPhI BRLIIUSHHI 3BHAUSHHAY Aaf3eHail GyHK-

IIbIi: x—g(x)—>2x + 7Lf(t)—>\/¥

Takim usiHaMm, ckiaganas byernbia y=f(g(x))=.2x+7 samagsena §
BRITJIA/3e KaMIIasimeli A3BIoX (QYHKHOBIH: t=g(x)=2x+7 i y=7f()= \/;,
y=recg.

0) YCTaHOBiM napajak A3esSHHAY IIPbI BELIIUSHHI 3HAUSHHAY Aaf3eHail GyHK-

=f(¢
I =g(x) _q1_¥ f(@) 5
5
Taxim uelHam, ckraganas Gysxnsia y=f(g(x))= (2362 — 1) 3amafseHa ¥

BBITJIAZ3€ KaMIIasimsli a3Biox pyukisii: t=g(x)=2x*—11i y=f({t)=t’, y=f- g.

_@_

1.1. Bagansens Gynxuer f(x)=_17; g(x)=sinx; h(x)=%x. 3 nanamo-
raii popMmyJ sazaiine QyHKIIBIi:

y=F(g(x)); y=2g(f(x)); y=h(g(x));

y=h(f(x)); y = f(h(x)); y = g(n(x)).

1.2. 3uaiigsime abcAr BrISHAUSHHESA (PYHKIIBII:

- {_.2. —_1 - [y _Q. - _2x
a) y=41—x"; 0) y e B) y =.x —8; r)y= NEra

3amiinbile PyHKILI, 3 JanaMoraii aKix 3agag3eHa KaMIIasiiiblsd.
1.3. Bagansensr pyukruei f(x)=4—x% i g(x)= Jx. 3Hansine: f(g(4));
f(g); g(£(0); g(r(=2)).

1.4. [lakaxpilie, IIITO KaMIIa3inblsd A3BIOX HapacTaJabHBIX (DYHKIIBIH — Ha-
pacTajbHasg PYHKIIbIA.

1.5. lakaxkpIlle, IITO KaMIIa3ilblsg A3BIOX CIAAaJbHBIX (QDYHKIBIH — cIIa-
manabHasd PYHKIBII.

1.6. lakaxpIlie, IIITO KaMIIasilblsd cOoagaabHal i HapacTrajdbHail (PyHKIIBIH
écIlb crafaabHasd QYHKIIBIA.

1.7. [lakakpilie, IIITO KaMIas3ilblgd HapacTajdbHall 1 crmagaabHail (PyHKIIBIH
écib cuagaabHasd QYHKILBI.
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1.8. BanoyHire ¥ cIIBITKY TabTiy.

h(x) p(x) h(p(x)) p(h(x))
Jx 4x3
3—x
(4x—1)
(20 +1)°
1.9. dyurneii f i g 3agansensl Tadainami.
3HausHHI aprymeHTa 1 3 —2 0 —3
3HausHHI QYHKIBIL 4 2 —1 2 —4
3HaUsHHI apryMeHTa 1 3 —2 0 —3
3HaUSHHI PYHKIBI & 0 —3 1 —2 3
Buaiigsine snausuui Gyukmsi f(g(x)).
3HausHHI aprymesTa 1 3 —2 0 -3
3HaYsHHI PYHKIIBIL f(g (x))

§ 2. AnBapoTHasa (pyHKIIbIA

@ Pasriensim dysrnsi y = f(x) i y=g(x), Bizapeich Akix maxasanbl agma-
BefHA Ha peIicyHKax 11 2. 3ayBamsim, mTo GyHKNBIA y = f(x) KoxkHae cBaé
3HAUSHHE IPHIMAe TOJbKI IpPHI afAHBIM BHAUSHHI apryMeHTa, a (PYHKIIBIA

y y
3 y=f(x) 3 y=g(x)

|
|
1
1 ]A23456780x —&—4—3——11%56”
-2 =

[uey

Pric. 1 Pric. 2
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y = g(x) HekaTOPHIA cBae 3HAUSHHI IPHIMAae GOJIBII YBIM IPHI aAHBIM 3HAUDHHI
aprymeHnTa. I'padiuna raTa asmadae, IITO Jirobas mpamasi, IapaJejbHas Boci
abcmpic, mepacaxae rpadik ¢ysrmer y=f(x) He 6GoiBII UBIM Yy amHBIM
nyHKIe. PyHKIBIA Y = g(x) Takoii ynacmiBacui He Mae.

Aznausnue 1

DYHKIIBISA, SKad KOKHae CBaé 3HaU9HHE IIPLIMAae TOJbKi IPhI aJHBIM 3HA-
USHHI apryMeHnTa, HasbIBaelllla abapavajbHaii.

IIpeikman 1.Bwisuaure, 11i abapavaiabHasa QYHKIIbIA, 3afa3eHas aHai-
TRIYHA: a) Yy = 3x — 2; 6) y = x°.

Pawasnne. Kab mpaBepsblIlb, i 3’ ayiderna GyHKIbII adapavyaabHal, PAIIbIM
ypayHeHHe, sKoe 3ajae QYHKIILII0, aJHOCHA apTyMeHTa.

Q) y=3r—2o3r=y+2ox=3yto.
KosxmamMy 3HAUSHHIO y y TO9TBIM JIiHEHHBIM ypayHeHHi ajamaBsamae ansi-

Hae 3HAUSHHE X, I'. 3H. 3AJIE}KHACIb X aJ] Y 3’ ayasernia QyHKIIbISAN, 3HAYBIID,
bysrnbIg y =3x — 2 abapauanabHasd.

x=Jy,
vy

3ayBasKbIM, IITO KOKHAMY 3HauUsHHIO y > 0 aAgmaBsamarollb ABa 3HAUDHHI X,

6) y=x> npet y 2> 0.

3HAYBINb, QYHKIBIA Y = x? He 3’saynsernia abapavaJjbHaii.

Haxaii QyHKIBIA 3a7aK3€eHA aHATITRIYHA, I'. 3H. Popmyaait y = f(x).
Pambins ypayuense y = f(x) agHOCHA X.

Brisuaurlilb, 11i abapavaabHad QYHKILIA: Kadi ¢popMyaa, sKasd BeIpaxkae X
npa3 y, 3ajae (DyHKIIBIIO 3MeHHall X aJ 3MeHHall y, To ganseHas (DYHKIIBIA
abapauajgbHad.

@ Anzapeimm 6bL3HAUIHHA abapaianvracyi GYyrnkysli, 3a0ad3enail popmynai

AsznaudHue 2

Haxait sagansena abapauanpHas GyHKObIA y=f(x) 3 aGcaram BeI3HA-
youHa D(f) i mEOCTBaM 3HausuHAY E(f).

@yuxneia g(x) 3 abearam seisaavsunsa D(g) = E(f) i MHOCTBAM 3HAUBH-
uay E(g)=D(f), axaa KoxHaMy 3HausHHIO 3MeHHaH y 3 E(f) crasims y
a/maBeHACID a/3iHAe 3HaUIHHE 3MeHHAN x 3 D(f) rak, mro x = g(y), Ha-
3bIBaeIa afBapoTHai ana Gysknsi y = f(x).
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Aprymentam amgBapoTHa¥l (PYHKIBI 3’ayiseriiia 3MeHHad Y, a 3HAUDHHEM
GyHKIBI 3’ ayaderiia 3MeHHaA X. 3BbIUaiiHa 3MeHHBIA NepaabasdHavaionb Tpa-
IBIIIBIMHBIM YBIHAM: apTyMeHT aJjBapoTHall ()yHKIIbIi abasHavaloIlb IIpas X, a
3HAU9HHI PYHKIBIL — IIpas y.

abapa-

Ilpeixnan 2. BoisHaune, i 3’ ayagenma yakneia y = f(x) = . 3 3

yajgbHall. 3HaliAs3ine agBapoTHYIO Aa de PYHKIILIIo, Kajli dHa icaye.

2
3- D(f)= (=003 8)U(3; +o0).

Pawsanne. Pasraensiv pysxmsio y = f(x) = prn

. _ 2
Bripasim amMeHHyI0 X mIpas Yy, aTpbIMaeM X = v + 3. I'sra opmyna KoxHAMY

3HausHHIO y #* 0 craBinb y agmaBegHAcCIb ai3iHae 3BHAU9HHE X, BHAUBIND, (PYHK-

2
x—3

meia y = f(x) = abapadajbHAa.

Y dopmyne x= % +3 mepaabasHaublM 3MeHHBIA: y = g(x)= %+ 3 —
aTpbiMasi (PYHKIBIIO, afBapoTHyI0 Aa paxseHaii. D(g)=(—oo;0)U (0; +oo);
E(g)=(—00;3)U(3;+0).

Anzapuumm 3anicy ¢yunkuywii, adéapomnaii da dadsenal abapaianvrall
dynkruyvli, 3a0a03eHall aHaLiMmovLiHaA

Haxaii 3aganzena abapauanpHad QyHKIBIA y = f(x) 3 aGcAraM BBIBHAUIH-
ua D(f) i mEOCTBaM 3HausHHAY E(f).

3 poymacmi y = f(x) BeIpasins x mpas y, I. 3H. pambInb ypayHerse y = f(x)
amTHOCHA 3MEeHHAU X.

V arpeimanail popmyse agBaporHail GyHKUB x = g(y) abasHaubILb apry-
MeHT (pyHKIIBIL IIpas x, a 3HausHHe (DYHKIIBIL IIpas y.

Bamicans dyaknbio y = g(x).

®O© © O

ITagnauwinp abcAT BHIBHAUSHHA i MHOCTBA 3HAYSHHAY (PYHKIBIL y = gl(x):
D(g)=E(f); E(g)=D(f).

Teaposma 1

Kani pyuxusia 3’ayasderiia HapacTajdbHall (cIagaabHail) Ha HEKaATOPBIM
IIpaMesxkKy, TO sHa abapavajbHas HA I'9THIM IIPaMEKKy, I'. 3H. icHye ajmBa-
poTHadA na de PYHKIIBbIA.
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Moxas. Haxait pyaxmeia y = f(x) mapacrae (cmajzae) Ha HeKaTOPLIM IIpa-
MeXKKY. ['sTa 3HAUBIINb, IIITO AJs JIOOBIX ABYX 3HAUSHHAY apryMeHTa X; 1 Xy 3
rorara mpaMesKKy Takix, mro x, > x,, BbIHiKae, mTo f(x,)> f(x,), kauxi pyHk-
bl Hapacrae (f (xl) <f (xz), KaJii (DYHKIbIA cHajae). 3HAYbIIb, PO3HLIM 3HAa-
YHHHSIM apryMeHTa aAlIaBsagaionb PO3HBIA 3HAUYHHI (PYHKIILII, i, TaKiM UbIHAM,
(yHKIBIT abapavaabHAas.

3ayjeaza. Kani nanzenas QyHKIbIA 3’ Aynderia HapacTaabHal (cuagairbHail),
TO aZBapoTHas (YHKIbIS TakKcaMa 3 AyJaselllla HapacTaJdbHail (cmamaabHait).

Ilpeixnan 3. BelsHaume, mi 3’Ayiadenna GyHKIbIA y = x° — 4x +5 gaa
x € (2; +o0) abapauanbraii. Kaxi GyHKIbIs abapatanbHas, To sHaliA3ine agBa-
POTHYIO fa de PYHKI[BIIO.

x —o0 2 00

Pawasnne. BoizHAUBIM TIpaMe)XKKi MaHATOHHACITI

dbysrnpi y = x% —4x + 5. f \ /
N xe(2; +oo) xBagpaTbluHas (QYHKIBIL a>0

y=x?>—4x+5 3’ayndenma HapacTaibHaif, 3Ha-
YLIIb, AHA abapavajabHasd HA MAa3HAUYAHLIM IPAMEKKY.
3Holif3eM aIBapOTHYIO (PYHKIIBIIO I1a ajJrapbiTMe.

BayBaxsiM, mro D(f)=(2; +0), a E(f) = (1; +oo).

(D B3 poymacmi y = x> — 4x + 5 BeIpasiM x Ipas y, I'. 3H. PAIILIM ypayHeHHe
y=x>—4x + 5 agHOoCcHa 3MeHHai x:

x¥*—4x+5—y=0, D= J4y—4, x=2+Jy—1, x,=2—Jy—1, na-
KOJbKi x € (2; +o0), To BEIGipaem x =2+ Jy —1.

IlepaabasuHaubiM 3MeHHBIA: Yy =2+ Jx — 1.
ATpriMaemM agBapoOTHYIO PYHKIIHIIO

glx)=y=2+Jx—1.
@ D(g)=(1; +), E(g)=(2; +).

3aijeaza. Kani ¢pynrnsia y=g(x) 3’ayagenna agpapoTHait ma QYHKITBI

©O

y = f(x), To pyrrmeia y = f(x) 3’aynsaemnmna agsaporHaii fa yakmeni y = g(x).

TaThla (pyHKIIBII Ha3bIBAIOIIIA Y3aeMHAa aBaAPOTHBIMI.

Tsapoma 2

I'padiki y3aemMHa agBapOTHBIX (PYHKIIBINA CiMETPBHIUHBIA aJHOCHA IIPaMOM
y=x.
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Mok as. Haxaii nyskr F(a;b) Hazexbinb rpadiky abapadyanbHail GyHKIBI
y=f(x), Tagsl nna agsaporHail pyEKIEN y = g(x) cmpaBagmiBas poyHacHb
a=g(®), r.su. nyakr G(b;a) Hane:xbnp rpadiry anBaporHail (QyHKIBI
(prvic. 3, a).

a)

—_—————

~

0)

et —-

Ve — =

Pric. 3

IIpamaByroabphix FEGD (pbic. 3, 0) 3’Ayaseliia KBagpaTaM, IIakoJbKi AT0
CYMEXKHBIA CTOPAHbI POVHBIA. Bapmisiai kBagparta FEGD — myHKTHI D(a; a) i
E(b; b) — masesxanp npamoii y = x. IlakoubKi gblAranani KBagpaTa IepIeH-
IBIKYJIAPHBIA 1 MTaA3AAAI0IIIa IYHKTAM IIepacAYSHHA namajaaM, TO TyHKTHI F i
G ciMeTpBIYHBIA afHOCHA AblaraHati DE, r. 3H. agHOCHA npamMo# y = x. Takim
yprHaM, rpadiki yzaemMHa agBapoTHBIX (DYHKIIBIA CiMEeTPBIYHBISA aJHOCHA ITpa-
Mol y = x (pbic. 4).

Hampeikian, makasanbld Ha PBICYHKY D rpadiki ys3aeMHa aJBapOTHBIX

bysRUBIE y =3x + 21 yZéx—E

3 ciMeTpBHIUHBIA aAHOCHA IIpaMoil y = x.

Y

y=1(x)

— DO O
<

—4-3-2-

y=3x+2

Pric. 4 Pric. 5
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Anzapuimm nabydoev. zpagira @GYHKYLL,
adeéapomHall 0a O0ad3enal abapaianvrHail

dynrywlLi

(D HOnsa pansemait Gysknsl y=f(x) masHaubmsb
Ha Boci aOciipIic abCsAr BBIZHAUSHHS, a4 Ha BOCi
apAbIHAT — MHOCTBA 3HAUDHHAY.

(@ HOna agBapoTHail (PYHKIBI IasHAUYBIIL HA BOCL
a6cueic D(g)=E(f), a Ha Boci apaniHAT —
E(g)= D(f).

(3 IIabymasaimp mpamyio y = x.

y
y=1(x)

N
N
N

N

y=28(x)

y=Xx

-

Pric. 6

@ IIabygaBanb rpadix (QpyHKIBIL y=g(x), ciMeTphIUHBI I'padiky (PYHKIIBIL

y = f(x) agHOCHA mpamoii y = x (psIc. 6).

_®_

2.1. Capop peicyHKaY 7, a— BbIOEDBHILEe ThIs, HA AKiX ITaKkasaHbl BiJapbIChl

rpagikay abapavaJbHBIX (PYHKIIBIH.

Y11

Pric. 7

0) y
s 1
o] x
Z) y
1
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y =f(x) Y =1(x)

1 1
/ -1 O 1 X / 1 O 1 x
-1 -1
Pric. 8

2.2. Ha peicyHKY 8 makasasbI Bizapbic rpadika ¢ymeknsi y = f(x). Taka-
JKBITE, IITO AHA He Mae agBapoTHAN (QYHKIIBII.

2.3. Ha poicyHKy 9 makasaHbl Bimapbic rpadika abapavanbHail (GYHKIIBIL
y = f(x). Buaiingsine sHausHHI azBapoTHAl 12 ge (PYHKIIBI IPHI 3HAUSHHAX ap-
TyMeHTa, POYHBIX:

a)2;0;1; —1; 0) 0; —1; 2; 3.

Hazsagite abcAr BbIBHAUSHHSA i MHOCTBA 3HAUSHHAY aJBapOTHAN (DYHKIIBII.

a) 0)
4 4 4 v
3 3
Yy =[(x) 9 2 Y= 1(x)
1
\
—6—5—4—3—2—11 01 2\3 4x —1101 2 4 56 7 8 9x
-2 —
Pric. 9

2.4. BHaiinsine PyHKIBIO, afBapOTHYIO JTiHeiHa# GyHKIei y = f(x):

a)y=4x—1; O)y=—x+1; B)y = bx — 3;

r)y =0,5x — 2; my=-0,5x—1; e)y=-0,1x.

2.5. ITpeiBaasine npeikaaabl rpadikay A3BIOX y3aeMHA aJBapPOTHBLIX (PYHK-
Oplil y = flx) i y= g(x) rakix, mro f(2)=3; g(—2) =1.
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2.6. ITabynyiitie ¥ ammoii cicTame KaapablHAT rpadik mamseHail QyHKIIBIL i
rpadik GyHKIIBIi, afBapoTHAN Aa de:

a)y=—3x+1; 0) y=+x—4.

2.7. ®yuknsia y = f(x) sagansena rpadikam (perc. 10). ITa6yayiine rpadik
ajBapoTHAl na fge (PYHKIIBII.

a) 0)
al? al?
9 o] [ Y=1(x)
1
—/1_1012345x —2—{101\<345x
| Pric. 10 2

2.8. BoisHaune, ni 8’ ayusenna QyHKs y = —x° — 4x — 3 npsl x € (—2; +o0)
abapauanbuaii. Kami QyHKIBIA abapadanabHasa, TO 3HAKHA3iIe afBapOTHYIO A e
(PYHKIBIIO.

2.9. dyurnsia y = f(x) mae 60b1I 3a ag3id HyTh. I[i Mae AHA agBAPOTHYIO
GYHKIIBIIO?

§ 3. Iladynora rpadikay dynxusni y = f(x)), y = |f(x)|
3 mamaMorai mepayrsapauuay rpadika pyaxusii y = f(x)

ITadymoBa rpadika hyHKEIBIL Yy = £ (|])

@ Haxait 3agagsens! rpadik Hexaropait dyaknsi y = f(x) (poic. 11). Beisna-
YBIM, AKis mepayTBapoHHi rpadika rataii GyHKIBII Tpsba BBIKaHAIlb, Kab

aTpeIMaIb rpadik GyHKIb Yy = f (\x\)

x, kaaix > 0; v

IMaxoxbki x| = { 0

. T
—x, kaai x <0,

f(x), xamxi x > 0; y = f(x)

v=1()- |

f(—x), xami x <0.

Tamy, ka0 arpbiMains rpadik QYHKIIBI
y = f(lx]), Bemarousr rpadix Qysrmsi y = f(x) / 1 O 1 P
(ra1. peic. 11), MoKHA pasTienselhb Aro IadyI0BY
mmax>0ix <O0. Pric. 11
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Yy Yy
1 1
-1 O 1 x -1 O 1 ;

Pric. 12 Pric. 13

Kaumi x > 0, To rpadix dyuxnsi y = f(x|) cymagzae 3 rpadixam dyHKmbI
y = f(x) (psic. 12).

Kami x<0, Tto smausuuHi QyHKIBI y=7f (|]) Opbl aAMOYHBIX BHAYdH-
HAX apryMeHTa CYIagalollb ca 3HAUSHHAMI (PYHKIBIL IPhI aJBApOTHBIX iM
JaJaTHBIX SHAUSHHAX apryMeHTa. I['sra 3HAUBINb, IITO OYHKTHI rpadika
bysrUBp y=f (\x\) onsa x <0 cimerpbluHBI TyHKTaM Tpadika GYyHKIBIL
y= f(\x\) nass x > 0 agHocHa Boci apabiHar. Tamy BbIfanmiM uacTKy rpadika
dyrrneni y = f(x), mTO IAMKEBINE 37I€Ba aJ BOCi apABIHAT, i aJII0OCTpyeM cimeT-
pBhIYHA aTHOCHA BOCi apABIHAT YacTKY rpadika GyHKIbHI y = f (lx]), pasmermrua-
HYIO CIIpaBa aJ BOCi apABLIHAT.

Ha pricynry 13 naxkasausl Bigapbic rpadika QyHKIBH y = f (\x\)

ApnzHaubiM, MITO QYHKIBIA Y = f (\x\) IOTHAS, TaMy AJIA de Ma0yI0BbI MOMK-

Ha BBIKaPBICTOYBAIlhb yJaclliBacib rpadika moTHail (DyHKIIBII.

@ Anzapoumm nabydoest zpagiva pynrywii y = f(x|)

(D Tlabymasams rpadik Gyakmen y = f(x).
@ Belpamins gacTKy rpadika y = f(x), pasmenruanyio 3eBa aj BOCi apABIHAT.

(3 ApmrocrpaBanb ciMeTpBIUHA afHOCHA BOCL apAbIHAT 4YacTKy rpadika, pas-
MeIlUYaHyIo cIIpaBa ajJ BOCi apabIHaT.

Ipeixaan 1. Iabyayiine rpadik dysrusi y = x — 2[x| — 5.
Pawsnne. Ilakouski |x|> = x?, To dpynrusio y=x? — 2|x| — 5 moskma pas-

rIAaganb AK y = f(\x\), nse f(x)=x%—2x—5.
(D 1)a =1 > 0, 3HaUYBINb, raTiHBI Mapabaabl HAKipaBaHbI YBepPX.



DyHKLbII

Yy
5
4
3
2
1 O
-3-2 11 12 4 5% -5-43-2-1 2 4 5%
2
-5
—6
Pric. 14 Pric. 15
2) RaapapiHaThl BAPIIBIHI napabaisl: x, = —2_—_21 =1, y,=1>-2—-5=-6,

(1;—6). Bocsb cimerperi mapabasst x = 1.
3) IlyukTel mepacAusHHA Trpadika 3 Boccio abempic: x> — 2x —5=0,
x, =1+6~3,4; x,=1—/6 ~—1,4.

4) IlyuKT nepaca4sHHA rpadika 3 Boccio apasiHar (05 —5).

5) ITa6yayem rpadix dyurmsi f(x)=x®> —2x —5 (psic. 14).
(@ Beiganim yacTKy rpadika, pasMeIIdyanylo 3JieBa aJ BOCi apbIHAaT.

(3 ApmrrocTpyeM ciMeTpbIUHA aJHOCHA BOCI apAbIHAT 4acTKy rpadika, pasmerr-
YaHyIO cIIpaBa ajJ Boci apabiHAT (pbIic. 15).

Ia6ymosa rpadika dysknsr y =|f(x)|

Yy
Haxait sagansens! rpadik HekaTopait PyHK- 5
meri y = f(x) (peic. 16). Br3HAuBIM, AKia 4
mepayTBapsHHI rpadika ratait (DYHKIBIL TpP3-
0a BBIKaHAIlb, Kab aTpbIMaIlh rpad@ix QyHKIIBI 2
y=|fx). t \
ITakonbki =55 _3_2_11 Ol\2 3 & 5%
‘f( )‘ f(x), xami f(x) > 0; —2
=|f(x)|= TO dYacTKa -3
Y —f(x), xaxi f(x) <0, 4
rpadika QyHKOBIL y = ‘f(x) , IITO JAMKBIID BBI- -5

mIsii Boci abciipic, cymajgae 3 rpadikaMm (pyHK- Poic. 16
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Pa3pnsen 1

y y
5 5
4 4
2 2
1 1
-5-A-3-2-1 |01, 2 8 A4 5% -5-4-3-2-1 |01 2 8 4 5%
! ' !
7 -2 vy -2
1 -3 i -3
! 4 —4
1
Psrc. 17 Pric. 18

neri y = f(x). Taxkcama sacramynua 6e3 3MeH IYHKTHI IepacAusHHA rpadika
dyHEOBI ¥y = f(x) 3 Boccio abenpic (peic. 17). YacTka rpadika y = f(x), mrTo

JISIXKBIIIL HidK9# Boci abcIiibIic, 3aMeHiIllla Ha CiMeTphIUYHYIO €l agHOCHa BOCi
abcrpic (peic. 18).

@ Anzapvimm nabydoest zpadika Yynrysli y = ‘f(x)‘

0]
@

©)

IMa6ynasans rpadik dysrmei y = f(x).

AnmiocTpaBallb ciMeTphIUHA aJHOCHA BOCi abCIIbIC YacTKY rpadika, pasMerr-
YaHYIO Hi¥Ka# Boci abcIibIc.

Berganine yacTKy rpadika, pazmenruanyio HidKa# Boci abcIibIc.

Ipeixxang 2. IMabyxayiine rpadix dyarmeni f(x) = ‘ x* —2x ‘

Pawsnne.

I;is aTpeIMaHHA Hapabansl y = x° — 2x BEIKAphICTaeM aJrapbhITM a6y 0BbI
rpadika KBagpaTbIYHAN (DYHKIIBII.

1) a =1 > 0, sHaubIlh, raJidbsl Tapabaabl HAKipaBaHbl ¥BEepX.

2) KaapabiHaThl BAPIILIHI Mapadabl:
]

B 2-1
3) IlyukTh mepacausHHA rpadika s Bocco abenpic: x2 — 2x = 0, x; = 0;x, = 2.
4) ITyuxT nepacausuusd rpadika 3 Boccio apasraat (0; 0).

=1, y,=12—2=—1, (1; —1). Bocs cimerpsii mapabamas x = 1.

5) ITa6yayem rpadix dyurusi f(x) = x* —2x (psic. 19, a).
ApnnrocTpyeM cimeTpbhIluHa aJHOCHA BoOci abciibic YacTKy rpadika, pasmerr-
YaHyIo HiK2¥ Boci abebic (pric. 19, 0).
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a) y 0) y 8) y

\ Do O ™ Ot
Q

) o B o
IK
~le o B o

-1 3 -1 [\12 3 1123
-1 =1 =1
-2 -2 -2
y=u2+2x -3 Y= |2+ 2X|
Pric. 19

(3 Brolganim yacTKy rpadika, pasMeIIuanyo Hixsi Boci abenbic (pric. 19, 8).

IIpeixman 3. [Iabynyiime rpadik QyHKRIBI y = ‘ x? - G‘x‘ +4 ‘

Pawsnmne.

ITakonbki QyHKIBIA Y = ‘ x* — 6‘x‘ + 4‘ IMoTHAasA, TO HadyayeM cliayaTKy Irpa-
ik GyHRIBI Yy = ‘ x* —6x+ 4‘ (pwic. 20, a). AxaiocTpyeM IIpaByIO YacTKY Iia-
OymaBaHara rpagika cimeTpbIuHa aJHOCHA BOCi apabIHAT i aTpbiMaeM Tpadik

dYHKIEH Y =‘x2 — G‘x‘ + 4‘ (peIc. 20, 6).

a 1)
) y ) R
6
5 5
4 4
3
2
1
0
-1, 12 3 4 5 x —6-5-4-3-2-1 |01 23 4 5 «x
\
—21 ! -2
-3 \ ,’ -3
4 \\ // -4
5 Ndo 5

Pric. 20
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3.1. dki 3 rpagikay, makasaHbIX Ha phicyHKax 21—24, moxxa ObIIb rpadi-
KaM QYHKIBI: a) y = ‘f(x)

5 6) y=7f(x)?

1 2\3 456 7x

—6—5—4—3—2—11 123456 7x

-2

Pric. 23 Pric. 24

3.2. ki 3 rpagikay, makKasaHbpIX Ha peIcyHKax 25—27, Moxka ObIIb rpadi-
KaM QYHKIBI: a) y = ‘f(x) s 6)y=f(xl); B y= ‘f(‘x‘)‘?

y y y
12 12 12
10
2
0
642, ovx 2.46x -6-4-2 |02 4 6%
—4
-6

Pric. 25 Pric. 26 Prrc. 27
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3.3. Ha pricyury 28 makasaHBbI Bifga- JY
peic Tpadika ysrnei y = f(x). Ilepa- 3 y =f(x)
Hscille phICYHAK y CIILITAK i mabymyiiie
rpadik GyHKIIbIi: ﬁ -\

(0]

a) y =|f(x); 6) y = (xl); RNV ARE:

B) y =|f(x).

3.4. ITabynyiime rpadik GyHKIIHII:

a)y=[f@)  6)y=7Fla);

B) y =|f(xl)|, waui: Pric. 28

1) f(x) =x*—6x—7T; 2) f(x) =—x* —6x +5.
3.5. [Tabyayiime rpadik GyHKIBI:

ay=[Va-4  oy=Jidd-4  »y=|Jd-4|

3.6. ITadyxayiitie rpadik QPYHKIIBIL:

= 76 . = 76 . = 6
e A U L A =t
3.7. I1abynayiitie rpadik PyHKITHIL:

a) y=|x? —4|; 6) y=|Jx+3—1;
8
B)y=‘2x—3; r)y=‘—;‘.

3.8. I1abynayiitie rpadik PYHKIIBIL:

a) y=x"—4lx|+3; 6) y =+lx[—2 +1;
12
|xl *

B) y = —3lx|+ 4; r)y=
3.9. I1abyxayiitie rpadik QPyHKITBIL:

a) y =|— x*—2lx| +8}; 6) y = |l +4 - 3];
4
B) y=‘0,5\x\+2; T) y=‘—‘x‘7+3‘.
@ § 4. dyurusti y = [x], y = {x} i ix yxacuiBacui

AzHausnue 1

Ismait vacTKail JiKy HasbIBaelllla HaWOOJBIIEI IPJBI JiK, AKI He Ie-
PaBBIIIae HAaa3eHbl JIK.
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Hanpseikiaan, 1pias yacTka Jiky 2,3 poyHa 2, a maJjiasd dacTka JiKky —3,4
poyua —4. [lns abasHAUSHHS I9Jaal YacTKi yBoA3AIL ciMBaJl [a], UBITAOIE «II3-
Jas JyacTkKa JiKy a, abo aHIbe an a» (ax ¢p. antier — 1pabl). PasraemsskaHbla
MPBIKJIAIBI 3allicBalb y Beiryanse: [2,3] = 2; [—3,4] = —4.

IlakoabKi KOKHaMy padaicHAMY JIIKY agmaBsgae sro ansiHas mpjas Jact-
Ka, To Ha MHOCTBe yCixX pauaicHBIX Jikay BbhI3HauaHa QYHKIBIA y = [x].

YaacuiBacui pyHKIBI y = [x]
1. AGcar BoIsHAUSHHA QYHKIBIL y = [x]. D([x]) = R.

2. MHOCTBa 3HAUSHHAY (QYHKILI y = [x]. E([x]) =7 mna a3HAUdHHI I9JIal
YaCTKi JiKYy.

3. Hyni pyurnei y=[x]. xe [0; 1), HAaKOJIbKI masasa yacTka giky 0 < a < 1

Y

Pric. 29

poyHa HYJIO.
4, Tlpamesxki 3HaKamacragucTBa QyHKIEI ¥y = [x].
y>0, xe[1;+00), y<0, xe(—;0).

5. ®yukneia y = [x] He cmagampHas, TaKOIB-
Ki gnda o0bIX campayoHBIX 3HAUSHHAY apryMeHTa
Takix, mro x, > x,, BhHiKae [x,|>[x,].

6.Kani n<x<n+1, neZ, to [x]=n.

Bimapsic rpadika dysknei y = [x] makasamsr mHa
PBICYHKY 29.

Ipeixaan 1. ITabyayiine rpadik GyHKIBI Yy = [xz ]

Pawasnne.

1. ITab6ynyem rpadik Gysrmsi y = x2.
2. IlpaBagzém nmpamMbis y =n, n € Z.
3. An3HAaUYbIM TYHKTHI MMEPACAUYSHHA TITHIX IIpa-

MBIX 3 TrpadikaM QYHKIBI y = x?, mMTO HajesKalb
rpadiry y = [xz]

4. KokHYyI0 YacTKy rpadika nmamixk mnpaMbIMi
y=niy=n+13amenHim ge mpaeKnbIsail Ha IPaAMYIO
y=n.

Arprivaem rpadirk (GyHKIBI Yy = [xz] — CTy-
nmeHpuUaTyo Qirypy, AKasd cKJagaerila 3 4yacTak Ipa-
MBIX § = n, n € Z (psic. 30).
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@ Anzapoimm nabydosuvt epadika GyHrydli y = [f(x)]
(D Ilabymasams rpadik pysKmsi y = f(x).
(@ Ilpasecuinpambiay =n, n € Z.

(3 AnsHauBIb TYHKTHI IEPACAYSHHSA TITHIX NPaMbIX 3 rpadikam y = f(x).
Kosxuyio wacTky rpadika mamisk mpambeiMi y =n i y =n + 1 samaniup se
IpaeKIbIAN Ha IpaMylo J = n.

X

IMpeixman 2. I[labygyiine rpadgik GyHKIBI Yy = [ 1 ]

Pawasnne. Binapric rpadika GyHKIBI Yy = [i} maKasaHbl Ha PBICYHKY 31.

}a

o

= DN W B

o=,

~7-6-5-4-3-2-1

01 23456 Tx

-2
41-3
af -4

Pric. 31

IMpeikman 3. [abynayitme rpadik QyHKIBI y = [x].
Pawsanmne.

ITabynyem rpadik GyHKIBH y = x2.

l

B OO - © ©

@ IlpaBapnzém npamMbla x =n, n € Z.
(3 AnsHAUBIM IYHKTBI IIEPACAUYSHHS TIITHIX MPAMBIX 3
rpadikamM QyHKIBI y = x°, mTO Hamexamnb rpadiky

byHKIBI Yy = [x]2 .

[

YacTri rpadika nmamisxk npambiMi x =nix =n + 1 3a-

Lo e

MeHiM ix mpaeknbIaMi Ha nmpamyio y = n?, n € Z.

y S

ArpeiMaem rpadik QyHKIBI Yy = [x]z — CTyIeHbYa-
Tyio irypy, AKad CKIafaera 3 4acTak IPaMbIX y = n?,
n € Z (pvic. 32).

|
@

|
\V]

|
| =

Ol 2 3x

-

Pric. 32
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ITa6ynaBans rpadik Gysrmen y = f(x).

IIpaBsecui npamelg x =n, n € Z.

@ Anzapeimm nabydosv zpagiva pynxywii y = f([x])
@
@
©)

AZ3HAUBID TYHKTHI IIePACAUYSHHS TITHIX IpaMbIX 3 rpadixam y = f(x).
Kosxkuyo wacTky rpadika mamisk mpameiMi x =n i x =n + 1 samagins se

npaexnpiait Ha mpamyio y = f([n]).

IIpeixaan 4. [Tabyayiine rpadik GyHKIBI y = ﬁ

Pawsnne. Binapsic rpadika QyHKIEI Yy = ﬁ maKasaHbl HA PHICYHKY 33.

-5 -4 -3 -2 -1

y

Pric. 33

AzHausHHe 2

mautait yacrkait: {a} = a —[al.

IlpobaBait wacTkail JiKy a HasbIBaelllla pPO3HAaCIlhb IaMiK JikaMmM a i aro

Hanpeixiag, {2,4} =2,4—2=0,4; {—2,4} =—2,4—(-3) =0,6.
IlakoabKi KOKHaAMY padaicHaAMY JIIKY agmaBsamae saro ansiHas Ipjas Jact-
Ka, TO Ha MHOCTBe yCiX pavaicHBIX JiKay BbhI3HauaHa (DYHKIBIA Y = {x}.

Yaacuisacui dyskupii y = {x}

1. AGcAr BHIBHAUIHHA PYHKIBIL Y = {x}. D({x}) =R.

2. MuocTBa 3HAUSHHAY QyHKIEH y = {x}. E ({x}) = [0; 1) Ia a3HAuY9HHI Ipo-

0aBaill 4acTKi JiKy.

3. Hyni dyukusi y = {x}. x = n, n € Z, nakoipki Apo6aBad yacTKa IpJara

JiKy poyHa HYJIIO.
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4. Ilpamerxki B3HaKamacTasgHCTBA (YHKIIBII L y
y ={x}. {x}>0 gna jcix pouaicmex mikay, ak- // //
pamax=n,n € Z.
-2 -1 o 1 2 x
5. DyHKINLIA y = {x} HapacTae Ha KOMXHBIM 3
IpamMexKay [n; n+ 1), neZz.
6.Kamin e Z, to {n}=0.

7. DYHKIbIA NepbIaAbluHAs 3 HAWMEHIILIM JaJaTHBIM IIepblggaM, POy-

Pric. 34

HBIM 1, makoabki {x} = {x + 1}.
Binapsic rpadika GyHKIEN y = {x} makasaHsl Ha PHICYHKY 34.
IMpeixman 5. labyayiine rpadik QyHKIBH Yy = {i}
Pawanmne.
1. ITabynyem rpadik GyHKIBIL Yy = %
2. IlpaBaazém npamMbia y =n, n€ Z.
3. Hacrtkry rpadika nmamisk npameimi y = 0i y = 1 makinem 6e3 3meH.
4. Koxxuyio yacTry rpadika namisk npameiMi y =n i y = n + 1 nmepausacém
Ha |n| agsimak yHi3, rami n > 0, abo yBepx, kaxi n < 0.

. . 1) . . .
ArpbiMaem rpadik QYyHKIBIL y = {;}, 6H pasMeIlluaHbl ¥ Iajace maMisx mpa-

mbMi y = 01y =1, He mepacakae npamyio y = 1 (pwic. 35).

| —

@ Anzapvimm nabydoes. zpadika GYynrysli y = {f(x)}

(D TIabymasams rpadik dpysrnei y = f(x).
(@ Ilpasecui mpambiay =n, n € Z.

(3 Yacrky rpadika y = f(x) mamix mpameivi y =0 i y =1 makimyns 6es
3MeH.
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@ Kosxuyro vyacTky rpadika y = f(x) mamisk nmpameiMi y = n i y = n +1 mepa-
Hecti Ha |n| agsinak yris, kaxi n > 0, a6o ¥Bepx, kami n < 0.
Arprivans! rpadik GyHKIEBI y = { f(x)} pasMeIryaHbl ¥ Imajgace maMisK mpa-

mbIMi y = 01y =11iHe nepacakae npamyio y = 1.

IIpeixmaan 6. Ilabynyiine rpadgik GyHKIBI Yy = {xz}
Pawasnne.
1. ITa6yayem rpadik GpyHKIEI y = x2.

y 2. IIpaBaazém nmpamMbia y = n,n € Z.

3. Yactky rpadika y = {x?} mamisx mpamemvi y =0 i
y = 1 makinem 6e3 3meH.
4. Yacrtki rpadika namisk nmpameiMi y=niy=n+1

mepaHscéM Ha n aasinak yuis (n > 0).

EHL\'JW%CX@:Q

. . — 2 G
T32-1 ) Ol 2 3% ArpeiMaHbI Tpadik GYHKIEI y = {x?} pasmMeryaHsbl ¥

najace namisk nmpambiMi y = 01y = 1 i He mepacsakae mpa-
Pric. 36 Myt y = 1 (pwIc. 36).
IIpeixman 7. Ilabygpyiine rpadik GyHKIBI y = T

Pawanne.

1. ITabynyem rpadik GyHKIBI y = %

2. IlpaBansém mpaMbld X = n, n € Z.

3. HacTry rpagika mamixk mpambiMi x =0 i x=1

makinem 06e3 3MeH. 6l
4. KoxxkHyo yacTKy rpadika mamisxk mpaMbIMi x = n i Z
x = n + 1 mepayTBOPHIM, BEIKAHAYIIIBI 3PYX YacTKi rpadi- 3
Ka maMmik nmpameiMi x = 0 i x = 1 Ha |[n| agsimax ysmoyx
Boci abcubic yupasa, kati n > 0, i Ha |n| agsinak ysmoix
Boci abcibic yieBa, kKaui n < 0. 0 —11 2 3x

. . . _ 1
Bimapwic rpadika GpyHKIEI ¥y = o] MAKA3AHBI HA PBI-

CYHKY 37. Pric. 37
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@ Anzapeimm nabydosv zpagica pynxusii y = f({x}).

(D Ilabymasams rpadik GysKmei y = f(x).

(@ IIpasecui npambia x =n, n € Z.

(3 Yactry rpadirka mamix mpamemi x =0 i x = 1 maxi-
HYIIb 0e3 3MeH.

@ Komxuymo gacTky rpadika y = f(x) mamimx mpamsimi
x=nix=n+1 nepayTBapblllb, BbIKAHAVIIILI 3PYyX
yacTKi rpadika mamisxk mpambiMi x =0 i x =1 Ha In|
agsiHak y3moyeK Boci abciwpic yupaBa, KaJuain > 0, i Ha

e S A= I |

In| agsimak ysmoi:x Boci abemblic yiaesa, kati n < 0.

IIpeixmaan 8.Ilabynyiine rpadik GyHKOBI y = {x}?. _3_2_1_1 01 2 3x

Pawsnne. Bimapwic rpadika GyHKIBI Yy = {x}2 nakKa-
3aHbI Ha PBICYHKY 38.

4.1. Beumiubltie 113161 1 Apo6aBhIAg YaCTKi JTiKay:
a)1,2; —1,2; 6)0,9; —0,9;  ®) 1;
r) 10,01; —10,01; m V2, —V/2.

4.2, 3uaiifzine 3HausHHE BBIPa3y [2,252] — {1%} — {—1%} + [m].

Pric. 38

1
—33

4.3. IlnaTra 3a 6arax 3ajesKbIIlb aJ AI'0 Machl i BbLIiUBaeIllla Ma HaCTYIHEIM
3akone: 3a nepinbla 30 Kr aHa ckiaagae 20 p., a 3a KOXKHBISA HACTYIIHbBIS IOYHBLA
i maooyubeig 10 kr mapacrae Ha 10 p. ITabyayiime rpadik sajmesKHACIL KOIITY
ImepaBo3Ki 0araska aj Aro Machbl.

4.4. KomiT 3BaHKa ca craibldHapHara Tajged@oHa Ha MaOiJbHBI 3aJe-
JKBIIb aJ AT0 IIpamAriaciii i ckjaagae 1,5 p. 3a KOMKHYIO IMOVHYIO IIi HSAIIOY-
HyI0 MiHyTy. [labyayiitie rpadik 3ajekHACIi KOINTY 3BaHKAa aj MparAraciti
Pa3MOBBI.

4.5. [Tabynyiine rpadik QyHKIIHIi:

a) y=lx*]; 6) y ={x*};
B) y=[xI; r) y={x}’.
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§ 5. MHaraujeHsl
ASHa‘{E)HHe MHaradJjJaeHa

IIasb1s panblsHANIBHBISA BEIPA3bl HA3LIBAIOIb MHATAUJIeHAMi (masiiHoMami).
Mmuaraunen yayase caboii cymy agHaduIeHay.
CrylleHHIO MHaradjeHa HasbIBaeIllla Hali0oJabIIasd CTYIIeHb Aro ujaeHay.

Hampeikaan, P(x)=x"+4x® —2x+3 — wMHarawieH narail crymexi,

HAKOJbKi AT0 WiIeH x° Mae Hai6GoJbIIyIO CTYIeHb, POYHYIO IAII].

Amneparnsii 3 MEaraujgieHami
IIpaBinel A3eTHHAY 3 MHarauJIeHaMi
- Kab ckuacui MHaradjeHsl, JacTaTKOBa MacadaoyHa 3alicalb yce ix uie-
HBI 3 THIMi K 3HaKaMi i IprIBecIi Nag00HBIA CKJIaZLaeMBbld.

- Kab aguans ajg agHaro MHaradJieHa OPYyri, JacTaTKOBa Ja ajHaro MHa-
raujieHa mamallb MHaradJeH, IPOIliJeryibl ApyroMy (ABa MHaraujeHbl Ha3bIBa-
OII1a npoyinezabimi, KaIi yce 4JieHBl afHAr0 MHaradjeHa MPOI[iJIEeTJIbIA uJie-
HaM Apyrora).

- Kab maMHOKBIIE a/[3iH MHaraujJes Ha APYTi, JacTaTKOBA KOMKHBI UJIEeH aj-
Haro MHaradjeHa IIaMHOMKBIIb Ha KOXHBI YJIE€H APyTrora MHaradjieHa i aTpbeIMa-
HBIA 34a0BITKI CKJAacIIi.

+ Kab maassmins MHaradjeH Ha agHauJeH, JAaCTATKOBA KOMKHBI YJIeH MHa-
raujieHa mag3daaillb Ha I'SThHI afHAauJIeH i BBIHIKI cKJiacIri.

IIpsr BeIKAHAHHI A3€eAHHAY 3 MHAradJeHaMi MOKHa KapbIcTalllia (opmyJa-
Mi cKkapouaHara MHOYKaHHS.

®opmyasl ckapoyaHara MHOSKaHHS

1. (R—R)(P+B)=P —B.

2. (B tR)=PB*+2BRP,+P..

3. (B +BR) =P £3P’R +3RF +H.

4. (

5. a"—b" =(a—b)a" ' +a" 2 b+a" P b2 +...+b" '), amin e N.

o

£ P,)(P} ¥ PP, + P}) =P £ B.
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Hanpeikaaz, a’ —b° =(a — b)(a4 +a®b +a’b® + ab® + b4).

6.a"+b" =(a+b)(a" ' —a""t-b+a" b —...+b" "), Ramine N,n—
HAOTHBL.
Hanpeikiaz, a' +b' = (a + b)(a6 —a’b+a'b? —a’®b® +a’b* —ab® + bﬁ).

J3amiMacip MHaraujeHay.
IIpsiéMsbl pacKkJIagJaHHA MHATaYJIeHA HA MHOKHIKI

J3aniMacip MHaraujieHay

AzHausHHe

Muarauner P(x) nsemimma Ha muarauwrern Q(x), kasi icHye Taki mHa-

rawren T(x), 1mITo BEIKOHBaeNIa poyHacCIIb P(x)=Q(x) - T(x).

Hanasanins mmarawren M (x) ma mmaraunen P(x) s acrauait (P(x)#0) —
3HAUBIIG 3HAMCI Takia MEarawrensl Q(x) i R(x), mTo BEIKOHBaeIIa POYHACIH
M(x)=P(x)Q(x)+ R(x), mpbluslM cTymeHb MHarauwleHa R(x) Menmas 3a
cTynenb MHarauiresa P(x).

[sanenHe MHAraujeHay MOMKHA BbIKAHAIIb «BYTaJIKOM» :

xt+38x3+4x*—H5x+ 6 x2—38x+2
T xt— 8x% + 2x?
6x3 + 2x% — bx
T 6x%— 18x%+ 12x

_20x*—17x+ 6
20x2 — 60x + 40

x% + 6x+ 20 — n3erb

43x — 34 — acraua.

Taxim ublHAM,
x*+3x +4x% — 5x + 6 = (x* — 3x +2)(x? + 6x +20) + 43x — 34.

IIpp1éMbI pacKkJaJaHHSI MHAra4YjeHa Ha MHOKHIKI
IIpsivsHenHe )OPMYJI CKAPpOYaHATA MHOKAHHS
Hamprixkaan,
x* —10x2 + 169 = x* + 2622 + 169 — 36x2 = (x* +13)" — 36x* =
= (x? +18 - 6x)(x? +13+6x).
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IIppiMsaHeHHE crIOcaldy rpymoyki
HanpsIkiaazg, packjaag3éM Ha MHOKHIKI muarauner M (x)=x® —3x +2:
W=Bx+t2=x-x—2x+2=x(x—1)(x+1)—2(x—1) =
2
= (x—l)(x2 +x—2) = (x—1)"(x+2).

IIpsiMsaHEeHHEe MeTaay HABBI3HAYAHBIX Kad(pillbIeHTAY

CyTHacib MeTaZy 3aKJodaera ¥ THIM, IIITO BhISHAUAEIIlA CTYIeHb CyM-
HOKHiIKaYy (MHaraujeHay), Ha SKid packJjagaeriia gaaseHbl MHaradJeH, Kas@i-
IIBIEHTHI M'ITHIX MHATadJIeHay BBLIIUBAOIIA IIJIAXaM MHOKAHHSA CYMHOKHIKAY
i mpeIpayHOYyBaHHA Kas(dimbleHTay IPHI aIHOJHKABBIX CTYIIEHAX 3MEeHHAN.

Hamprixiazn, pacKjaaa3éM Ha MHOKHIKI MHaraujgeH

M(x) = x*+ 5x® + x* — 13x + 6.
dAro moskHa 3amicallb y BBITJISAA3€ 34Aa0BITKY KBaAPATHBIX TPOXUJIEHAY:

M(x)= (x2 + px + q)(x2 +bx + c). Packpriem Oy:KKi ¥ 3ammicaHbIM BhIpase:
M(x)=x*+(b+ p)x® +(c+ pb+q)x® +(cp+gb)x + qc.

JBa MHaraujaeHbl POYHBIA TabI i TOJBKI TaAbl, Kaji POYHBIA iX aAllaBe JHbIA
Kas(inbleHThI. 3alriaM HaCTYIHYIO CicTaMy poyHAacIe:

b+ p=5,
ctpb+g=1,
cp+qgb=-13,
gc = 6.
Parmreryier raty cictamy, suHoiasem: p = 2, ¢ = —3, b = 3, ¢ = —2, 3HAUBIIb,

M(x)=x"+5x" +x? —18x + 6= (x> + 2x — 3)(x* +3x — 2) =
=(x+3)(x—1)(x* +3x — 2).
IIpsiMsHEeHHE T3apsM a0 KapaHIX MHAradJeHa
Taapama Be3sy
Pagsriiensim aasin 3 IpEIBATHLIX BRINAAKAY A3JI€HHS
3 acrauaii — g3saneHHe MHarawrena M (x) Ha AByXuIeH
x —c.
Hsaxaii nagsensl MHaraujaeH
M(x)=a,x" +a, x" ' +..+ax" +a,.
3aMeHiM y iM 3MEHHYIO X AKiM-HeOyI3b se 3HaudH-
HEM — pOYaiCHBIM JiKaM ¢, aTpbIMaeM p3vYaiCHBI JIK
d=a," +a, ,c" ' +..+ac+a, Toror mik HaseBa-

dubeu Beay
enna sHausnHem muazavnena M(x) npv x = c. (31.03.1730—27.09.1783)
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Tasapama Besy

Acraua an g3anenna maarawiesa M (x) = a,x" +a,_x" " +... ta,x' +a,

Ha IBYXYJIEH X — ¢ POyHA 3HAUDHHIO r'dTara MHaraujeHa Iphl X = C.

Horas.

IMagzexim Muaraumen M (x) Ha AByXYJIeH X — ¢ 8 acTayail i 3amimam aro ¥
BBITJISI/I3€

M(x)=(x—¢)Q(x)+ R(x). (1)

IMTakonbKi cTymens MEarauntena R(x) MeHIIas 3a cTymeHb A3eqbHIKA, T. 3H.
AByX4JeHa X — ¢, To crynensb R(x) poyma 0, smausins, M (x) =(x —¢)Q(x) + R,
n3e R — pouaicHBI JiK.

Banmoma, miTo Kaji MHaradJeHbl POYHBIA, TO iX 3HAUDHHI POYHBIA IIPHI JIIO-

ObIM 3HAYDHHI 3MeHHAal, Y ThIM JIKY i IPBI X = C.
ITagcraBim x = c y (1):

M(c)=(c—c)Q(c)+ R, smaunins, M(c)=R.

Hanpsikiax, actada apn nssueHHa MuHarawieHa M(x) =x®—38x+ 2 ma
IBYXUJIeH X — 2 pOyHAa 3HAUDHHIO MHaraujeHa mpsl X = 2, T'. 3H.
M((@2)=2-3-2+2=4.

Cxema I'opuepa

[3sanenHe MHaraujieHa Ha IBYXUJIeH X — ¢ 3py4YHa
BBIKOHBAIlb 3 JamaMorai cmocaly, sdKi HasbIBaellla
cxemail I'oprepa.

Haxaii nagseHbsl MHaraujaeH

M(x)=ax"+a, ,x" "' +..+ax"+a, (2)
CTYIIEHI 7.
ITagsenim Aro Ha AByXYJeH X — ¢. ATpbIMaeM: Vineam Iexopax I'opaep
(09.06.1786—22.09.1837)
M(x)=(x—c)P(x)+r, (3)

nse mHarauieH P(x) mae crymedb n — 1, T. 3H.
— -1 -2
P(x)=b, ,x" ' +b,_,x" > +...+bx+b,.
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Tanpr poyHacs (3) MOKHA 3alricallpb y BBITJISI3€:
n n—1 —
a,x ta, x° " *t..taxta,=

= (x—c)(b X", xR +...+b1x+b0)+r, r. 3H.

n
a,x" +a, x" ' +..tax+ta,=b,_,x" +(b,_, —cb,_)x" " +

+ (b5 —€b,_5)x" 2 (B —cb)x +(r—cby).
MuarausgeHsl ag afHO 3MeHHAal POYHBIA TaJbl i TOJbKI Taabl, KaJi POYHBIA

Kas@iIbleHTHI IPBI aJHOJIbKABBIX CTYIIEHAX 3MEeHHAall, 3HAYBIID,
a,=b,_1; a,-1=b,_5—cb,_q; ees} a,; =by— cby; a,=r —cb,.
Bripasim KasginbsieHTs n13ei P(x):
b,-1=a,; b,_9=cb,_1+a,_q; el by =1cb; +ay; r=cb, + a,.
T'sThia BBLTiUSHHI ajiocTpyeM y TaOJiIbl, AKas HasbIBaeIllla cxemai
T'opuepa.
VY se BepxHiM pagKky — KasdinbieHTHI MHaraugeHa M(x), y mepIiai ausniibl

Ipyrora pagka — JIiK ¢, JaJjel pasMAIdamIna Kas(inbleHTsI A3eJi i acraua afg
nasamenHs M(x) Ha x — c.

a, an-1 an -2 a; ay

c| by-1=a, by2=cb,_1ta, by-g=cb,_yta,_, | .. bo=cb; +a, r=cby + a,

IMpeikaanx 1. Iagserxim muarawren 3x* +2x® —6x® + x — 7 Ha AByXUiIeH
x — 2 3 acrauaii, BEIKapbIcTayIisl cxemy I'opaepa.

Pawanmne.

Y mepiibIM pagKy TaOJiIbl 3aminmaM Kas(illbleHTh Jaf3eHara MuaraujaeHa.

Y mepmiaii SusHIBI Apyrora pagkKa 3allilllaM HYJb JajA3eHara ABYXUJeHa
(x=2).

Y KoKHall HACTYIIHAM AUYSHITLI 3aminmiaM Kas@illbleHThI A3eJi i acTauy, BbI-
JiuaHbIg ma cxeme ['opHepa:

3 2 —6 1 =7
2 3 8 10 21 35

Hanooyuaii gsesnio 3’ayasgenita MHATaAYJIeH TPIIAN CTyIeHl
3x® +8x* +10x + 21,
acraua aj n3seHHA MHarawreHa 3x* +2x% —6x* +x—7 mHa IBYyXUJeH X — 2
poyHa 35, r. 3H.
3x* +2x* —6x% +x— 7 = (3x® +8x> +10x + 21)(x — 2) + 35.
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Taapsmbl a0 KapaHAX MHaradjeHa

Pasriensim BhInamak, Kaii MHarawreH M (x) aseiinmiia Ha ABYXYJIEH X — ¢
0e3 acTaubl.

Kopanem mHazaysena Ha3bIBaelllla TaKkoe 3HAU9HHE ¢ 3MEeHHAN X, IPBI AKIM
3HAUSHHE MHaAradjeHa poyHa HYJIIO.

JIik a HaswIBaernna koparem kpamuacuyi k muaraunena M (x), xami mua-

rawren M (x) mzeminma ma (x —a)®, ane me mzeminma ma (x —a)* .

Tsaposma 2

Kaui Bagomsl n kapauéy muarauwitena M (x) n-it crymeni, To mpaBinbHas
Toecracub M (x)=a, (x —-x )(x — X, )(x - xn), J3e a, — cTapibl kasdi-

neleHT mEarauaesa M(x), x,, x5, ..., X, — ATO KapaHi, caApoJ AKiX MOI'yIb
OBIIb KPATHBIA.

Buinix 1 3 maapamst Be3dy. PouaicHbl Jik ¢ 3’dyideniia KopaHeM MHa-
rawrena M (x) Tazgs! i Tonbpki Tager, kaai M (x) mseminma Ha x — ¢ 6e3 acTaubl:
M(x)=Q(x)-(x—c).

Buinix 2. Kani MmHaraujgeH 3 IRJbIMi KasdinbleHTaMi Mae II3JIbI KOPaHb, TO
raThl KOpaHb 3’ ayisdeIiia A3eJbHiKaM cBa0ogHara ujieHa.

IMperxman 2. 3Hakasine 96 KapaHi MEarauaeHa

M(x)=x*—6x®+ 3x% + 26x — 24

i packJiazsie MHaraujJeH Ha MHOMKHIKI.

Pawsnne. Kani MmHaraujeH Mae IPJbIA KapaHi, TO AHBI 3HAXOI3SIIIIA C-
pon ms3esbHiKay cBabogHara ujeHa, I'. 3H. capof Jikay *1, £2, £3, 4, 6,
18, £12, £24.

ITauném mTpaBepKy 3 JiKay, MEHIIIBIX Ha MOIYJIi.

1 —6 3 26 —24
1 1 -5 -2 24 0
-1 1 —6 4 20
2 1 -3 -8
—2 1 =7 12
3HolinzeHs! nBa KapaHi MHarauresa M(x): x=11i x=—2 — i BeI3Haua-

HbI KasdinblenTsl MHarawreHa @(x), arpsiManmara npbl asanenai M(x) na
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(x —1)(x +2). fro crynens — apyras, TaMmy MHaradwier M(x) MoKHa samicais
y Bommatsaase M(x) =(x —1)(x +2) (x* —7x +12). Mosxna smaficui samras na
KapaHi MHarawieHa: x = 4 i x = 3, pamsbIyms! ypayHenne x> — Tx + 12 = 0.

Takim ustHaM, MHEarausteH M (x) Mae uaTeIpsI 1PTBIA KapaHi: —2, 1,314, a
Ar0 pacKJIajaHHe Ha MHOXKHIKI Mae Borasag M (x) = (x —1)(x + 2)(x — 3)(x — 4).

Ilperkaan 3. 3Haiiasine panblaHAJIbHBIA KapaHi MHarauaeHa

M(x) =2x*—5x*—x?+3x+1

i packJiazsiie MHaraujJeH Ha MHOMKHIKI.

Pawasnne. Iaspla KapaHi f1afg3eHara MHaradjieHa 3HaX0A3AIIIa CAPO/T A3€JIb-
HiKay ceabomHara ujeHa, r. 3. 1i—1.

IIpaBepbiM Jiki +1, MOKHa TaKcaMa IpaBepbIlb IPoOaBbIs JiKi 3 HA30yHi-

o . 1
KaM, POVHBIM IlepiiaMy Kasa(pilbleHTy: iE‘

2 -5 -1 3 1
1 2 -3 —4 -1 0
-1 2 -5 1 -2
1 2 -2 -5 _T
2 2
_1 2 —4 -2 0
2

M(x) = 22 = 5x® — 2% + 8x + 1= (x —1)(x+1)(20 —4x—2) =

=(x—1)(2x +1)(x* —2x - 1).
Takim ubiHaM, MHarauaex M(x) Mae TOJbKiI ABa palblgHAJIbHBIA Kapami:

. 1
11 E.
Ilpeikmxan 4. 3Haliasine KpaTHacb KopaHa x = 1 MHaradjieHa
M(x)=x®—2x*+x3+x>—2x+1

i packJaasime raTel MHaArauJieH Ha MHOKHIKI.

Pawasnmne.
1 =2 1 1 =2 1
1 1 -1 0 1 =1
1 1 0 0 1 0
1 1 1 1 2

Kparmacip Kopausa x = 1 mHaraunena M (x) poyHa 2:
X=2x*+ P+ P —-2x+1= (x—l)z(x3+1).
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5.1. ITagsamine «Byramkom» MHaradwiern P(x) ma mHarauwrer Q(x), Hasasi-
IIe I3eJib 1 acTauy:

a) P(x)=x%—3x*+5x—6, Q(x)=x—2;
6) P(x)=x*—4x*—x*—Tx+1, Q(x)=x+3;
B) P(x)= x®— x? — 8x + 11, Q(x)=x*+1;
r) P(x)=x®—2x%+ 5x + 17, Q(x)=x*+ 2.

5.2. Buaiinsine acrausl aj n3saaenHd MHarawieHa P(x) ma x; x + 1; x — 5;
3x + 2:

a) P(x)= x?—5x + 4;

6) P(x)=x%—Tx®+ 2x + 1;

B) P(x)=x'+2x*—38x—T;

r) P(x)=x®—2x°+3x* — x®* — 22 — 2x + 1.

5.3. Packiansine Ha MHOMKHIKI MHaradieH:

a) x®—x?2—8x + 12;

6) 2x3 + Tx®> — 28x + 12;

B) x* — 3x% — 8x% + 12x + 16;

r) 6x* — 11x% + 9x% — 11x + 3.

5.4. Packiansine Ha MHOMKHIKI MHaradieH:

a)(x+ 1)(x + 3)(x + 5)(x+T7)+ 15;
6) (x + 1)(x + 2)(x + 3)(x + 4) — 24.

5.5. 3uaiigsime cymy KasdinbleHTay MHArauJIeHa

(2-5x+x*)" (3= Tx+9x* —5x°)"

5.6. IIpnl aKix 3HAUSHHAX @ MHarauwieH x° + 6x% + ax + 5 asesimmna 6es ac-
raubl HA x2 + x + 1?

5.7. Bagoma, mro muarawreH x* + 2x% — 3x? + ax + b g3esinna Ha TpoxXUWIeH
x?+ 3x — 1. BHaiiasime n3enb af A3ANeHHA IleplIara MHaradjeHa Ha ApYTi i
3HAUYRHHI KasdinpieHTay a i b.

5.8. Muarausien P(x) nopsl a3saeHHi Ha x — 1 gae acrauy 3, a IpHI A35AJ€H-
Hi Ha X — 2 mae acrauy 5. 3Haliazile acrTauy aj A3AJeHHA MHaradiena P(x) Ha
x?—3x + 2.
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5.9. Muarausen P(x) gsenimnia Ha x — 1 6e3 acTaubl, a IPLI A3sJeHHI HA X + 2
nae acrauy 3. 3Haiinzimne acrauy aj A3AneHHA MHarauigeHa P(x) Ha x? + x — 2.
5.10. Crapaiiitie apo6:

3x2 +12x+9 2+ xt+x%+1
A e s’ O Fidigin
5.11. Pamrsitnie ypayuenne:

a) x* —2x* —x*—2x+1=0;

6) 6x* —35x% +62x> —35x +6=0;

B) x° —5x* +6x® +18x% —135x +243 =0;

r) 16x* +8x%® —7x* +2x+1=0.
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§ 6. AnziHkaBasa aKpyKHACIIb.
I'pagycHas i pagpigHHAS Mepa aaBOJbHATa ByTJia

o

o _ . N T _ 180°
180° = mtpanm; 1 180 P2 lpan —ﬂ

IIpeixman 1.Y npamMaByroJbHBIM TPOXBYTOJBHIKY 3 ByrjaoMm 36° 3Haiiazi-
IIe PAILISHHYIO MePy YCiX Aro BYTJIOY.

Pawasnne. 3HOUI3EeM APYTi BOCTPHI ByTaJ raTara TPOXBYTOJbHIKA:
90° — 36°=54".

3HoIA3eM PaIbIAHHYIO MePy BYIJIOY IIa popmysie o = n°—=_.

180
90°--_ =2 3°.-2_=2 54°.L=3j
° ’ 180° 5’ 180° 10°

_®_

6.1. 3amoyuie ¥ CIIBLITKY TabJIiIly.

I'panycuaa o oo o _ °

Mepa ByTrJia 10 2 225 %0

Pagbiaanas - _4n | 11z 1,5n | —1,2n
Mepa ByrJia 12 3 9 ’ ’

6.2. Axsmaulie Ha aA3iHKaBall aKPYJKHACII IOYHKT, AKi aTphIMael(a MHpPbI
nasaportie nyHKTa Py(1; 0) Bakos mauaTKy KaapJbIHAT Ha ByTaJ:

a) 60°; —150°; 540°; —315°; 720°; —1110°; Y4
6) 55 & 1% 5my —1,8m 3,5m; B P,
B) 1 pax; —2 pax; 3,5 pax; —4 pang; 6 pan;
—10 paz. 5
(0] x

6.3. Ha apxsimkaBaii axpyskHacIi ajg3HadyaHbI
nyHKTH P, Py i P, AKiag agnaBAmaonb ByrjaM ma-
BapoTy d, iy (pwic. 39). Brisumaurre:

a) rpagyCHBIA MePhI BYTJIOY o, 31V, Kaui Bagoma, 5
IITO SHBI 3HAXOABALIA ¥ IpaMekKy ax —360° na 0°; Puic. 39
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0) paAbIAHHBIA MepPhI BYTJIOY a, B iV, Kaai BagoMa, IITO SHBI 3HAXOA3AIIA
¥ mpamMeskKy anx 27 ga 47;

B) IPafyCHBIA i paAgbIAHHBIA MephI YCix Takix Byrioy a, B 1ivy.

6.4. 3amimebine Byraa o, 0° < a <360°, gna axora nyHKT P, cymajgae 3 IIyH-

KTaM:

a) Pgrg; 6) P_30:; B) P 503 r) P_s40-

6.5. Samimeine Byran , —2an<P<0, mra axora myHKT P; cymajgae 3
MyHKTaM:

a) P; 0) le; B) P, r) Pyy .

6.6. 3aminrsime 3”7(:3e BYTIJIBI O, AJIA AKiX TyHKT P, cynazae 3 IyHKTaM:

a) Py; 0) P35 B) P r) P .

6.7. Beisuauile, ByrJioM sIKOM qf;apui S’HS‘UIHé]_IIIa ByTraJ o, KaJi:

a) a = 1081°; 0) a = —469°%; B) O = 119707:;

P)GZ_BTJT; I)o=3; e)a=—5.

6.8. 3Hailif3ine KaapAbIHATHI MYHKTA aJ3iHKaBall akpysKHAacCIli, aTpbIMaHara
maBaporaMm nyHKTa Py(1; 0) Bakos mavyaTKy KaapAablHAT HA ByTaJ:

a) 90°; —180°; 540°; —270°; 450°; —720°%

0) m; —%; 3—2”; —Tm; 2,5m; —5,5m.

6.9. 3animbitie yce BYTJIBI O, TIPHI ITaBapolle Ha AKid nyHKTa Py(1; 0) Bakosa
rmavyaTKy KaapJblHaT O0y/a3e aTpbIMaHbl IIYHKT:

a) P,(0;1); 6) P,(1;0); B) P, (—1;0); r) P,(0;—1).
6.10. 3Bamimeille HEeKalbKi BYTJIOY O, Ha AKisg Tpsba MaBAPHYIL IYHKT
P,(1;0) Bakox mauaTKy KaapAbIHAT, Ka0 aTPHIMALb IIyHKT:

1.3 J2 V2
a) P, (5;7); 0) P, (‘7;7)-
6.11. Ha axzinkaBail akpysKHacIi af3HauyaHbl IYHKT P, . Bei3Haulle ByIJIbI,
4
IIITO aAIIaBARAOND IYHKTY, CiMeTphIYHaMy IYHKTY P, afgHOCHA:
4
a) BoCi apabIHAT; 6) Boci abcIibIc; B) mavyaTKy KaapAbIHAT.

6.12. 3amimeie HeKaJbKi BYIVIOY O, IIITO aAIlaBAgA0Ib IYHKTY af3iHKaBail
aKpy:KHACIIi, apAblHATA AKOTa POyHA:

a) %; 0) —%; B) 0; r) —%
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6.13. 3amimbille yce BYrJIbl O, IITO aAlaBAAA0lb HOYHKTY aAsiHkaBait
aKpysKHAaCIIi, abciibica AKora poyHa:

D% 90 n-k oL

6.14. Brismaulle KOJbKAacIlb CTApOH IIpaBijbHAara MHOTaBYTroJbHiKa, KaJi

o 27
PajbIAHHAA Mepa AT0 3HeIIHATa BYTJla POyHA -

6.15. KoabKi myHKTay aTphiMaelliia, Kai afsHaublllb Ha aA3iHKaBall akpyx-

. o an .
HACIIL §ce MYHKTEI, IITO aANaBANAIONb BYTJIaM BBITIANY ~g-, A3€ 11— IAJIBI JiK?

6.16. Y KOKHBIM pPagKy af3iH 3 Jikay — JiINIKaBbI, 3HAIA3iMe AT0 i pacTiay-

MadIlie yaMy.
3n, 9, _ = 57, 6) n, 14n, _8m, _10m,

PRI
, 2, -9z, 19, r) 71; —71; 37; 0.

a) 3° 3 ° ?’ 3

6.17. CnoBa «Byran» 3akazasipaBana: g / % / % Ja/ %
Pasragaiitie kox. Paciisigpyiime ciaosa: 180° / 36° / 20° /18° /12°.

§ 7. AsnausHHe ciHyca i KociHyca agBoJIbHara ByrJia
vA

Ab6cnipica myHKTa P,, aTphIMaHara
naBaporam myHkra Py (1;0) azgin- Ginat---
KaBall aKpysKHAacIli BaKOJ ITauyaTKy Kaap-
neiHaT Ha Byras o (pwic. 40), HaswbIBaelma o
KOCiHycaM ByIJla O, a apAblHaTa TIaTara ol co
IIyHKTa — CiHycaMm ByTJa o

B, (% Y)

F(1; 0)

X, = cosO. Y, = sina

Pric. 40

IIpeixman 1. BeidHaulle KaapabIHATHI TyHKTA P, afg3iHkaBail akpysKHacC-
1i, IITO agmaBsazae Byray o = 1920°,

Pawsnne. ITakoaski 1920° =5-360°+120°, To c0s1920° =cosl120° = L

-
a sin1920°=sinl120° = g Taner Byray 1920° ma agsimkaBail aKpysKHACIIL
ajmaBsagae IyHKT 3 KaapAblHATaAMIi (—%; g)
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IIpeixaan 2. Beuriublie:

8n 8n 5m 5m
a) sm? i cos -3 0) s1n? i cos 5.
Pawasnmne.
. 8 6+ 2m 21t
a) ITakoabki ?ﬂ =—3 = 2n+ V- 3 » TO IYHKT P8 cymnajzae 3 TyHKTaM P2
. 2w 7 . . 3 o .. 8
Ilakoabki 5 TN g, TO MYHKTHI Pﬂ i P2i an3iHKaBall aKpysKHAacCIi cimer-
3 3
PBIYHBIA aJJHOCHA BOCi apJbIHAT, a 3HAYBIIb, iX apAbIHATHI (CiHYCHI BYTJIOY g i
2 o . o
uA ?n) POVHBISA, a abCIbICHI (KOCIHYCHI BYTJIOY) IIPO-
imersmera, T. sH. sinoX = NE] a 8z __1
Ps; Pa I » I 3H. ST = 7o, cos73 2
| | (prwIc. 41).
| |
5 6m—m
| | 6) ITakoabki ?n =—3 = 23‘[—%, TO IIYHKT
l i >
1
-% | X P, cymajae 3 mynkram P
| 3 3
|
P%n’ Py 3HAYLIb, sins?JT = sin(—g). Oysxrer P, 1 P,
3 3

am3iHKaBal  aKpysKHaCIi CiMeTPBIUYHBIS  aj-
HOCHa BOCi alOcIibiC, a B3HAUBIIb, iX apAbIHATBI

Pric. 41

. o T . T . . .
(cimycwl ByTJIOY 3 1 —§) aJpo3HiBamwIIa TOJLKI 3HaKaM, a iX aOCI[bICHI

. o . V3 1
(xociHyCBHI BYIJIOY % 1 3) poyubisg. IlakosbKi sin % 5 cos% =5, TO
Y . n)_ V38 ( J'[) 1
s1n( §) =—5,acos|—5|=5 (ra. prwic. 41).

IIpeiraan 3. Pasmdciinie ¥ mapagky Ha-
pacrauud Jiki sin2; sin3d; 1; sin4; sin6.

Pawanne.

AnzaausiM ByrJIbel 2 pan; 3 pan; 4 pax i 6 pan
Ha TphITaHaMeTpPBLIUHA# aKkpysKHacIi (pric. 42) i
aTpbiMaeM, 1To sin4 <sin6 <sin3d <sin2<1.

Puic. 42 Adra3s: sin4;sin6;sin3;sin2; 1.
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7.1. 3uaiigsine sHausHHE BHIPA3y:

a) cos270° + sin180°; 6) sin90° — 4 cos0°;

B) cos(—360°) — sin 180°; r) sin(—270°) — 3sin(—450°);

I) —sin810° + 3 cos 180°; e) 6sin0° — 9cos(—540°);

%) cos720° - cos60° — sin30°; 3) 3cos(—450°) + sin®45°.

7.2. 3Haliasine sHausHHE BhIPasy:

a) cosd - cos(—2m); 6) cosTm—2 sin(—%);

B) sin?’?ﬂ - 2cos(—9m) + cos%; r) 2sin(—3m) + cos(—mn) + sin?® T;

I) sin(—%[) - cos 6t — cos® %; e) sin(—2,53't) — 3003(—7,531) —sin? %

7.3. IlapayHaiime 3uausHHI BeIpasay sina i sin2a , xajai Bagoma, IIITO:

=%, =2 =T, =
3)0!—6, 0) a =73 B) a =53 r) o= 7.
7.4. Bagoma, 1to B = %. ITapayHaiie 3HausHHI BeIpasay:

a) cosfP i cos2p; 0) cos4f i sin4p; B) sin3f i sin5f3.

sin4a — cos4a n
Opel o = 2.

7.5. 3Haiizite 3HaUsHHE BLIPa3y

sin(a + i) +3sinl2a
7.6. Bouaiubire:

a) \/(2sinz—1)2 —\/(1—20052)2; 6) \/(2cosg+2)2 +\/(2sing—2)2.

7.7. 11i mpayaa, miTo:
a) cos45m = cos(—m); 6) sin38,5x = sin(—0,5m)?

7.8. BrikapricTalille a3HausHHI ciHyca i Kocimyca agBoJibHaAra ByrIJia i Ha-
3aBille Ba JamgaTHBIA i IBA aAMOYHBIA BYTJIBI, OJA AKiX IIpaBiibHAasI POYHACIb:

B) cosa = 0; T) cosa=—§.

a) sina = 1; 0) sina = é;

7.9. 3amimbiie yce BYIJIbI O, IJId SKiX BAgoOMAa, IIITO:

a) sina= —1; 6) sina = 0; B) cosa=1; r) cosa = —1.
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7.10. IIi marubiMasa poyHacCIIh:

a) sina=1,2; 0) sina = —%; B) cosa= 0,2; T) cosa = —\/5?
7.11. 3uaiifsine Haibo bIIae i HaliMeHIIIae 3HAUSHHI BhIpa3y:

a) 3sina + 8; 06) 5— 2cosaq;

B) 4sin’a —1; r) 2cos*a+9.

7.12. 3uaniagine yce sHAUSHHI JiKYy a, TPl AKiX MarybiMa POYHACIIb:
a) sino = a — 5; 6) cosa = a® — 8;
B) sina =a®*+a—1; r) coso. =5a—a?® —5.

7.13. IlapayHuaiilie 3 HyJIéM 3HAUSHHI BbhIpasay sina i cosa, KaJi Bamoma,

IITO:

8) T<a<m 6) — o <a<-2m
B) 2,6 < a < 3m; r) —19,5n < a <—19m.
7.14. BrizHaulle 3HaK BbIPa3y:
a) sin115°sin214°sin313°; 6) c0s219°cos372°sin(—512°);
B) sinisin%—ncosw—n; r) cos(—si)sin(—w—n)coszéln;
17 8 7 7 3

1) sin8sin5cos(—7); e) cos(—2)sin(—10)cos5,5.
7.15. Bagoma, miTo g <a<m. Ilapayuaiitie 3 HyJIéM 3HaAUSHHE BLIPa3y:

) :Z;g; 6) cos®a + sinay B) sin2acosa; T) sin% + cos%.

7.16. Bagoma, mro 1t < a < 1,57 . Crpaciiitie BeIpas:

a) ‘sinoc‘—sina; 0) cosa+‘cosa; B) ‘ZEZ‘, ) fcosa‘.
cosa

7.17. Ilapayuaiiie:

a) sin 340° i sin 350°; 6) sin 200° i sin(—230°);

B) cos 79°1sin337°; T) cos g 1 COSTg;

) cos3° i cos3; e) cos6,4 i sin4,9.

7.18. ITapayuaiine sHausHHI BhIpasday sina i sin2a, Kaji Bagoma, IITO:

a) o =57 6)oc=57“; B) 0 = 5.
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7.19. 3aminrbine ¥ mapagKy HapacTaHHA 3HAU9HHI BhIpasay:
a) sin41°; sin90°; sin225°; sin270°; sin292°

Tn 2
12, 2, COS?, COS 4Tt.

7.20. 1Ii maruybIiMas pOyHACIIh:

0) cos--; cosO0; cos>

a) sina = 2sin31°; 6) cosa = 2cosl17°?
7.21. a) Ha aasiHRaBaﬁ aKpysKHACIi afg3Haulle IYHKTEI, I[IITO aAllaBagaollb
M T,T
ByrJaMm 0, poyHbIM 0; 6 1 3%

0) AnsHaulle TYHKTHI, CiMETPBIYHBIA aTPBIMAHBLIM NYHKTAM aJHOCHA BOCi
abcIipic; BOCi apAbIHAT; MavYaTKy KaapabIHAT.

B) Bei3Haulle pagbITHHYIO Mepy yCixX ByTJIOY, AKiM agmaBaAgamlb ajsHada-
HBbIA IIYHKTHI.

r) 3HaiiAzie cimyc i KociHyc KosKHara 3 aTpbIMaHbBIX BYTJIOY.

7.22. 3 mamamoraii agsiHkaBail akpysKHACIIi i 3HAUSHHSAY cimycay i Kociny-

o o JU T . T .

cay Byrioy o,y i 5 BbLIIUBIIE:
a) sin5i; 0) cos% B) sin(—%); T) CcoS (—137“)
7.23. 3uaiiazime ciHychI i KociHychbI BYIJIOY O, KaJIi:
a)a=g+2nn,nez; 0) a=n+2nn, neZ,
B)a=—%+2nn,neZ; ryo=—n+2nn,necZ.

7.24. 11i BBLIKOHBaeIlla POYHACIH Sino =cosa Opbl AKiM-HeOyaA3b o7
IIpaintocTpyiine cBa€ pamsHHe 3 JanaMorail aasiHKaBall aKpPy KHACII.

7.25. 3Bamimieinie Yce ByIJbl, OJs AKiX BBIKOHBaeIllla pPOYHACIH
sina = —cosa. IIpaimiocTpyiille cBa€ pallsHHE 3 gamaMorail aasiHkaBan
aKpYyIKHACIII.

7.26. Byriiom akoi uBaspIii 3’Ayaseria Byrai o, Kaji BeIpasd /sina : cosa
Mae CHC?

7.27. Boizuauile, 11i icHye Taki psuaicHBI JIK X, OJd AKOTa BHIKOHBAIOIIA

. _J3 ..
YMOBBI cosx = 5~ i:
n_3m
a) x € [J't; 23‘[]; 0) x € [5; 7]

7.28. BrizHauitie, 11i icHye Taki pauaicHBI JiK X, IJId AKOra BBIKOHBAIOIIIA
yMoBBI sinx = —1 i:

a) x € (—J'[; J’[]; 0) x e [%Tn, 3777[]
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§ 8. A3sHausHHe TaHTeHCa i KaTaHreHca aJBoOJIbHAra ByIJa

O v v
tga - ———— - A (1; tga)
?c?z%auzeucay By A(ctga; 1)
- - |
1 I
| |
I I :
e |RG0) QNN
(0] x (0] ctgo x
80Cb B
maHeencay
_ sina _ cosa
tgo = cosa ctga sina
Il perrian. BeikapeicTayibl a3HAU9HHI TaAHTEHCA 1 KaTaHTeHCa, BBLIIUBIIE:
51 _a
8) tg °%; 6) ctg(~ 7).
. bm
. 50 sm?
Pawsnne. a) Ila asHausHHiI TaHreHCA tg? = 5.+ O HAamamorai
COS?
. . : . bm_ 1 5n _ _ 3
ansiHKaBail aKPY:KHACII aTpbIMaeM, IITO Sin-—= =5 i cos = =——5". Tanwr
5m _ 1 NEA U RN )
tg =5 \—F%|=F—F==">%.
6 2 2 J3 3
e w1
0) Ila asHausHHiI KaTaHTeHCca ctg(—z) =T 3 pamamoraii an3iHKa-
sin(—f)
4
o . T\ _ V2 . ) J2
Baii aKPYXKHACII aTpeIMaeM, IITO coS|\—, )= 5, a sin{—,)=——". Tanwr
oy N2 (N2
Ctg( 4) 2‘( 2) 1.

8.1. 3naiigsine 3HaUsHHE BHIPA3Y:
2) tg180° — tg45"; 6) ctg270°- ctg60 ) tg2m+tg® 7;

r) ctg® % . ctg% - ctgg; 1) tghm+ ctg(—%); e) ctg(—%) - tg%
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8.2. ITapayuaiine suausHHi Beipasay tga i tg2a, xaui Bamoma, IITO:
I
a) a= X 0) a = .

8.3. Bamowma, mTo § = %. 3Haliasine sHausHHE BhIPA3y:

a) ctgf; 0) ctg2p; B) ctg6p.
cte —a|

8.4. 3maiinsine 3HaUSHHE BHIPA3y 5 mpbl Q. = %.
te(}; ~a)

2 2
8.5. BrLriubrlie: J(Sctgg - 2) + \/(2 - 3tg%) .

8.6. Hazasimne aBa mamaTHBIA i [Ba aAMOYHBIA BYTJIBI O, IJd AKiX He icHye
tga; ctga.
8.7. Beisuaulie yce 3HAUSHHI O, IPHI AKiX:

a)ctga =1; 0)tga =0; B) tga=\/§; r)ctga =0.
8.8. ITapayuaiime:

a) tg340° i tg350°; 0) ctg 200° i ctg (—230°);

B) ctg 79° i tg 337°; r) tgtiti tg 208,

o) ctgd®ictgd; e) tg6,4 i tg4,9.

8.9. Ilapayuaiitne suausHHi Beipasay ctgo i ctg2a, Kaii Bagoma, IITO:
a) o =57°; 6) o =28, B) 0 = 5.

8.10. 3amimeine ¥ mapagKky HapacTaHHA 3HAUSHHI BhIpasay:
a) tg41°;tg110°; tg225°% tg360°; 6) ctg%; ctgg; ctg%“; ctg2,1m.

8.11. TlapayHuaiinie 3 HyJIéM 3HAUYdHHI BbIpasay tga i ctga, kaiai Bamoma,
IIITO:

a)a‘t<cx<3—n; 6)—37“<a<—3't;

B) 4,5 < a <57 r) —13,5n < a <—13m.

8.12. BrisHaulle 3HaK BhIPa3sy:

a) tg165°tg314°tg353°; 6) ctg229°ctg382°tg(—543°);
7 43n 197 | _5m _13m .

B) thcthctgj, T) ctg( 7 )tg( 3 )tg3,1n,

1) tg2ctg3tg(—4); e) ctg(—1) tg(—8) ctg4,5.



44 Paspsen 3

8.13. Bagoma, miTo 3% <a<2m. ITapayuaiite 3 HyJIéM 3HAUSHHE BbHIPA3Y:
a) tgo + ctga; 6) tgZa — ctg’a.

8.14. Bagowma, mrro 0,57 < a < ;t. Capacirimie BeIpas:

a) \tga\ —tga; 0) ctga +\ctga; B) :ig; ) fcitg?\'
8.15. 11i mpayma, miTo:

B) tg%[=tg%; ) ctg%=ctg37ﬂ?

8.16. Bouriubiie:

ot o ce;  wg(-T) o ee-5Y);
n) tg %ﬂ; e) ctg 197"; ) tg(—%ﬂ); 5) ctg 2.

8.17.11i BBIKOHBaelIa poyHacHbh tga =ctgo  nOpel AKiM-HEOyA3h o7
IIpainmrocTpyiilie cBaé palisHHe 3 gJanaMoraii aasiHKaBall akpysKHaCIIi.

8.18. 3amimibire yce ByrJIbl, 44 AKiX BEIKOHBaeIIla poyHacib ctga = —tga.
IIpaismrocTpyiitie cBaé pamisHHe 3 JanamMorail af3inkaBail akpysKHaCIIi.

8.19. Byriiom skoii uBspIii 3’ayiiseria Byraja O, Kaji BbeIpas ./tga - cosa
Mae COHC?

8.20. Brisuauitie, 11i icHye Taki psuaicHBI JiK X, I AKOra BBIKOHBAIOI[IA

YMOBBI tgx = g i

a) x € [—3'[; —%]; 0) x € [%, J'l',:|.

8.21. Brisuaure, 1i icuye Taki padaicHBI JiK X, OJid AKOra BBIKOHBAIOIIIIA
yMoBHI tgx = —1 i:

a) x € (—J'[; O]; 0) xe [357“, 183‘(].

8.22. Brisuaurie, Ii icuye Taki psuaicHBI JiK X, OJd AKOra BBIKOHBAIOIIIA

yMoOBBI tgx =3 i x € [O; J'[].
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§ 9. CyagHocinbl mamisk ciHycam, KociHycam,
TAaHreHcaM i KaTaHreHcaM aJfHaro i Taro K ByrJa
(TphIraHaAMETPHIYHBIA TOECHACIII)

. sina cosQ
@ cos’a+sin®a =1 tga = 222% ctgo = 2%

1
cosZa sin® a

tgla+1= tga - ctgo =1

IMperxman 1. Ii moryms cinyc i KociHyc agHaro ByrJja ObIIlb POYHBIMI af-
a i b
J a2+ b2 \/ JENpY

maBegHA

Pawasnne. [Ina agkasy Ha IbITAHHE JaCTaTKOBA IPaBEPbIIb CIIPABAJIiBACIIb
poymacmi sin®a + cos’0 =1 (r. 8H. IpaBepHIIb, IIi BHIKOHBAEIIA YMOBA IIPbI-

HaJe)KHACI[i TyHKTa P, agsiHKaBail akpyKHACIIi).

=1, TO MOTYIIb.

. 2 g2+p
Ha}conbm( b ) =

a 2
+ T2 2
la? + p2 la? + b2 a“+b

IIpeirman 2. Cupaciime BeIpas

2 2
(sinoc — = ) + (cosoc - ) —tg?a — ctgla.
sino cosQa

Pawanne.

2 2
(sina — — ) + (cosa — ) —tga — ctg’a =
sina COosQa

. . 1
= sin® o — 2sina - 5— + cos® o —

sina sin“a

1 2 2
o + ot tg“a —ctga

— 2cosa

=sinfa—2+—5— +cosPa—2+—L— —tg2a — ctg?a =
sin- COos™ A

= (sin? a + cos?a) — 2 + (ctga + 1) — 2 + (tg2a + 1) — tg?a — ctg’a =

=1-2+1-2+1=-1.
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IIpeikaan 3. 3HaKA3ie HalIMeHIIIae 3HAUSHHE BBIPA3y
5sin®a + 6cos®a +1.
Pawsnne. 5sin® a4+ 6cos’a +1 = 5sin®a + 5cos’a +cos>a +1 =
= (5sin2 a +5cos’ a) +cos’a+1= 5(sin2 a + cos® a) +cos’a+1=
=5-1+cos’a+1=cos?’a+6.

ITaxonbKi HaliMeHIIae 3HAUSHHE €OS>0 pOYHA HYJIO, TO HaiiMeHIIae 3HA-
UpHHe BBIpasdy cos”a + 6, a 3BHAUBIND, 1 Aaf3eHATa BEIpa3y poyHa 6.

9.1. IIi moryms ciHyc i KociHyc amHaro i Taro :x ByrJia agHavacoBa OBIIb

poyHBIMI HYTIO0?
9.2, I1i morymp agHauacoBa BEIKOHBAIIIIA POYHACII:

N 2 . 5 . 5
—_— —_— _ — i — = —7‘7
a) cosa 3 1sina=g; 0) sina i3 1 tga 15’
9.3. 3umaiigsime sina; cosa; tga, kami ctga = —3—? i —‘72[ <a<m.

9.4. 3uaiigsimne cosa isina, kami tga =3 i cosa > sina.

a

9.5. 3maiigsine sina; tga; ctga, kami coso = ——1i 37 ¢ a < 2m.

@ +1 2
9.6. Cupacirime BoIpas:
. 2 . 2 2 2

a) (sina + cosa)” + (sina — cosa)”; 6) (tga + ctga)” — (tga — ctga) .
9.7. llaka:kbIlle TOECHACIID:

tga + ctgP 1+tga+ thOL 9
a) —————=~ = tgactgp; 0) ————— =tg°a.

) ctgarigp  BCctEl; ) 1+ctga +ctg?a  ©

9.8. Cmpacriitie BrIpas:

(sinoc + cosoc)2 -1 5 1—cos*a—sin*a

ctga —sina cosa ’ ) tgla

2 2

cos“a—ctga+1 .

B) g ; r) sin®a + 1

. 2 2 ’ :
sin“a +tgfa—1 (sinatga+cosa)2

9.9. Jlakaxxsime ToecHacIb cos*a + 2sina — sin*a=1.

4 4
. sin“a+cos"a—1
9.10. Crpacrine BeIpas —

sin*a - 2sin®a +1°
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9.11. Jakaxblile, IIITO 3HAUDHHE BBIPA3y
(2sina + 3)(2sin o — 3) + (2cosa + 5)(2cos . — 5)

He 3aJIeKBIIb aJ .

9.12. Buaiinzine HaiiMeHIIae 3HAUSHHE BbIpady 7cos’a + 8sin®a — 4.

9.13. Cmpaciiinie BbIpas \/élcos2 a+4cosa+1 —\/4 —4sin®a, Bemarousl,
IIITO 2?“ <a<a.

9.14. 3uaiifzine 3HausHHE BBIPa3y:

2sino — 3cosa ¢ =7
a) 3uosq T 2sing® BEAAIOUBI, mTO tga = 7;
sina cosa
0) — — >, Bexarousl, mTo ctga = 0,75.
SIn- A — Ccos™ A
9.15. laxkaxsine, mTo tg2o + ctg®o > 2.
9.16. Begarousl, mito tga = 1,25, sHaligsine sHausHHE BhIpa3y
4sinacosa — cos®a
1+ 3cos?a

9.17. Copacititie BeIpas J1+ 2sinacosa , KaJi Bgmoma, IIITO 0. — ByTal

TPIIANA UBIPIII.
o . cosQl 1—cos?a
9.18. 3maiinsine smausHHe BbBIpazy A = - , BeIaloyubl,
1—sin?a sina

IIITO J'[<(l<3?n.

9.19. 3uaiiasine HaiiboJbIllae i HATMeHIIIae 3HAUSHHI BbIPA3y:
a) 3cos®a —4sin®a; 6) 5sin?a + 8cos? a.

9.20. 3uaiigsimne sina cosa, kaxi tga + ctga = —8.

9.21. 3uarigsimne sina + cosa, KaJi sinocosa = % i3m <a< 3,5m.

9.22. Buaiinsine tg2o + ctg?a, kauai tgo + ctgo = 3.

9.23. Beparousr, mTo tg?a + 25=10tga, 3Halg3ile 3HAUSHHE BHIPA3Y
sina — 2cosa
cosa +sina °

9.24. 3uaiinzine HaibobIae i HaliMeHIIIae 3HAUSHHI BhIpasy:

a) 2cos® o — 3sinay; 6) 1—+cos’a —2sin’a.

9.25. BeisHaulle, AKiA 3 HACTYIIHBIX POYHACIIEl MPaBiIbHBIA IIPHI ycix x € R:
a) sin®5x + cos®5x = 5; 6) sin? % + cos® % = %;

B) sin® % + cos? % =1; r) sin®5x + cos®5x = 1.
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9.26. ITabynayiine rpadik GyHKIBI Yy = sin® \/x — 3 + cos?/x — 3.
9.27. ITabynyiine rpadik GyHKITBIL

y = —5sin? (\/xz - 3x+ 2) - 5cos® (\/xz - 3x+ 2).

9.28. ITabynyiine rpadik GyHKIBI Yy = 2tg% . ctg%x.

§ 10. ®ynknsii y = sinx i y = cosx. Ix ynacuiBacui i rpadiki

@ Ipeixaanx 1. Iabyayiine rpadik QyHKIbIL:

a)y= %sin3x; 0) y= 3cosg.

Pawsnne. a) BeikanaeM cijickanHe rpadika yHKIBIL y = sinx ma Boci ap-
IBIHAT y 3 passl (aAjeraacilb aJf KoXKHAra nyHKTa rpadika GyHKIBIL y = sinx ga
BOCi apAbIHAT ITIaMEHIIIBIIIA ¥ 3 passl) i arpriMaeM rpadik GyHKIBI y = sin3dx
(prvic. 43).

3aThIM BBIKaHaeM cllickaHHe rpadika GpyHKIBI y = sin3x y 2 passl fa Boci
abcipic (amiersacib af KoyKHara myHKTa rpadika QyHkmeri y = sin3x ma Boci
abcipic maMeHIIBINIIA ¥ 2 pasnl) i arpeiMaeM rpadik (GyHKIBIL y = %Sin3x
(1. poic. 43).

y= %sin 3x

Pric. 43
0) Breikanaem pacisasxouHe rpadika (GYHKIBIL y = cosx ajJ BOCi apAbIHAT

y 2 paswl (agierJiacipb aj KOKHara myHKTa rpadika GyHKIBIL y = cosx ma
BOCi apABIHAT MaBAJIUBIIIA ¥ 2 passl) i aTrpeiMaeM rpadik QyHKIBI Yy = cos>

2
(pwic. 44).
Y
3aThIM BBIKAHAEM pacISKoHHe rpadi-
Ka QYHKOBIL Yy = cos% y 3 passl aj Boci 1 Yy =cosx

abcupic (amyieriacup aj KOKHAra MyHKTa ~—_5- \_-T/—l 0 Nl 2 ¥

rpadika QYHKIBIL Yy = cos% Ia Boci abc- Y= cos%

IBIC TTAaBSAJIIUBIIITA ¥ 3 pasbl) i aTpbIMaeM

rpadik QyHKIBI Yy = 3cos% (rJ1. peic. 44). Pric. 44
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IIpeika aa 2. ITabynyiime rpadik GyHKIIBII:

a)y= ‘cosx +0,5cos x; 0) y= ~1 (sm\x\ —sinx).

Pawasnne. a) PackpbleM MOIYJIb:

[ x>

x>0, x>0 x>0
=X +0.5 _ -

Y= 5, cosx »0COS X, y = 0,5cosx +0,5cosx, Y = cosx,
x<0, {x<0, {x<0,
y= _%Cosx+0,5cosx; y =~0,5cosx+0,5cosx; | [y =0.

Bigapsic rpadika magseHaln (pyHKIIBII TaKkasaHbl HA PHICYHKY 45.

i i
[N N\ ™\ 0

_o1 \ n 2t \x  __An ,M 4 x

Pric. 45 Pric. 46
0,

\\/

x<0,
y = sinx.

Bigapsic rpagika mamsenaii pyHKIIBI IaKa3aHbl HA PHICYHKY 46.
‘COSJC‘

6) y= —= 5 (sinlxl = sinx);

IMpeixman 3. [labygyitme rpadik QyHKIBI Yy =
Pawanmne.

{cosx>0,
_ ‘cosx‘. y=1,

Y~ cosa’ cosx <0,
y=-—1.

cosx °

~ I~ AN N
% 327t 5_21'5,‘: f }_

Pric. 47

I'padix gamsenait PyHKIbII HaKa3aHbl Ha PBICYHKY 47.
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IIpeixaan 4. Boismaulle HaliMeHIIbI JaSATHBI IePbISl (PYHKIBIi:
X
§o
Pawsnne. [Ina pairsHHA 3aJaHHAY Takora Bily JakaskaM A3Be yJacliiBaciti.
1. Kaumi T — mnepswisan yHKIEI f(x), To dik BT — Taxcama mepblan (QyHK-
bl f(x), 13e kB — agBOJIBLHBI LPJILI JiK, B # 0.
Hokas.
flx+kT)=fx+(E—DT+T)=flx +(—DT)=f(x +(k—2)T+T) =
=flx+(k—2T)=...=f(x+(k—B)T) = f(x).

2. Kami T — nmepsoisag GpyHKIbI f(x), To mepblan GyHKsIi f(kx) (k — Heka-

a) y = sin 2x; 0) y = cos

TOPBI PAYAICHBI JIIK, He POYHBI HYJII0) POYHBI %.
Hokas.

f(kx+T) =f(k(x + %)) =f(kx)=>T = %, nse T’ — mnepwisan GyeHKIb f(kx).
a) HatimeHIsl magaTHBI mepblan MYHKIBI y = sint poyuer T'=2n. Brika-

pBICTaeM mTaKasaHbIs YJIACIIIBACIII i aTpeEIMaeM, IIITO HAaTMEeHIIIbI Ja aTHBI IIePhI-

. . o ,_ 2
an QyHKIEH y = sin 2x poyue T'= 731 =mn
60) Haiimenmibl magaTHbl nepbian MYHKIBI y = cost poyHbl 25. Brikapsic-
TaeM JaKa3aHbIA yJaaclliBacIli i aTpeIMaeM, IIITO HAWMEHIIIBI TaJaTHBI IIePbIA
GyHKIOBIL Yy = cosg poyubl T'= 2Tn = 6.

3
IMpeikaan 5. 3HanAzine HaWOoOJbINAe 1 HaWMeHINae 3HAUIHHI (DYHKIIBIL

f(x) =2cos®x + 2cosx — 1.

Pawsnne. Haxait cosx = ¢, tagsl GyHKHbIA f(x) = 2cos’x +2cosx—1
npeimae Beiraasn f(¢) = 2t° +2¢ —1 npwt ¢ €[~1; 1].

3HoiizeM HaWOoJbIlIae i HaWMeHIIae 3HAUDHHI KBaJpaThIYHAW (DYHKITBIL
f(#)=2t* + 2t —1 na anpasky [—1; 1].

o . 1
3HoiizeM abcubICy BAPIIBIHI mapabaisl ¢, = —

2

IIBIHI mapadaabl HAJEXKBIIb agPI3Ky [—1; 1], TO 3HOUI3eM 3HaUdHHE (PDYHKIIBIL
¥ BAPIIBIHI mapabaJibl i Ha KaHIIax gaf3eHara agpasKa.

A-2) =2 () v2- (1) 1= 15
fCD=2-(-1F+2-(-1)-1=-1
fA)=2-1+2-1-1=3.

Takim ublHAM, HaOOJbIIae 3HAUSHHE AaA3eHall (pyHKIbI poyHa 3, a Haii-
MeHIIae 3HaUY9HHE poyHa —1,5.

. ITakoabKi abciibica BsAp-
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10.1. Brismaume, Ii HaJdeXbIlb rpa@iky QYHKIBI Yy = —sin(x +%)+ 1
MMyHKT:

2) 4(0;05); o) B v3

27 . 1); 5) C(%; 1_7); r) D(4m; 1,5).

302

10.2. IIi mpaynma, mTo rpadgik QyHKIBH y = 2005(x-%)+1 Ipaxoasin.
mpas myHKT:

D A(Z8) o B(-2-1) wme(fi) n (W)
10.3. Buaiinzine f(x,), xaui:

a) f(x) = sin(x — %) +2, x, =
6) f(x) = ~2sin(x+ 1) -1, x, = —%;

4
B) f(x) = 4sin(x + %) -3, x, = HT“;
r) f(x)=17— sin(x — %), X, = —2?”.

10.4. 3uatinzine sHausHHE QYHKIBIL Y = %cos (x + %) — 5 OpbI 3HAUSHHI ap-
r'yYMEHTa, POYHBIM:

a) — % 6) —

33 ; B) 0; r) ==

e

10.5. 3maiifgime apabIHATY IIyHKTa IepacausHHA rpadika QyHKIBI
f(x) = 2sinx + cosx i mpamoii:

T T T
a)x=—§; 6)x=§; B) X = I‘)x—z.
10.6. 3Haiiazine HEKaJbKi 3HAUIHHAY apryMeHTa, IPbl AKiX (QYHKIbIA
y= —sin(x + %) npbIMae 3HaUHHE, poyHae:
J3 1
a) 0; 6) _1; B) 7; I‘) _E.
10.7. 3uaiigsine yce sHauUsHHI aprymMeHTa, Iphl AKiX BBIKOHBaeIlIla poy-
Hacub f(x) =1, rami f(x)= cos(x — %)

10.8. 3uaiigsine HaiiboJbiae i HaliMeHIIAe I3JILIA 3HAUIHHI (PYHKI[BIL:
X

— . = — i l -
a) y =1,2cos 5 +3; 0) y= 3,28s1n(9x + 12) 1.
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10.9. 3uaiiazine maiibosbinae i HaliMeHITae 3HAU9HHI PYHKIBIH ¥y = sinx i
Y = cOosX Ha afpasKy:

o5l olEFE wlETE o5l

10.10. 3uaiifsine MHOCTBA 3HAUIHHAY (PYHKIIDIi:

a) y=‘sinx‘+4; 0) y=‘cos2x‘—

sin (x - ﬂ) 5
4 b

10.11. 3Haiiazine MHOCTBA 3HAUSHHAY (YHKIIBIi:

B)y=95—2

cos5x‘.

a) y = 2sin’x —sinx — 1; 6) y = cos®x + cosx + 3.

10.12. I1i mpayza, mTo nepeiggamM GYHKIBIL Yy = ﬁcos(%x + 1) —15 3’ay-
Jderniia JiK:
a) 10; 0) 15; B) —20; r) —100?

10.13. 3uaiigsine HaliMeHIIIbI JAAATHBI IePBIAL (PYHKIIBII:

a) y = cos 8x; 0) y = sin 5x;
. 7). _ ES
B) Yy = sm(3x + ﬁ)’ )y cos(7 10)
o) y= 3sin(4x - g), e) y= 4003(E - 2?),
XK) y=sin(%+8)+2; 3) y = 8s1n( —4x) 3.
10.14. Jakaxsime, mTo GyHKIEIA y = f(x) 3’aynaemnia morHaii:
1
a) f(x) = x" - cos2x; 6) f(x) = %
B) fx) = Sm;, r) f(x) = cos6x —sin’ x.
10.15. Makaxsine, mTo QyHKIEIA y = f(x) 3’aynrsgenna HaAmoTHA:
2
a) f(x) = sinx - cosbx; 6) f(x) = %,
—16x
B) fla) =05 r) f(x) = 7% — sin® x.
X

10.16. Tacienyiime Ha OTHACIH PYHKIEIO f(x) = 2sin(x + %) . sin(x + 2?“)

10.17. Tpadix ¢ysrmeri y = f(x) arpeiMambl 3pyxam rpadika (GyHKIBI

T . - o o o . . . o .
g(x) =cosx =a 3 ansimki yesa yapoyx Boci aGempic i ma 2 ansinki yuis ys-

IOY:K Boci apabiHaT. 3HAWA3iIe 3HaUusHHE BRIpasy f (%)
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10.18. ITabyayiitie rpadik QyHKIIHIi:
x .
5’

s T\ _ q. - — x_3
J:[)y—sm(2x+§) 3; e)y 2003(3 9)+1.

a) y = sin 2x; 0) y = 3cosx; B) y = —sin
x.
3 b
10.19. ITabyngyiite rpadik QPYHKIIBIL:

; 6) y = \Jcos®x; B) y=‘sinx‘+sinx;

r)y= (\/cosx)z — cosX; n) Y= ey e) y =+—sin’x.

" Jcosx|’

_1
r) y = 5cos

a)y= ‘sinx

10.20. ITabyayiitie rpadik QyHKIIHIi:

a)y= %sinx + 0,5sinx; 0) y= cos|x| + cos x.

10.21. ITabynyitne rpadik GyHKIBI y = 3cos§. BrikaprsicTayimnel rpadik,
BBIBHAUIIE:

a) HyJIi (YyHKIIBII;

0) mpaMesKKi criafauusa i HapacTaHHS (PYHKIIBI;

B) HaliboJbIlTae i HaliMeHIIae 3HAUPHHI (DYHKIIBII, a TaKcaMa 3HAUSHHI apry-
MeHTa, IIPHI AKiX SHBI JacATaoIa;

I') IpaMe’kKi 3HaKamnacTasHCTBA (PYyHKIIBII.

10.22. ITabynyiine rpadik GYHKIBI y = ‘sinSx‘. Beikapswicrayimnbel rpagik,
BBIBHAUIIE:

a) HyJi YHKIIBIi;

0) mpaMesKKi criafaHHsd i HapacTaHHSI (PYHKIIBIi;

B) HaiOoJIbIIIae 1 HATMeHIIae 3HaU9HHI (PYHKIIBIi, a TaAKcaMa 3HaUYdHHI apry-
MEHTA, IIPHI AKiX AHBI JacATAIOINIA;

I') mpaMeXXKi 3BHaKamacTagHCcTBa PYHKITHI.

10.23. 3uaiinsime HaliMeHIIIbI JaJATHBI IePbIA] QYHKIBIL y = sin% + cos%.

10.24.Y @isinel mpbl BBIBYUSHHI rapMaHIUHBIX BaraHHAY pasTiIAnaollb
dyuKIbIO g(t) = Acos(mt + @), n13e A — amILIiTyZa BaraHHAY, ® — dYacTaTa
BaraHHay, () — mavaTKoBas ¢asa.

Ina pyaxnsi g(t) = 2cos(6t + ) BrisHAuIe:
3

a) yacraTry BaraHHAY; 0) MepwIsA] BaTaHHAY;
B) MaYaTKOBYIO ()asy; T') aMILTiTyly BarauHay.
10.25. Bagoma, mro dysknes y = f(x) 3’ayagenna moTHa i mper x < —%
o . T . . .
samaernma gopmyaail f(x)= sm(x — 3). IMakasxbie Bigapeic rpadika rarai

(GYHKIBI TIPBI X 2> %
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§ 11. dynkupii y = tgx i y = ctgx. Ix ynacuiBacui i rpadiki

Hpeikxan 1. Mabyayiine rpadik GyHEKIBL y = %(tgx — tglxl).

Pawoanmne.
[[x>0,
x # % +nn,neZ,
1
y =5 (tgx —tglxl); | |y=o,
x <0,
| Ly = tgx.
Binmapric rpadika magseHnai (pyHKIIbI TaKka3aHbl HA PLICYHKY 48.
| y | |
: 1Y | | | |
| | | | | |
| | | | | |
| | [ [ I [
| | | | | |
| | | | | |
| | | | | |
| [ I 3m |
T Ve |2
x| /_nl JOo=n PR T On m |[ x
T2 2| 2 2 T2 2
| | | | | |
| | | | | |
| | [ [ I [
| | | | | |
| | | | | |
| | | | | |
| | | | | |
| [ [ [ [
Pric. 48 Pric. 49

\l _SlIl X

sinx

IIpsixman 2. Ilabynpyiine rpadik QyHRIBH Yy =

Pawanne.
{cosx
_ J1-sin’x _ Jeos?x _ |cosx| y=ctgx,
y= sine > Y7 “sinx Y7 Tsinx cosx <0,
y=—ctgx.

Binmaprsic rpadika magseHai (pyHKIIbI ITaKkasaHbl HA PLICYHKY 49.
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| | Y |
o . . t
IIpeixmaan 3. IMabyayiine rpadik GyHKIBI Yy = %. I 7 :
x | I 6
Pawsnne. : : 5 :
tgx >0, | LA
I | 3 I
tgx y=1, | 1ol /1
y tgx| {tgx <0, | _x °_J’| 1 "_‘J|
— I [ 1
y=—1. P/ JO |g x
| I fo9 |
Bimapwic rpacgika gamseHait (pyHKILII maxkasaHbl Ha | [ I
peicyHKY 50. : : -4 :
| /=5 |
IIpeixman 4. Boismaulie HaiMeHITBI JaJaTHEI IEPbI- | -6 I
an GyHKIbI: : : -7 :
_ . = ot 3%
a)y = tg2x; 0) y =ctg 5 Prrc. 50

Pawsnne. a) IlakosbKi HaWMeHINbI HaAATHBI ITE€PHIAT
dbyaKUIEI y = tgt poYHEI M, TO HA¥MEHIIBI AafaTHbBI IIePhI-

an yHKIb y = tg2x poyuer T'= %

0) ITakosbKi HAWTMEHIIIBI AafaTHBI IePhIa MYHKILIL Y = ctgt pOyHEI 7, TO Hall-

3 — 3x o g T __ 5
MEHIIIBI JaJaTHbBI IePhIAl QYHKIBI y = ctg 5~ POYHBI T'= 3= 3¢
5

IMpeixman 5. Jacmengyiiie QYHKIIBIIO Ha [[OTHACIH (HAIIOTHACIIH):

a) f(x) = —2tg3x + x; 6) g(x) =4x-ctgx — 3.
Pawasnne. a) AOGcAr BBIBHAUSHHSA OaA3eHail (PDYHKIbII — MHOCTBa yCix pa-
. . o . o T n

yaicHBIX JiKay, akpamsa JiKay BBITJISIY §+?, neZ. AOGcar BbIBHAUDHHS

cimerpberunbl agHocHa HyId; f(—x) = —2tg(—8x) + (—x)=2tg3x — x = —f(x),
3HAYBIIb, PYHKIIBISI 3’ AYIderniia HalloTHAa.

0) AOcsar BBIBHAUSHHS AaA3eHall QYHKIIbIL — MHOCTBa ycix pavaicHBIX JIi-
Kay, akpaMs JiKay BBITJIALY TN, n € Z. AOcCAT BbI3HAUSHHA CiMETPBIUHBI aj-
HocHa mHyna; g(—x)=(—4x)-ctg(—x)—3=4x ctgx —3=g(x), 3HAUBLID,
(byHKIBIS 3’ AYIdera IoTHAM.
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_@_

11.1. BrisHaurme, Ii HaJeXbIb rpadiky QYHKIBI Yy = tg(x — %) +1

MYHKT:

0 A0 0 BTl w3 r) D(-%; 10).

11.2. IIi mpayma, mrTo rpadik QyHKIBI y = 3ctg2x npaxonsinp mpas
MYHKT:

a) A(%; 0); 6) B(—m; 0); B) c(—%;—ﬁ); r) D(g; 3)?

11.3. 3uaiigsime f(xo), Kauri:

Tt

a) f(x) = tg(x+%)+1, % =5
6) f(x) = —3ctg(x — 3) 1, x, = 2;
B) f(x) = ﬁtg(x—%)—& x = 2;
D) 7(x) = 2 ctg(x — 2), x, = 2.

11.4. 3maiigsine, Kaji raTa MarybiMa, apAbIHATY NYHKTA II€PACAUIHHSA I'pa-
dika dpyarner f(x) = tgx — 3ctgx i mpamoii:

T I I
a)x—z; 6)x=—§; B)x=§; r) x =T
11.5. 3maiiazine HeKaJdbKi 3HAUYSHHAY apryMeHTa, IPbl AKiX (QYHKIbIA
y= —tg(x - %) IIpbIMae 3HAUYHHE, POYHAae:

20 6)-1L  »VE -

11.6. 3Haiigzine yce sHAUSHHI apryMeHTa, IPbI AKiX BBIKOHBaeIlla poy-
Hacub f(x) =1, kani f(x) = ctg(x + %)

11.7. 3uaiigsine abcAr BI3HAUSHHS i MHOCTBA 3HAUSHHAY (PYHKITHIL:

a)y = tgbx; 0) y= tg%; B) y = ctg 8x; r) y = ctg0,1x.

11.8. BeIKaphIcTayIIB! YIacIiBacIh mephlaAbIYHACI GyHKIEH f(x) = tgx
i f(x)=ctgx, BbBLTiUBIIE:

a) tg405°; 0) ctg 390°; B) tg240°; r) ctg 225°;

o) ctg810°; e) tg 720°; %K) ctg 780°; 3) tg1110°.
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11.9. BrikapsIcTayms YraciiBaciii mepelaaprunaci pyHKnbei f(x) =tgx i
f(x) = ctgx, makasxbine, mTo:

a) tg 16° = tg556°; 6) ctg(—13°)=ctg167".

11.10. IIi opa¥yma, mTo mepbiggaM QYHKIBI Yy = 4tg(% - 2) +9 3’aynsa-
era Jik:

a) 6; 0) 9; B) —12; r) —427?

11.11. 3uaiifsine HaliMeHIIbI JagaTHBI IePhIAL PYHKIBIL:

= . = tgX. = X .
a)y = tg2x; 0) y =tg B) Y = ctg 1y
— 143%, = —_ 7). = T_X).
r) y=tegs m Y 3tg(9x 3), ey 5ctg(12 5),
_ T k. _ T 3x
m)y—ctg(g Zx) 5; 3) y 7tg(—10 -~ )+1.

11.12. [Tacaenyiitie GyHKIILIIO HA IIOTHACIH (HAIIOTHACIID):

a) f(x)=2xtgx; 6) g(x)=x—tg4ux;
B) y = ctg 12x; r) g(x)=x"ctg2x;
n) f(x)=—tg2x — x; e) g(x) = xtgs.
11.13. ITabyxyiite rpadik GyHKIIBIi:
a) y = tg2x; 0) y = 2ctgx; B) Yy = —étgx;
-1 . = _T). = — X _ T
r) y = gctg2x; )y tg(Zx 3) e)y ctg(3 12).
11.14. ITaGyxayiime rpadik GyHKIBIi:
a) y =|tgxl; 6) y = ctg’x; B) y = |tgx| — tax;

t
r)y= (\/@)2 + ctgx; n)y= Zéi; e) y =+ —tg’x.

11.15. ITabygyitine rpadik GpyaKnb ¥y = —tgx « ctg x.
1—cos?x

11.16. ITabynyiite rpadik GyHKIBIL y =

COsX

11.17. ITabynyiinie rpadik QyHKIOBL y = ctgg. BrikapsicTayiisl rpadik,
BBI3HAUIIE:

a) HyJIi QyHKIIBIi;

0) mpaMesKKi criafjanHsa i HapacTaHHSA QYHKIIBI;

B) IpaMe’KKi 3HaKamacTagHCcTBa PYHKIIbII.
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§ 12. AnBapoTHBIS TPHITAHAMETPBIYHBIA (QDYHKIIBII

@ IMpeikaan 1. 3Haliazine abcAT BRIBHAUSHHSA BHIPA3y:

a) arcsin(x —1); ) arccos( 1) B) arctg(x + 3).

Pawasnmne.

a) ITa asmausHHI apKcinyca Jgiky arcsin(x — 1) — rara Byraju, ciHyc akora
poymbr x — 1, 1. 8m. —1<x—1<1, 0<x<2, xe[0; 2].

6) Ila asmausHHI apkkocimyca Jiky arccos(x?— 1) — rara Byrai, Koci-
Hyc sikora poyEBl x2 —1, r. sH. —1<x?2—1<1, 0<x?<2, —J2<x< 2,
x € [—\@ D) ]

B) Ila asmausHHi apkramrenca miky arctg(x +8) — rara Byrasm, Tanrenc
AKora poyHBI X + 3, Tansl x + 3 € (—00; +00), r. 3H. x € (—o0; +00),

IIpeixaan 2. 3uaiigsine sHausHHe BbIPasy:

a) sin(arccos%); 0) J10 sin(arctgé).

Pawasnmne.

a) Haxait a = arccos;, ae (0; ;). Tager cosa = %

BrikapricTaeM acHOYHYIO TpBITAHAMETPBLIYHYIO TOECHACIIh 1 aTphIMaeM:

2
|sina|=+V1—cos’a =/1— (%) = @. IMaxoaski o € (0; m), To sina = &.

5
1 _ . .
0) AbGasHaubIM arctg§ = @. Ila asHausHHIi apKTaHreHca JIiKy aTpbIMaeM:

tga = ;, a e( g 2) Ila magseHbIM 3HAUSHHI tgo 3HOHMI3eM Ssina.

9 asinfa=1—-2=1L1
10° 10 10°

. 1
IMakxoaeki 1+ tg?a = —5—, To cos’a =
Ccos™ a

. _1 T, L X . _ 1
ITakoabki tga = 3 A€\ 753 5), 10 A€ 0; 5 )> @ BHAYRINE, sina = ——

TR

ITagcraBim 3HOIiA3eHAae 3HAUSHHEE ¥ 3aj/1a/I3€HbI BBIPA3 i aTpbIMaeM:

10 s 1\~ f70. L —
1031n(arctg§)— 10 Jio 1.

Q DyHKLBIA Yy = arcsinx

dyaKIbIA Yy =sinx He 3’Ayadelia MaHATOHHAW Ha abcAry BBI-
3HAUSHHA 1 KOXKHAe CBaé 3HAUSPHHE IMPLIMAe IIPBl PO3HBIX 3HAYSHHAX
apryMeHra.



TpbiraHameTpbIs

59

Pasruensim GyHKOBIIO Yy = sinx pna x € [—%; %] Ha rateiM mpame:xkKy
byHKIIBIA HapacTae, IphIMae yce 3HAUIHHI Y € [—1; 1], a 3HAYBIIb, Mae ajBa-
POTHYIO (DyHKIIBIIO.

AzHausHHe

. T JT
DyHKIBISA, agBapoTHAA Yy = Sinx AJda X € [—5; E]’ HasbIBaeIa
arcsinx.

Y aacuiBacui ¢gyHEIBIL Yy = arcsinx

1. AGcAr BBHIBHAUSHHA (PYHKIIBI. D(arcsinx)=[—1; 1], MaKOJbKi
E(sinx) = [—1; 1].

2. MHocTBa 3HausHHAY GQyHKILI. FE(arcsinx) = [—%; %], MaKOJIbKIi

Yy =sinx pasrasgaenia qiusa x € [—%; g]

3. Hyuxai pyurnpri. arcsinx =0, Kaai x = 0.

4. IIlpameskki 3HakanmacragHcTBa QyHKIBI y = arcsinx. arcsinx > 0, xaJi
X € (O; 1]; arcsinx <0, Kaaix € [—1; 0).

5. Ilpamesxki mamatoHHacii GyHKIbI. PYHKIBIA y = arcsinx Hapacrae

Ha abcATy BHIBHAUIHHS.

o . © JT o T
6. HaiiGonpIirae 3HausHHE (QPYHKIIBI pOoyHA 5, HallMeHIIIae —5-

7. OYHKIBIA y = arcSinx HAIOTHAA, HAKOJbKi

a0cAar sie BBIBHAUYAHHS CiMeTPBIYHBI aHOCHA HYJIS i

arcsin(—x) = —arcsin x. y=arcsin x

Hns nabymoBe! rpadika GyHKIEIL y = arcsinx

MOJYKHa BBIKAHAIlb CiMeTpbIl0 Trpadika (QYHKIIBIL

i
. ., T2
Y =s8Inx oJsa X € [—%; g] aJIHOCHA IpaMou Y = X

(pwIC. 51). Pric. 51
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dDyHKIEI y = arccosx, y = arctgx, y = arcctgx

Ananariuna asHauysHHIO (PYHKIIBIL y = arcsinx MoO’KHA [qallb as3HAUIHHE
dyHKIBIL Yy = arccosx.

s xe[O; T[] icHye (YHKIBIA, aagBapoTHas (PYHKIBIL Jy = cosx, raTa

(GOYHKIBIA [ = arccosx.

Icuyroons (GyHKIBI, agBapoTHBIA (QYHKIObIAM y =tgx 1 y = ctgx. I'ara

dbyurOBI y = arctgx i y = arcctgx anmasenHa.

Ix ynacmiBaciii agrrocTpaBasbl § TAOTIIBI.

HacIb) QYHKIIBIL

moTHAa i He
3’aynaenma
HAOTHA

DyHKUbIS
. . Yy = arccosx y = arctgx y = arcctgx
VnacuiBacui
A6cAT BBIBHAUSHHS [—1; 1] (—o0; +00) (=005 +o0)
(GYHKIIBI
MHoOCTBA 3HAUSHHAY [0; a] (_E. E) (0; “)
GyHKIHI 2’ 2
ITorHacus (HSIOT- He 3’ayusaemnma Hamoruas He 3’ aynsaemna

moTHau i He
3’ ayusaena
HAIOTHAN

IIpame:xki B3HaKa-

arccosx > 0 misa

arctgx > 0 gaa

arcctgx > 0 moa

uysHHE QYHKIIBI1

macTasgHCTBA (PYyHK- x € (0: +00): —oo:
e xe[-1;1) (05 +e0); x & (oo tec)

arctgx <0

Jim 84

x € (—o0; 0)
Hyni pyurmnbri x=1 x=0 —
Ilpamexxki Hapac- — (=005 +00) —
TaHHA QYHKIIBI1
IIpame:xkki cmamam- [—1; 1] — (O' JT)
HA QYHKIIBIL ’
Haii6onpiriae 3Ha- 7 — -
ysHHEe QPYHKIIBI1
Haiimenmae  3Ha- 0 — —
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Bigapsice rpadikay GpyHKIBIN y = arccosx, y = arctgx, y = arcctgx maka-
3aHbI Ha PhICYHKax 52—54.

Y y=arctg x

: y=arcctgx y
| T
I
I

noja
o
K
/

y:arcllcosx ___———_—%— ——————— _7\
-1 O 1 X 5 -
Pric. 52 Pric. 53 Pric. 54

YaacuiBacui TphIraHAMETPBIYHBIX (DYHKIIBII

1. sin(arcsina) =a,a € [—1; 1].

arcsin(sinx) = x, x € [ 3 g]

cos(arccosa) = a,a €[ —1; 1].
arccos(cosx) = x, x € [O; J'[].

tg(arctga) =a,a < R.

T

arctg(tgx) =x,x € ( 55 g)
ctg(arcctga) =a,a < R.
arcctg(ctgx =x,x€ ( )

© ® e gR wDN

arcsina + arccosa = %, ae [—1; 1].
10. arctga + arcctga = E’ acR.

Ilpeixaanx 3. Pambine ypayuenne arccos(3x +2) = arccos(5x + 3).

Pawsnne. IlakosbKi QYHKIIBIA Iy = arccosx crajnae Ha abcAry BbIBHAUDHHA,
TO 3 POYHACIII 3HAUSHHAY (PYHKIBIII BEIHIKae pOyHACIh 3HAURHHAY apryMeHTay
Ha a0cAry BbI3HAUSHHA (PYHKIIBIN Y JieBali 1 mpaBaii yacTKax ypayHeHHd:

3x+2=5x+3, |*¥=70,5, = os
“1<3x+2<1 7 |-1<x<—t T
Adrasz: —0,5.
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IMpeikaan 4. 3Haiiazine (y rpagycax) sHausHHE ByTJa arcctg(tg676°).
Pawanne.

ITaxkoabki arcctg (ctga) =a uper 0<a<180° 1o
arcctg(tg676°) = arcctg(tg(720° — 44°))

= arcctg(tg(—44°)) = arcctg (—tg44°) =
= arcctg(—ctg46°) = 180° — arcctg(ctg46°) = 180° — 46° = 134°.

Adras: 134°.

12.1. BreiOeprilie yce MpaBijbHbBIS POYHACIIL:

1) = _=, — T,
a) arccos( 2) 33 6) arccosQ 33
B) arcsinQ = 2m; ) acrsin(—g) = %Tﬂ;
) arctg(—@) = —%; e) arcctg(—\/g) = 2%;
%) arcctg(—1) = SLTT[.
12.2. 3uaiigsine sHausHHe BhIPA3y:
a) arcsinl — 2arccos(—%);
0) ctg(2arcctg(—\/§)) + cos(%arcsing);
B) COS (3arcsin§ + arccos(—%));
) cos(arcctg(—\/g) + arctg(—\/g) + arcsin0,5).
12.3. IIto Gossmur: arccos(—0,3) ui arctg(—0,3)? Yamy?
12.4. 3uaiifzine abcAT BbIBHAUIHHSA (PYHKIHII:
a) y = arcsin(3 — 5x); 6) y = arccos(x — 3) + arcctgy/x — 3;
B) y= arccos(x2 —x— 1); ry= arcsin(‘x - 2‘)
12.5. 3uaiigsine MHOCTBA 3HAUSHHAY (PYHKI[BIi:
a) y = 4m — arccosx; 0) y= % — arcctgx;
B) y = arctgx + Z. r) y = 3arccosx — I

12 18
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12.6. Pasmsciiine ¥ mapagKy HapacTaHHS JiKi:
1 T

a) arcsin§ arcsin (—g) arcsinl' 0) arccosl arccos(—f) arccos
4’ 5)° 3’ 27 10)° 4

12.7. T1abynyiime rpadik QyHKIIBIi:

a) y = sin(arcsin(2x — 3)); 6) y = cos(arccos(x2 - 1))
12.8. Bouiiubiie:
a) s1n(arccos3), 0) tg(arcsm 13),
) tg(arccos ) o) ctgaresing: )
B) tg|arccos 3 ); r) ctg|aresing=|.

12.9. Ha agubIiM 3 peICYHKAY 55, a—0 makasaHbl Bigjapbic rpadika GyHKIIBII

y = arcsin(x —1). BriGepslle IaThI pEICYHAK.

a) Y 0) y 8) Yy -

T
-1 0O 1 x 2 - -1 0o x
_n n
2 -1 lo 1 x -3
2y 0) y
ya
2
ki
o 1 2%
_TE
2 -1 0 1 2x Pric. 55

12.10. ITabynyiime rpadik pyHKIIBI:

a) y = arccos(x + 3); 6) y = —arctgx + %;
B) y = 2arcctg(x —1); r) y = arcsin2x.
12.11. Pambitie ypayHeHHEe:

a) 3arccos(2x +3) = %t;

6) 6arctg(7 —2x) = —m;

B) cos(arccos(4x —9)) = x* —5x + 5;

r) tg(arctg (0,5 — x)) = x* — 4x + 2,5.
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12.12. Parrslinie ypayHeHHe:

a) arcsin(2x —15) = arcsin(x? — 6x — 8);

x2 x
6) arcctg(2x —1) = arcctg (7 + E);

B) 3arcsin®x — 2marcsinx — 2 = 0;
r) 9arccos® 2x — 3marccos2x — 2n° = 0.

2
12.13. Buaiinsimne yce kapani ypayHenna arcsin® x + arccos® x = 53%.

12.14. Paibiiie HIpOyHAaCIb:

; — _x. le¢m
a) arcsm(x 1) > 6’ 0) arccos - < 3"
12.15. 3Haiiasie cymy LpJbIX PAIISHHAY HAPOYHACI:
a) arccos(x +5) < arccos(x +4);
6) arcctg(8x? —6x —1) > arcctg(4x? — x + 8).
12.16. Bouiiusblrie:

. .. bm 61
a) arcsm(sm?); 0) arccos (cos?);
B) arcsin(sinlg’Tﬂ); ) arcctg(ctg(—%’Tﬂ)).

12.17. 3uaiifzine sHausHHE BbIPA3Yy:
a) arccos (cosb); 6) arctg (tg3);
B) arccos (cos6); ) arcsin(sinb).

12.18. ITabynyiitie rpadgik (PYHKIIBIi:

a) y = arccos(|x|); 6) y = ‘arctgx

.
b

B) Yy = ‘éarcctgx ; N y= ‘arcsin(x + 1)‘
12.19. 3uaiigsine KoJabKacIlb KapaHEy ypayHeHHs

arccos(élx2 —3x— 2) + arccos(3x2 —8x — 4) = .

12.20. Pamrbine ypayuenne 2arcsinx = —m — (x + 1)?.
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@ § 13. TpriranaMeTPHIYHBIA YPayHEHHI.
TpeIraHaMeTPHIYHBIA HAPOYHACIII
PamsuHi ypayHeHnsa PaursuHi ypayHeHusa
sinx =a cosx=a
la|>1 Hsama kapauéy Hsama xapauéy
a=0 x=mn,neZ =2 innneZ
2 ’
a=1 =24t omnnez x=2nn,neZ
2 9’
a=-1 x=—g+2nn,neZ x=n+2nn,neZ
la|<1l,a#0 x=(-1)" arcsina + nn, neZ x =1 arccosa +2nn,ne”Z
Pamnrnni ypayHenns tgx = a Panrnni ypaynenns ctgx = a
x =arctga + nin,ne Z x = arcctga + mn,ne Z

IIpeiraan 1. 3HaWA3iIEe cyMy KapaHEy ypayHEeHHS sin (% — %) = —1, akia

HaJexxallb IpaMexkKy (—i; 4m).
Pawanmne.

sin(%—%)——l;%— . =—g+2nn,nez;%=—%+2nn, neZ;x=—73+4mn,

ne Z. Ilpamexky (—m; 47) Hazexamb KapaHi: —g; 77“ 3moiigzeM ix cymy:

2 2 Adkas: 3m.
IIpeixkaan 2. 3Haiiasime HANOOJBIIIL

2cos(n(x —1)) = 3.

Pawanmne.
2cos(n(x—1))=3; cos(n(x—1))= 73; n(x—1)= % +2nn, neZ;

aIMOYHBI KOpaHb ypayHeHHA

x=1+142k kez, |x=%+2k kez,

1 6 6

x—1= €+2n,neZ 1 5
x=1—§+2m,meZ; x = —+2m,meZ

Hait6oabIbIM aAMOYHBIM KOPAaHeM ypayHeHHs 3’ AyIsgeria Jik %
Adkas: —%.
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IIpeixaan 3. 3HaAWA3iIIEe KOJAbKACIIh KapaHEYy ypayHeHHs
(sinx + 1)tgx=0
Ha mpame:xkKy [0; 30m].

Pawasnmne.
sinx+1=0, ||sinx=-—1,
(sinx + 1)tgx=0; {| tgx =0,

cosx = 0; cosx = 0.

tgx =0, FKaxaisinx=—1, tocosx=0,

r.3H. KapaHsaMi B3bpIXogHara YypayHeHHs 3’ ayiadoIla KapaHi ypayHeHHS
tgx =0, ragsr x = nin, ne Z. Ha npamexxkry [0; 30n] snaxoagzinma 31 KopaHb
Iam3eHara ypayHeHHd.

Adras: 31.
. . . . x 2
IIpeixaan 4. 3uaiiasine ayai GQyHKIBI y = tgx sing — 5~ ).
Pawasnmne.
tgx =0, sinx = 0,
Poameim ypajHeHHE tgx(sin% - %) =0; sin% — g =0, sin% = %,
cosx # 0; cosx # 0;
x=nmnk, ke Z, x=umnk, ke Z,

%:(—1)"%+nn,nez, x=(—1)"%+2nn,neZ,

cosx # 0; cosx # 0.

. JT .
ITakoabki cosx =0 mper x = (—1)" Fl +2nn, n € Z, To cicroma He Mae pa-

mpuEAY. Takim ubiHam, JiKi BeItyany x = nk, k€ Z, 3’ayadmonmna HYIaMi
mangseHain GPyHKITBIL.
Adras: mk, keZ.

IIpeixkaan 5. 3Han3ine HaOOJIbINIBEI KOPAHb YPayHEeHHA

2 2mx 2nx .2 2mx _
5cos 3 5cos—3 sin® =3~ 5
AKi HaJIEXKBIIb IpaMeskKy [—2; 5].
Pawasnne.

Haxaii t = 2%, Tanbl YypayHeHHe Mae BBITJIAL 5cos®t — Hcost — sin®t = 3.

Poambiv aTphiMaHae ypayHeHHe:
5cos®t — Hcost — (1 — cos? t) =3; 6cos’t —Hcost —4 =0;
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cost = % ¢ [-1;1], )
cost =3 +2nn, neZ.

cost = —

2

N

2nx 2n
anx _ 4 4%t
Tangwr 3 3
Haii6oabI16l KOPaHb yPayHEeHHA, AKi HAJIEKBIIb IPpaMekKy [—2; 5], poyHBI 5.
Aodkas: 5.

+2nn, neZ; x=*1+3n, neZ.

IIpeikaan 6. 3Haia3ie KOJbKACIIh KapaHEy ypayHeHH

. . 3
7sin® x + sinx - cosx = 6 Ha IpaMexKy |:—23'[; ?ﬂ}
Pawanmne.

Bamimawm ypayuense 7sin®?x +sinx - cosx = 6 y BuITIanse:
7sin® x +sinx - cosx = 6(sin2 x + cos® x); sin® x + sinx * cosx — 6¢cos” x = 0.

ITakonbKi 3HAUSHHI 3MeHHAMH, IPHI AKiX cosx = 0, He 3’ayaAr0Iia Kapans-
Mi fmajgseHara YpayHeHHs, To IanseiM aGens3Be YacTKi YpayHeHHA Ha cos” X i
arpeiMaeM tg’x +tgx —6=0.

Haxaii t = tgx, Tagbl ypayHeHHe Mae BeITIAL t° +1— 6 =0; [z ;2 3
tgx =—3,
Anxynb [tgx Y
ITabynyem rpadiki pysKIbii y = tgx, y = —3 iy = 2 (peic. 56) i BBIBHAYBIM

o . o 3n
KOJIBKACIIh IYHKTAY NepacAuYsHHA I'dThIX rpadikay Ha IpaMexKy |:—23't; 7:|

| | Y4 |
|| TR S ||
| | |
| | |
| | |
| | |
Y 1 t t
-2r _|3775 T _E 0] % 3?1'c| x
| 1 |
| | |
| | |
I I -2 I
| | |
— | | -3 : Pric. 56

Ha npame:xKy [—23'[; 37”] Ians3eHae YypayHeHHe Mae ceM KapaHey.
Adras: 7.
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Ilperxaan 7. Pameime ypayuenne 4sin® x —sinx + cosx = 0.

Pawasnne.

4sin® x — sinx + cosx = 0;

4sin® x = sinx — cosx;

4sin’® x = (sinx — cosx) - 1;

4sin’® x = (sinx — cosx) - (sin2 x + cos? x);

4sin® x = sin® x + sinxcos® x — cosxsin’x — cos® x;

3sin® x + sin® xcosx — sinxcos® x + cos® x = 0.

ITagsenim abensBe WacTKi ypayHeHHs Ha cos’x (mamApsgHe IepaKaHaeM-
cd, IITO 3HAYDHHI 3MeHHail, Ipel AKix cosx = 0, He 3’aynAronIa KapaHAMI
nanseHara ypaymenua): 3tglx +tglx —tgx +1=0. Haxait tgx = ¢, Tagb
ypayHenHe Mae BbIrIaAn St° +tP —t+1=0;3t> -2t +¢t+3t° -2t +1=0;
t(3t2 — 2t +1)+(3:2 —2t +1) = 0; (¢t +1)(3t* —2¢ +1) =0; [tﬂ:o’

3t* —2t+1=0.

Hpyroe ypayHeHnHe cyKynHacIi He mae Kapauey (D < 0), rager t = —1, 1. 3H.
tgx = —1; x=—%+nn, neZ.

Aodkras: —% +nn,ne”Z.

Ilpeixxan 8. Pamrbine Ypayuenne cosx = x2 + 1.

Pawsnne.

Iakoubki cosx <1, a x2+ 1> 1 gua x< R, To ypayHeHHe cosx = x2 + 1 pay-

cosx =1, cosx =1, cosx =1,
Pil=1" {xZ 0 {
ITaxkoabki cos0 = 1, To x = 0 — KOpaHb 3bIXOHAra YpayHeHHd.
Aodkas: 0.

HasHauyHa cicTame
x=0.

IMpeikaan 9. Pamsine ypayuenue sinx + cos4x = 2.

Pawsnne.

ITaxkonbki 3HausHHI sinx i cos x He mepaBBIMIAIONL 1, TO POYHACIL MarybiMa
TOJIbKI IIPHI YMOBeE:

{sinx=1, x=g+2nk,kez, x=g+2nk,kez,

cosdx =1 4x=2nn,neZ x =
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AGasHaybIM Q palsHHI IepIara ypayHeH- Y
HA cicToMbl, a| | — pamsHHI gpyrora ypayHeHHs 1
(prwICc. 57).
Pammsane 3p1X0HATa YpayHeHHA:
=1 1 2nk, ke Z. >
2 0 1 *

Adras: x——+2nk ke Z.

Mpeixman 10. 3Bumangsime (y rpazgycax)
HaAMOOJIBIIIEI ~ aAMOYHBI KOPaHb  ypayHeHH:

cos%+0033x=2. Psrc. 57

Pawanmne.
ITaxkoabKi 3HaUsHHE KOCiHyca Jijo0ora ByrIJia He IIepaBbIlliae af3iHKi, To ga-
I3eHae YpayHeHHe payHasHauHa cicTaMe YpayHeHHTY

cos5—x—1 %C=360°n,neZ, {x=144°n,nez,
cos3x=1; |3x=360'm, meZ; (x=120°'m, meZ.

HAK(144; 120) = 720, r.3H. Jgiki Beiraany 144° n, ne Z, 6yayis cynagaib
3 gikami Beiryiaay 120° m, me Z, npas Ko:kHBIA 720°, 3HAYBIIb, KapaHAMi 3bI-
XomHara ypayHeHHS 3’ ayIAM0IIa 3HAUSHHI 3MeHHal, poyubia 720°k, ke Z.
Haii6oapmisl agMoOVHBEI KOPaHb YPayHeHHA poyHBEI —720°.

Aodkasz: —720°.
Ipeixaanx 11. Jakasksine, mro ypayaenne vx* +10 = 3sinx He mMae Ka-
pauey.
Pawsnmne.

Maxonbki x* +10 > 10 ans xe R, To vx* +10 > 10 > 3.

3 mpyrora 60Ky, 3sinx < 3 npsl x<€ R. ITakoabKi JieBasg yacTKa ypayHeHHA
0o IBIIIAasI 3 TPHI, a4 IpaBas — He IepaBLIIIae TPOX AJA JIOOBIX PIUaAiCHEIX 3HA-
YSHHAY 3MEeHHAH, TO YpayHeHHe He Mae KapaHey.

o . o o 1+ cosx
IIpeikaan 12. 3Haiigsine KoJAbKAaCIbh KapaHEy ypayHeHHI — -0 na
OpaMexkKy [0; 93‘[]. tg§
Pawanmne.
l1+cosx _ 1+cosx=0, [cosx=-1,
x X %0: EREn
tgs tg 3 0; tg 3 0.
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Pomrsiv niepinae ypayHense cictambl: cosx = —1; x =n + 2nn, ne N.
IIpamesxxy [0; 97[] HaJIexKaIlb Kapasi ity 3m; 5t 7m; 97,

IIpsr x = n arpeiMaem tgg # 0.

IIpsr x = 3n aTpriMaeM tg3?JT =tgn=0.
ITper x =57 aTpeiMaeM tg%[ # 0.

IIpsr x = 7t aTpbIMaeM tg%[ # 0.

ITper x = 91 aTpeIiMaem ’cgg?JT =tg3n=0.

. e 1+ cosx
Takim ubiHam, Tpbl KapaHi ypajuenus ——— =0 Hajekaub Ipamesx-
t =
Ky [O; 93'[]. €3
Adxras: 3.
IIpeikaan 13. 3Hanasinme HalMeHIIbI OAZATHBI KOpPaHb ypayHeHHS
cos3x  _
1—2sinx
Pawasnmne.
Ypayuenne _cosdx =0 payHasHauHa cicTame
pay 1—2sinx pay
T
Y4 {cosgxzo, 3x=5+tmn,neZ,
— 9si . . 1
1—2sinx # 0; Slnx¢§;
x= % + %, neZ,
> . 1
sinx # 9
6 6 AnzHaubIM Ha aA3iHKaBall aKpysKHAacCI JIiki
37” BBITJIALY % + L;, neZ (pvic. 58). YIiubIyIIIbI
o . 1 ..
Psrc. 58 yMOBY sinx # 5, arpeIMaeM, IITO Jiki BRITJIAXY

% +2nn,ne”Z,i 5% +2nn,n € Z, He 3’AyaA0IIa KapaHAMIi AajseHara ypay-

o o o . T
HeHHs. HaliMeHIIBIM JafaTHBIM KOPaHeM ypayHeHHs 3’ AyIserina Jik 5

Adkas: %
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IIpeirwaan 14. 3uanazime (y rpagycax) cymMy KapaHe€y ypayHeHHS
tgx = %, AKig HaJe)Kallb IIPaMeKKy [0; 27[].

Pawanmne.
n
4
+2nn,neZ. 3 iX TOJbBKI

Kani cosx >0, To ypayHernHe mpbiMae BoITIIAL tgx = 1; x ="+ nn,neZ.

o e JT
YMmoBy cosx>(0 3amaBaibHAIOND JiKi BBITJISALY —

4
T
1€ [0; 2.

Kani cosx<0, To ypayHeHHe mpbIMae BBITIAL tgx = —1; x= —% + nk,
keZ. YmoBy cosx<0 3amaBalbHAIOND JIiKi BBITJIALY i—n +2nk, ke Z. 3 ix
TOJIBKI %Tﬂ e[0; 2x].

Illykamasa cyma poyHa i—n + % =n=180".

Adras: 180°.
Q TpeIiraHaMeTPLIYHBIA HAPOYHACII

IMpeixmaan 15. Pambine aapoyaacp sin x> 0,5.

Pawanmne.

ITakonbki mepwian PYHKIBIL y = sinx poOyHBI
27, TO pasrien3iM parrHHe HApoyHacIi sinx > 0,5
Ha TATHIM MHepbIAN3e, HAIPBIKJIAL Ha agpas3ky [0;
2m].

1. Agraanszém Ha BOCi apabIHAT IIYHKT, SKi aj-
naBsagae Jiry 0,5.

2. Ha ansinkaBaii akpysKHACII af3HAUYLIM JBa
TYHKTBI, apABIHATHL AKiX poyub! 0,5 (pbic. 59).

3. amimam ByraJ, AKi agmaBsagae agrHamy 3 I'a-

THIX IIYHKTAY anpaska [0; 2m]. I'ata Byran %. Pric. 59

4. Y agmaBegHACII ca 3HAKaAM HAPOYHACIL mMaBapouBaIlb HIYHKT IIa aKPYK-
HacIi Tpaba mpas OyHKT %
57

5. Byrau, aki agnaBsgae IpyromMy OyHKTY, — ByTraJl 5

6. Takim ubIHAM, X € (%, 5%) 3 yaikam nmepblagbluHacIi GYHKIILI y = sinx

T
aTpeIMaeM agKas: (E + 2nn;

5%+23‘m), neZz.
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Anzapuimm pawdnna HapoyrHacyi sinx > a (sinx < a),lal < 13 danamozaii
ad3inkaéail aKpyrcHacyi

AnkJiaciii Ha Boci apJpIHAT IYHKT, AKi agmaBagae JIiKy a.

An3HAUYBIIL HA af3iHKaBall aKPysKHACII ABa IIYHKTHI, apAbIHATHI AKiX POY-
HBI a.

3amicans ByraJ, AKi agmassagae agHaMy 3 I'9THIX IIYHKTAY.

BrizHaubIlp y agmaBegHACIII ca 3HAKAM HAPOYHACIIL, ITa KON 3 A3BIOX OYT
aKpysKHACII Tpaba pyxaililia Ja Apyrora ag3HauyaHara myHKTa.

Pyxarounica ma axpysKHAacIii, BEI3BHAULIIIL ByraJ, sdKi aglaBsgae APYyroMy
aJ3HavYaHaAMY IIVHKTY.

3amicans agKkas y BRITJISAA3€ IpaMerkKa ajJ MeHIlara Byrja ga 0oJibiara, ga-
Iaioubl IEePhIAL.

© O ®O @@@

IIpeixaan 16. Pamsine aapoyHacb cos x <0,5.

Pawsnne. ITakogbKi nmepwuiag QyHKIBI J = cOSX POVHBI 27T, TO pasrJensim
pamrsuHe HApoyHacIi cos x < 0,5 Ha raThIM IIepbIsiase,
HAIIPBIKJIA Ha aapas3ky [0; 2m].

1. Agkaans3ém Ha Boci abCIbIC IYHKT, K1 agIaBsa-
mae Jgiky 0,5.
2. Ha apsimkaBail axpyskHacCI[i ai3HadYbIM [IBa

> IIYHKTBI, ¥ AKix abcrwickl poyusl 0,5 (pric. 60).

3. Bamimiam ByraJ, AKi agmaBsagae agHaMmy 3 I'a-

y

THIX IIYHKTAY 3 agpaska [0; 2m]. ['sra Byraz =.

3
4.V agmaBegHacIIi ca 3HaKaM HAPOYHACII pyxail-
. 1 31
Pric. 60 Ia Ima axkpysKHacili Tpa0a IIpas IIyHKTbI 5 T 5

5. Byrau, aki agnaBsagae Apyromy OyHKTY, — ByraJ %T
n. bm

7) 3 yJikam nmepuiaabIuHACIi QYHKIBI J = COSX aT-

6. 3HAUYBINL, X € (3’ 3

pBIMaeM amgKas: (% + 2nn; 5?“ + 2Jm), neZz.

Anzapoimm pawanna Hapoyracyi cosx > a (cosx<a), [a|< 1 3 danamozail
ad3inkaeail akpyicHacyi

(D Agxinacoi Ha Boci abeIpIc IYHKT, AKi agmaBazgae Jiky a.
(@ ApzHaublllb HAa aKPYsKHACIL ABa IIYHKTHI, a0CIBICHI SKiX POYHEI a.
(3 Bamicamp ByTal, AKi agnassagae agfHAMY 3 IT'9TBIX IYHKTAY.

BrizHaAubBIb Y aAmaBegHACIII ca 3HAKAM HAPOYHACIII, ITa AKOUW 3 A3BIOX OyT
aKpysKHACII Tpaba pyxaIlilia fa Apyrora ag3HauaHara myHKTa.
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(5 Pyxarmubica ma akpysKHAacCIli, BBI3HAUYLINL BYTaJ, AKi aflaBsamae IPyromy
aJ3HauaHaMy IIYHKTY.

(6) 3Bamicamp agKas y BBIIVIAA3E IIPAMEXKKY ajf MeHIIIara ByrJa aa 6oJbinara, na-
JAIOUbl IePhLAI.
IIpsixaan 17. Pambine aapoyHacs tgx > 1.
Pawanmne.
ITakonbki GyHKIBIS y = tgx mepblaablyHAd 3 HephIdgaM J i BhbI3HAUAHA

onsa yeix x e R\ {7} +nk, ke Z}, TO pasrjens3iM palllsHHe HApOyHAacIli Ha IIe-
pBlAn3e, HAIPBIKJIAA HA iHTIpBaJe (—%; %) Ha roreiM inTopBasie QYHKIIBISA

ki

1 Pamsune Hapoy-

y = tgx HapacTae, a 3HaUdHHE, poyHae 1, mpbIMae IIpbl X =

. . . T JT
HACI[i HA I'9THIM IIePhIsA3e ECIlb IHTIPBAT [Z; E)'
3 . . . T + . + Z
yaiKaM IephIAABITHACI aTPbIMaeM ajKas: |, +an; 5 +an), n € Z.

IIpeixman 18. Pambile aapoyHacnp 2tgx > J3 - sin(arcsin(tgx)).
Pawasnne.
IIa ynacmiBacoi sin(arcsinx) = x, x¢€ |:—1; 1] OyzA3eM MeIlb

sin(arcsin(tgx)) = tgx, xami tgx € [—1; 1].
2tgx > J3 - sin(arcsin(tgx)) o 2tgx > J3 - tgx, tgx e [—1; 1] =

J3

& 3tgx > V3, tgx € [—1; 1] © tgx > 5, tgx € [—1; 1] =

@§<tgx<1(:)xe[

n

JT
6+J'tn;z+a'm:|,neZ.

Adkras: I:E + ning % + J'l',n:|, neZz.

—®— ’

a) sin(% + g) = cos765°; 0) 2c0s(% - 3x) = sin900°.

13.1. Paibitie ypayHeHHe:

13.2. 3maiigsime abcibichl TYHKTAY OepacsausHHA Tpadikay QyHKIIBIH
y="Tcos4x+3 i y=3sin’4x.

13.3. 3muaiifsinme cymy KapauHéy ypayHeHH: cos(7x +%) = —1, akia Haxe-

L] ¥
JKallb IIPaMeX Ky (_E; 5)
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13.4. Buaiigsine Hyxi pysxusi F(x) = V3tg (% - 7x) +1.
13.5. Pamrsite ypayuenne:

a) sinxtgx — tgx = 0; 0) cosxctgx + ctgx = 0.
13.6. 3uaiigsime yce KapaHi ypayHeHH:

a) 2sin’x — (12— /2)sinx — 642 = 0;

6) 2cos® x + (8 - \/g)cosx —-4J3 =0.

13.7. 3naiifsime KoabKaciib KapaHey ypayHeHH

ctgix — (\/g - l)ctgx ~J3 =0 na npaMeKKy [—JT.; 23‘[].
13.8. Parrsinie ypayHenHe:
J3

a) sin®12x — - = sin2x — cos®12x + 1;
6) cos® z?x —1—cosbx = g — sin® Z?x

13.9. 3uaiiazine cymy HamOoJbIlIara agMoyHara i HaiiMeHIIara gagaTHara
Kapauéy ypayuenna 2cos”2x —17cos2x — 9 = 0.

13.10. BeizHaurie KoabKacilb KapaHeéy ypayHeHHa Ha mpaMe:xkKky [—12m; 57]:

a) (cosx —1)ctgx = 0; 6) (cosx +1)(ctgx —/3) = 0;

B) (sinx — 1)(tgx - ﬁ) = 0;

3 r)sinx - tgx —sinx +tgx —1=0.

x_ 32
cos 2).

13.12. 3uaiinzime abCIbICHI IYHKTAY HepacausHHA rpadika QyHKIIbI:

13.11. 3Haniasine HyJIi QYHKIBI Y = ctgx(

a) f(x) =5sin?x +/3sinxcosx + 6¢cos? x i mpamoit y = 5;
6) f(x) = 38sin®2x — sin2xcos2x i mpamoit y = 2;

B) f(x) = 3sin2% — 3sin%cos§ + 4cos2% i mpamoit y = 3.
13.13. 3uaiiazimne (y rpagycax) capaausae apblpMeTbIUHAE KapaHEy ypayHeH-
Ha sin®x + \/§sinxcosx = 0, akia mamexxaib npamexkry [—120°; 90°].
13.14. BrisHaulle KOJbKAaCIlh KapaHéy ypayHeHHa
sin® x — (1 + \/g)sinxcosx +3cos’x =0 mHa IIpaMekKy [—231; %t]
13.15. Pamrsine ypayuenne 4cos® x — cosx + sinx = 0.

13.16. Pamibitie ypayHeHHe, BLIKAPBICTAYIIBI YIaciiiBacili (yHKITBIN:

a) sin%z x*— 6x +10; 0) 2cos22nx = x+%.
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13.17. Parbitie ypayHeHHE, BRIKAPBICTAYIIIBI MHOCTBA 3SHAUIHHAY (PYHKITBIIH
cimyc i Kocimyc:

a) cos2x + cos?ij =2; 0) 3sin2% + 5sinx = 8.

13.18. TakasxsIne, MTO ypayHeHHe /8 + cosx = 3+ x* Mae af3iHBI KOpaHb.
13.19. Pamslinie ypayHueHHe:
a)

13.20. 3umaiigzime HaMEHIILI OaJZaTHBI i HAWOOJBIIBI aZMOYVHBLI Kapami

cos? x — cosx _ sinx 2cosx ++/3

=0; 6) 1+ cosx =1—cosx; B) 2sinx —1 =0.

1—sinx

o o sin2x _
ypayuenHa — o = 0

13.21. 3uaiigzine HAOOJBIIBI aAMOYHBI KOPaHb YpayHeHHS % =0
- sinx

13.22. Pamblitie ypayHeHHE:
a) cosx — |sinx| = 0; 6) lcosx| — /3 sinx = 0;

B) \/3ctgx = sin, r) 4lcosx|+ 3 = 4sin® x.

sinx ’

13. 23 3uatiagine (y rpagycax) HaliMeHINBI AaJaTHBI KOpPaHb ypayHeHHS

\tgx\ = tgx.

COsSX
13.24. Buaiinsime koabKacib KapaHey ypayHenna 1+ 2sinx|cosx|=0 Ha

T JT
IPaMERKY [_Z; 5].

13.25. 3uaiigsine KoabKacilb KapaHEy ypayHeHHsS

. ‘2cosx - 1‘ . 3 . 3
sinx — 5——— *sin” x = sin” x HA TpaMeKKy [—n; 27[].
2cosx—1

13.26. Paibliiie HAPOYHACIIH:

a) sinx > Q; 6) sin2x < —%; B) sinx > \/§;
T) cos§ §’ ) cos(x - g) > %; e) cosx > —1,5;
) tg0,1x > %; 3) ctg(2x + %) <-—1.

13.27. Pambliiie nBaiiHy0 HAPOYHACIIH:

a) —%ésinxég; 6)O<cosx<g

B) 1 < tgx < 2; ) —\/§<ctgx<5.

13.28. Pambitie HApOYHACIIH sin(arccos(ac2 + \/gx)) >1.
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BBIBHAUSHHS PYHKIEI f(x) = \/cos -~ —sin” =

o

J'[(xz +1) _ J2
TR 2

13.30. 3uaiinzile HAMEHIIILI IIAJIBI JaJaTHBI JK, SKi HaJeKbIIb adcary

13.29. 3uaiigsimne 3mabbITak KapaHEy ypayHeHHA Sin

2 Tx 2 nx
-1

12 12
13.31. 3uaiigsine KoabKacilb KapaHEy ypayHeHHsS

\/cos2 x—2cosx+1+ \/cos2 x —4cosx +4 =1 Ha angpasky [O; 10].

§ 14. ®opmyJsl NPLIBAA3EHHSA

IIpeixaan 1. BoidHaune, axia yaaciiBaciii i ¢poopMyJibl ObLII BEIKApbICTA-
HBI IIPBI CIIPAIITUY9HHI BHIPA3y:

a) sin(540°— (1) = sin(180° - (1) = sina;
6) tg(450° +p) = tg(90° +B) = —ctgp;

B) ctg(y — 270°) = —ctg(270° — v) = —tgv;
r) cos((p - 810°) = cos(810° - (p) = cos(90° - (p) = sing@.

Pawanmne.

a) IlepbraabruHacb QyHKILIL ciHyC, (DOPMYJIBI IPBIBAN3€HHS;

0) mepLIAABIYHACIIh (QPYHKIBII TaHTEeHC, (DOPMYJIbI IPLIBAI3EHHSI;

B) HAIIOTHACIIb (DYHKIILII KaTaHTeHC, (POPMYJIbI IPBIBAI3EHHS;

T') ITOTHACIID i TePhISALIYHACIIL DYHKIIBIL KOCiHYC, (DOPMYJILI IPLIBAA3CHHA.

- i (— 207 (P £
IIpsikaan 2. Beuriubliie sm( 3 )+cos221—“ 2tg 1
Pawasnmne.
i (—207) = _ 5 20m _ 2m) _
1) sm( 3 ) in=g s1n(63‘t+ 3)
— in 2T - _ _A) o g N3,
=—sing sm(ar 3) sing 5
2
2) COSzg}Tﬂ = COS2 (43‘[ + éTT[) = Cosz% = 0052 (J‘[ + %) = cos‘?% = (%) = %;
3) tg ™" = tg*(2n— 1) = tg? T = 1;
4) —§+2—2=—§.
J3
Aldrasz: ———.
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. sinl127° + 2cos143° + sin540°

IIpsikaan 3. Beuriubllle 3HAUSHHE BHIPA3y c0s37° .

Pawanne. BoikapoicTaeM ()OPMYJIbI IPBIBAA3CHHA i aTphbIMaeM:
sinl127° + 2c0s143° + sinb540°

_ sin(90° +37°) + 2cos(180° — 87°) + sin(360° +180°)
cos37° -

cos37°
cos37° —2co0s37° +sin180°  —cos37"

cos37° " cos3T° =-L

IIpsixaan 4. 3Hala3ie 3HAUIHEE BhIPA3y

tg(3?JT - arcctg4) + cos(a‘t — arccos (—é))
Pawsnne. BoikapbicTaeM (hOpMYJIbI IPHIBAA3E€HHA i aTphIMaeM:

tg(% — arcctg4) + cos (J‘[ - arccos(—é)) =

= ctg(arcctg4) - cos(a‘t - (J‘[ - arccos%)) =

= ctg(arcctg4) + cos(arccosé) =4+1l=4

IIpsikaan 5. Beuriublie: %arcsin(cos:gf—ln).
Pawanne.

22 . 35\ _ 22 . 13m
==arcsin|cos———| = =—arcsin|cos|2m + ——
7 11 7 11

13x

22 . ( )_ 22 . ( ( 2n))
= ——arcsin|cos——|) = —arcsin(cos|m + —
b1 11 s 11

22 . ( 231)_ 22 . ( 2::)_ 22 . . (n 2n) _
= —arcsin|—Cos—; ) = ——arcsin|cos—- | = ——arcsin|sin\; — =
n 11 T 11 T

2 11
= —Qarcsin(sinﬁ) —_22 Tm _ —7
7 22 n 22

Adrasz: —7.

IIpsikman 6. Pambile ypayHeHHE 3005(377[ + x) —5cosx =0.

Pawsnne. BoikapsicTaeM (POPMYJIBI IPBIBAA3EHHS 1 aTphIMaeM ypayHeHHe
3sinx — 5cosx = 0.

ITakoabKi 3HAUSHHI 3MeHHall, Opbl AKiX cosx = 0, He 3’ayagroiiia Kapa-
HAMI Jajgs3eHara ypayHeHHs, TO maa3esiM abel3Be YacTKi YpayHeHHA Ha cosx i

arpeimaeM: 3tgx —5 = 0; tgx = g; x = arctgg +nn,neZ.

Adkas: arctgg +nn,neZ.

Adras: —1.
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Ilpeixaanx 7. Pamsine ypayuense 6cos® x + 5003(% - x) ="1.

. . . J . o o
Pawanne. Ilakonbki cos?x =1—sin®x i cos(E — x) = sinx, TO ypayHeHHe

npsiMae Beiraag 6(1— sin?x)+ 5sinx = 7; 6sin® x — 5sinx +1 = 0.
Haxaii sinx =t, t e [—1; 1], ranel 6t2 —5t+1=0;

D=5"—-4-6-1=1>0;

_5%1 1 1
he =g b =30~ 5-
. _1 _ n .1
sinx = 3, x=(—1) arcsing +an, neZ,
Tangwr 1 Y
sinx = o3 x=(-1 etk keZ.

Adxasz: (—1)" arcsin% +nn,ne Z; (—1)F % +nk, ke Z.

Il
X

IIpeixaan 8. ITabynyiine rpadgik GyHKILI Yy =
Pawsnmne.

sinx + cos(% — x)

IEd]
x

y:

sinx + cos(% — x)

||

BreikapreicTraem (opmyJsibl IPBIBAASEHHA 1 aTpbIMaeM y=-,

[[x >0,

x>0, x>0,
_x . . . . .
y = sinx +sinx, y = sinx + sinx, y = 2sinx,

sinx + sinx.

Tane:

x<0, {x<0, {x<0,
y =—2sinx + sinx; y = —sinx +sinx; y=0.
L X

Binmapric rpadika magseHai (pyHKIIbI IaKka3aHbl HA PLICYHKY 61.

AN

O| ™/ \_/ x

-2

Pric. 61
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14.1. Bouriubliie 3HaUSHHE BLIPA3Y:

3c0s196° +12cosl64°_ 6 2c0s201°—16sin111°
cos16° i ) cos21°

14.2. 3Haiigsine sHausHHE BhIPasy
sin® 6,47 + sin® 2,9 —4tgl,47 - tg7,1m.

14.3. BrikapbicTayirsl GoOpMYJIbl IPBIBAA3EHHA, JaKaKbIIle, IIITO:

in (T = T )
a) sm(z+x)—cos(4 x),

_ . T
= —s1n(f - DC);

17n )
12

0) cos(ﬁ +x

B) tg(zf—gn - x) = —tg(% + x)

14.4. 3uaiigsine sHausHHE BhIPA3y

—cos(an + a) +sin(—21n—a),
kaii sina = —0,1.
14.5. Bouriusliie:
a) sin(at - arcsin%); 0) ctg(:%JT + arctg(—5));

B) tg(z%JT - arcctg9) + cos(a‘t - arccos(—0,9)).
14.6. 3uaiifgsimne sHausHHE BBIPA3Y:

a) cos(a‘t+ arcsin%); 0) tg(“%JT - arccosO,G);

[T 1
B) 5\/§s1n(§ — arctg(—;)).
14.7. Copacriime BeIpas:
a) sin®(n —a) + tg® (o — m) - tg? (1,57 + a) + sin (0,57 + o) cos (o — 2m);

(sin(Z + ) sl - a))z— 1

g tg(ﬂ - OL) - sin(a‘[ + oc)cos(n - a)

2
2Sill2(7ﬂ — a)

B) (ctg(8,5ﬂ — oc)cos(—Ot) + cos(m— a))2 + tg(a — n)
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14.8. 3naiiazine sHausHHE BHIPA3Y:
a) ctgh’ctglb’ctg25° ... - ctg75°ctg85°;
6) cos20° + cos40° + cos60° + ... + cos140° + cos160° + cos180°.

14.9. 3uaiigsine sHausHHE BHIPA3y:

sin(a - 37ﬂ)sin(ot — n)

i — )= i <X,
a) cte(2— ) , kani ctg(o—m) =0,75 i 0<a<3;
—270°)si 270°
6) cos(oc 70 )sm(oc-i- 70) . kai sin(o—180°) = _i_
tg(c +180) NG

14.10. Brraiuslie: % arccos (sin (— %)).

14.11. BeikapsuicTaiitie (hOpMYJIbI IPLIBAA3EHHA 1 paIbiiie YypayHeHHe:

3n

3 —x) = 2sinx + 2;

a) 2cos® x — 3cos(

5
cos2(3n - x)

0) =17+ tg? (2n — x);

B) cos(1,53'[ - g) - \/gsin(1,53'[ - g) =0.

14.12. Tna dpyarusi f(x) = 7Tcos4x + ctg8x sHaiinsime:

215k o r(-5)
cos( — 33

14.13. 3Haiinsine 3HaUSHHE BbIPA3y (
Ccos

T_a

14.14. Braiinsine cymy kapauéy ypayuenusa 3cos(1,5m + x) = 2cos?x, akia

), KaJri tg(% + oc) = 8.

HaJge:xalb mpamMe:xkKy [0; .

14.15. 3umaiigsine (y rpagycax) sHausHHe ByrJa arcctg (tg 658°).

14.16. BrikapsicTaiitie GopMyJaIbl IPLIBAA3EHHA i PaIbIlle HAPOYHACIH:

a) sin(37n+x)< %; 0) cos(a‘t+x)<§; B) tg(7,5m— 2x) > g

14.17. Pamsine ypayuenne x° + 2sin(87”)x +1=0.
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§ 15. Cinyc, KociHyC, TAHT€HC CYMBbI i pO3HACIi

@ sin(a +B) = sinacosp + cosasinB cos(a +B) = cosacosp — sinasinf
sin(a — B) = sinacosP — cosasinf cos(a —B) = cosacosP + sinasinf

tga + tgB tga — tgp
tg(a + B) = 1— tgatg[’) tg(a - B) = 1+ tgath

IIpeixaan 1. 3Hakigsine sHausHHE BhIpady 1642 + J3 - sin%.
Pawsnne. 3HONI3eM 3HAUSHHE BbIPA3Y

sin% =sinl5° = sin(45° — 30°) = sin45°cos30° — sin30°cos45° =

_J2 B _ 1 J2_6-2

2 2 2 2 4 :
BroiniubIiM 3HaUSHHE IITyKaHara BBIPasy:

16y2+3 - 2 4 b1 5 (V6 —V2) =
=4m-m= 42+3 -\J6—2/12+2 =
=42+3 -\8-4J8 =42+ 3 - [1-(2—-3) =
=8-/(2+3)(2-3) =8-1=3.

Adras: 8.

IIpeikaan 2. 3HaKA3ile 3HAUSHHE BLIPA3y cos(arcsin 0,6 + arccosi).

13
Pawanne.

. . 5
3HoWI3eM 3HAUDSHHE BLIPA3y cos(arcsmO,ﬁ + arccosﬁ).

Hsaxait a = arcsin0,6; = arCCOS%; a e (0§ %)’ pe (0; g)
Tager  sina = 0,6; cosP = % ITakonbki a € (0; g), Be (0‘ E), TO

> 2
. . 12
cosa =+1—sin’a =0,8; sinp = /1 — cos? =13

ATrpeiMaem

cos (arcsin0,6 + arccos%) = cos(a + |3) =

_ L . n_4 5 3 12 _ 16
= cosa.cosf3 s1nasm[:’>—g-—13 5'13 - 65
. _16
Adkas: 5
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Ipeixaan 3. 3naiigsine 2tg(a +B), xanisina = 0,6; tgp = 2; % <o <
3n
< B < 7.
Pawsnne. BeikapbicTaeM acHOVHYIO TpPhITaHAMETPHIUHYIO TOeCHacCIlh i aT-

peimaem: sin®a+cos’a=1; cos’a=1—sin’a; cos’a=1—0,36=0,64;
cosa = 0,8 abo cosa=—0,8.

ITakosnbki % <a<m, To cosa = —0,8, tager tga = % = % = —%
tga +tgfh

ITa popmyse Tanrenca cymsl tg(a +p) = 1—tgaigp ATPPIMACM

342 )

2tg(oc+[3)—2- 1_(_5).2 =2- 3 =1.
4 Adkras: 1.

. . .. m\_ 13 . 3m

IIpeixaan 4. 3uaigsime cosa, Kaai s1n((x +E) =~ i <a + < 2m.
. )y _ 13

Pawasnne. Bemaroubr, mTo sm(a + E) =14 8 JamaMoray acHOYHal TPbI-

raHaMeTpPbIYHAM TOECHACIII 3HOUA3eM

/_ / 13 /27
cosa+ sin? (1+ 14 106 _14.

HaKOJIBRl 2R < oc+ < 2m, TO cos(oH- 6)——

14 °
Bbmapmc'raeM d)OpMyJIBI CKJIAaHHsI:
[, T\ _E . T o _ 13
sm(a-irg)— 14> |sinacose +cos0ts1n6 14’
7 S\F T R 3\E

Lcos(oﬁr 6) a5 |cosacosy —sinasing = ==
[ . 13
ﬁsina + lcosoc = —E, \/gsma +cosa = ——,

2 2 14 7

3

%cosa - ésina = %; J3cosa —sina = —J— -J3
\/gsina + cosa = —g,
3cosa —+/3sina = %

.. . o o o . . 4
Criamsém mepiiiae i Apyroe ypayHeHHi cicToMbl i aTpriMaeM 4cosa = —
_ 1
cosa 7

Adraz: —

NI
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IIpeixman 5. Pamrbie ypayHenHe sinx + cosx= 1.

Pawanne.
. o 2 .

ITaMHOKBIM a6e3Be YacTKi ypayHeHHS HA ~,- 1 aTphIMaeM:

2 . 2 2 . . 2

£s1nx + £cosx _ 2 a60 cos—cosx + sin~sinx = £

2 2 2 4 4 2

ITa popmysie Kocimyca po3HacIi:
T \E J T J J
— e = - _—— = +7 . = — + —_—
cos(x 4) 5 X~ _4+2nn,neZ,x 4_4+2Jm,neZ.

Adkras: %i%+23‘m, neZ.

IIpeikaan 6. 3Hanasile ¥ rpagycax HaWOOJIBIIILEI aAMOYHBI KOPaHb ypay-
HEHHSA COSX — \/§Sile = 2.
Pawsnne.

c oo . 1 .
ITamuOxkBIM aben3Be UacTKi ypayHeHHA cosx —+/3sinx =+/2 Ha 5 1ar

pBIMaem: %cosx — %sinx = g, abo co0s60°cosx —sin60°sinx = g Bbi-
KapeicTaeM (opMyJsy KOCiHyca CyMBbI, TaAbl ypayHEeHHE aTPbIMae BBITJIAL
cos(x +60°) = g
Pamrbim aTpeiMaHae ypayHeHHe:
cos(x +60°) = g, x+60°=145°+360°n, n € Z;
x+60°=45°"+360°m, meZ, |x=-—-15°+360°'m, me Z,
|:x +60° =—45"+360°k, k € Z; |:x =—105°+360°k, k € Z.

Haii6osbIbl afMOYHEI KOPAaHb YPayHEeHHA POYHBI —15°.
Adras: —15°.

IIpeixman 7. Pambine ypayHernHe 3sinx — 4cosx = 5.
Pawasnne. Ilagsenim abens3Be yacTKi ypayHeHHA Ha 5 i aTpbIMaeM ypayHeH-

3 . 4 _ c(3\ L (4) _ . .
He —sinx — ccosx = 1. ITaxkoabki 3 + 5 = 1, To icHye ByraJs @ Taki, mro

cosQp = 3 a sing = 4
(p 5 2 (p 5 M

Tanbl 3bIXOAHAE YpayHeHHe ITPbIMae BRITJIAL cos P sinx — sin@ cosx = 1. I1a
dopmyre cinyca posHacui arpeiMaem: sin(x — @) =1, x— @ = % +2nn, neZ;

x=(p+%+2am, neZ;xZarcsin%+g+2nn, neZ.
4

A0ra3: arcsin 5

+%+2nn, neZ.
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IMpeikaan 8. 3HANABIIE MHOCTBA 3HAUIHHAY (PYHKITBII
f(x) = sinx + /3 cosx.
. . 1. 3 _
Pawanne. 3amimam cymy sinx + J3cosx V BBITVIAZ3E: 2(5 sinx + —5 cos x) =

= 2(cos%sinx + singcosx) = 2sin(x + %) Iakoabki E(sint) = [—1; 1], TO

E(f)=[-2 2]
[ ] Adkas: E(f)=[-2; 2].

IIpeiraan 9. 3uangsine (y rpagycax) 3HaU9HHE BhIPa3y
1 1
arctgg + arctgg.
. _ 1 _ 1 .1 .1
Pawasnne. Haxann o = arctgg; B= arctgg. ITaxkoabki 3 >0 i 3 >0, TO
. 3. . .
ae(O, E)’ Be(O, 5). Tansr o+ B e (0; ).

1.1
_ tgattghp _ 2 3
1-tgatgh _1.
2

3HoIiI3eM 3HAUYDHHE BBIPA3Y tg(a + |3) =1. ITakoabki

a+pe(0; m), Toa+ p =45
Adrasz: 45°.

15.1. Copacirime BbIpas:
: n T L _T).
a) sm(oc + Z)cos((x 4) cos((x + 4)sm(a 4),
6) sin(22°+ a)sin(23° — a) — cos(22° + a)cos(23° — a).
15.2. 3uaiigsine sHausHHE BLIPA3y:

sin58°c0s13° — c0s58°sin13° . cos64°cos4’ — cos86°cos26° .

a) c0s58°cos13° +sinb58°sin13°’ 6) cos71°cos41° — c0s49°cos19°’
c0s70°cos10° — cos160°sin370° . ctg40° — tg20°
B) sin21°sin81° + c0s159°c0s99° ’ r) ctg40°tg20°+1°

15.3. lakaKbIlle TOeCHACIb:

\/Ecosa - 25111(% - on)
a) =J2; 0)
Zsin(% + oz) - \/gcosot

cos(1,5a't + a) + 2cos(HJ -

a
- 6 = \/§ctga.
ZSin(g + a) +/3sin(1,51— a)
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15.4. Caopaciiime Boipas cos(a + )cos(a — B) + sin(a + B)sin(a — B) i 3uaii-
51

,usiue A0 3HAUSHHE IIPEI [ = 12"

15.5. lakakbIiie, IMITO J3 + tg% = 2.

e

P , KaJi Bdamoma, IITO

15.6. 3maiiasinme sHausHHE BBIPa3y
tga = 2./3.
15.7. [lakakbitie, MITO 3HAUIHHE BHIPA3y

cos? (% + oz) —sina + \/§sin(a + %)sina
He 3aJIeKBIND af O.

15.8. 3uaiiagzine sin(a — P), kaui tga = 2, ctgP = —%, OpbIubIiM Tt < o < 3—“,

% <B <.
15.9. 3uaiigsine HaiiMeHIIbI JaSATHEI IePLIAL (PYHKIIEIL:

_ Tx . . Tx . _bx 5x .
a)y= cos—-cosx + sinxsin—-; 0) y= sin~g-cosx — cos5-sinx.
15.10. Boraiusble:

a) sin15°+ tg30°cos 15°%; 0) cos 75°ctg 30° + sin 75°.

15.11. 3uaiifsime abcbIchl IIYHKTAY IepacausHud rpadika QyHKIIbIi:
a)y= \/Esin(% - %) + sin% i mpamoii y = 1;

0) y= \/Ecos(%+ x) —cosx impawmoit y = 1.

23 — 2tgl5°
15.12. 3uaiigsine 3HausHHE BRIPpA3y ————————.
_/I " PasY 1 U3 tgl5
15.13. BoLaiusble:
. .1 1 . 12 .. 3
a) sm(arcsm— + arccos—); 0) tg(arcsm(——) — arcsm—);
2 3 13 5
.. 3 1 5 .. 4
B) cos(arc sin — arctgg); ) ctg(arccos(—ﬁ) + arcsmg).

sin50°cos12° —sin40°cos78°
c0s68° — /3 5in68°

15.14. 3uaiifsine sHausHHE BBIPaA3y

15.15. Pamslinie ypayHueHHe:
a) J3sinx + cosx =+/2; 0) cos2x —/3sin2x = V/3;
B) \/Esing—\@cos%=\/§; r) 5cosx +12sinx =13.

15.16. 3uaiigsine HaIGOIBIIBI aAMOYHBI KOPAaHb YpayHEeHHA
. TIX X _
\/gsm?+cos? 2=0.
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15.17. 3uaiiasime KoJabKaclb KapaHéy ypayHeHHa sin2x — cos2x = J2 ma
IIPaMexKKy [0; 23‘:].
15.18. Copacirire BoIpas:
1—-tg?35°tg?25° tg?50°— tg?5°
a) 5 e 0) — o, 0
tg“35°—tg“25 1—tg“50°tg”5
. o . o 7 . 4 .
15.19. Cinycsl ABYX BOCTPBIX BYTJIOY TPOXBYTOJbHIKA POYHBI 95 15 3Haii-
nI3ite 3HAU9HHE BhIpady 125cosy, A3e Y — TPaIli ByraJj TPOXBYTOJIbHIKA.
15.20. 3Haiigsine 3HaUsHHE BHIPA3y:
16

1 1 2 . 4 . .
a) arctgg + arctgz + arctgg; 0) arcsin + arcsm% + arcsin g.

15.21. IIpaBepiie, I1i mpaBiibHAA POYHACIIH arcsin% - arccos% = arctg%.
15.22. Paribilie HAPOYHACIID:

a) sinxsin3x < cos 3xcos x;

. 5 .. 5
0) s1nxcos7x > cosxsm?x;

. . 1
B) sin2xcos3x — cos2xsin3x < 53

@

r) cosbxcos3x +sindxsin3x > 5
15.23. 3uaiinsine HallMeHIIIbI aJaTHBI KOPaHb ypayHEHHS

\/§cos(x + %) —sinx = ‘cosx‘.

§ 16. @opmyssl ABaliHOTA apryMeHTa

@ cos2a = cos’a —sin?a  cos2a = 2cos’a—1 cos2a =1— 2sin’a

. . 2tga
sin2a = 2sinacosa  tg2a = 7g2
1—tga
IIpeixkaan 1. 3Haligsine sHausHHE BhIPA3y
32+ oS-+ COS-* COS—= + 00823—”
12 24 48 48 °
JT

Pawsnne. IlaMHOMXKBIM i TTaf3eJIiM BbIpa3 Ha sin i BBIKapbIicTaeM opmy-

Jy ciHyca apBaifHOra ByTJia:

48

32 coS—% - oS- - Sin—= -« cos—= coszﬂ
a n n 23m _ 12 24 48 48 48 _
32 - cos 15 COS5  * COS o * COS ™ g o

48
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16- cosl . cosl . (2 sinlcosi) . 0052377[ 16- cosl . cosl . sinl . coszsn
_ 12 24 48 4 48 _ 12 24 24 48 _
LT i T
sm48 s1n48
8- cos—x - (2sinl . cosl)- 0052377[ 8 cos% - sin-x - cos237n
— 12 24 24 48 _ 12 12 48 _
sini sinl
48 48
4- (ZCOSLS]'.HL)' 0052377[ 4- sinﬂ . 0052377[ 4- 1 cos237n
— 12712 48 _ 6 48 _ 2 48 _
sin-v sin-- sin—-
48 48 48
237 . n_ s L
_ 2. cos 8 _ 2 l':OS(2 48) _ 2 Sln48 _y
sinl sini sini '
48 48 48
Adras: 2.
IIpeikaan 2. 3HAWA3iIe 3BHAUDHHE BBIPABY — s — V3
: sin10° cos10°*
Pawanne.
1 NEl
2| =co0s10°———sinl0’
1 J3 _ cosl0"—/3sinl0° _ (2“’3 g )
sin10° cosl0° sin10°cos10° sin10°cos10°
_ 2(sin30°cos10°—c0330°sin10°) _ 2sin(30°—10°) _  2sin20° _ 4sin10°cos10° _ 4
sin10°cos10° sin10°cos10° sin10°cos10° sin10°cos10° :
Adkras: 4.

. . 1
IIpeikaan 3. Beuriublie: sin* 213—27[ — cos* %

Pawsnne. BeikapbicTaeM (h)OPMYJIbI IPHIBAL3EHHS:

.4 23 4133‘[:.4( _l)_ 4( £)='4l_ 4 T
Sin 712 COSs 712 sin® 2% 12 COSs J'l',+12 Sin 192 COSs 12°

IIa popmyie posHACIII KBagpaTay aTpbIMaeM:

. I I . I T . JT T
Sll’l4 T COS4 To (s1n2 — T 0082 7)(81112 T COS2 7) =

12 12 12 12 12 12
—sin? " — cos? X = _(COS2£ — sin? L) = o =3
S 75 12 12 12 6 2
3
Adkras: 5
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IIpeixkaan 4. 3Han3ie 3HAUSHHE BhIPa3y sin(Z arctg%).

Pawasnne. Ila ¢popmyse cinyca qBafiHoTa apryMeHTa aTPhIMaeM:

sin (2arctg %) = 2sin (arctg %) cos (arctg %) .

Haxait a= arctg%, ae (O; g), Tagbl tga = % BrikapnicTa-
eM (Qopmyasl tgila+1= 12 i tga=3"% Tlakombki o€ (O; E), TO
cos A CcosQ 2
— 1 _ 1 _ (16 _ 4 ino = . =3.4_3
cosa \/tg2a+1 \/9+1 95 59 a sina = tga - cosa 15 5-
16
. 3 3\ _ . _ 3 4 _ 2
ATpbimMaem: ZSln(arcth)cos(arcth) = 2sinacosa =2 55" 25
24
Adxras: 55
o . . . _ \/§ . TXx X
Ipeixxan 5. Braiigsine vyni pysrnei f(x) = -, tsingrcos 5.

Pawasnne. [I15a 3HaXOMKaHHA HYJI6Y (GDYHKIBI pamIsIM ypayHenHe f(x) =0,

\/g .. TIX X . TIX X \/g . TIX X \/g
—+ = = = . Rtk = =Y. = = =Y.
r.3H. —~ *sin—3-cos— 0; sin 3 COs—3 1 2sin 3 COs—3 9
. 23'[x__£. 2nx _ (_qypt1 T e —(_q1\y2t11l , 3n
sin=5= = —-55; S5~ (-1) g tnn, neZ;x (-1) st 5. neZ.
. . _ \/g . X X y o © « .
Hynami pysrnei f(x) = e + sin—5-cos 5~ 3’AynAloNIa yce JiKi BRITIANY
—q)ytrly 3n
(-1) 5T 5, neZ.
Adxras: (—1)"+1%+ 37", neZz.
IIpeixkaan 6. Brisuaurie KOJIbKACIIhb KapaHey ypayHeHH:A

cos®x + %sian = 0 ma npamexky [0; 2m].

Pawasnne. BuikappicTaeM (hOpMYyJy CiHyca aBalfHOTa BYyIJIa i aTpbIMaeM:

cos® x + gsinzx = 0; cos®x +/3sinxcosx = 0; cosx(cosx ++/3sinx) = 0;

cosx =0, cosx =0, cosx =0, x=3+nn,neZ,

a
2
cosx +/3sinx = 0; 1+\/§tgx=0; tgx=—\/§' x —%+3‘tk,keZ.

b
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Ha nmpame:xky [0; 2m] mepiiae i mpyroe ypayHeHHiI CyKyITHACIIi MaloIlb IIa
nBa Kapaui. Takim ublHAM, Ha JaJ3€HBIM IIPAMEXKKY ypayHeHHe Mae daTbIPhI
Kapasi.

Adxas: 4.

IIpeiraan 7. Pambine ypayHernse 15sinx — sin2x = 15 + 15cos x.

Pawanne. 15sinx —sin2x = 15 + 15cosx; 15sinx — 15cosx — sin2x = 15;
15(sinx — cosx) — 2sinxcosx = 15. Haxaii sinx — cosx = ¢, Tagbl
(sinx —cosx)’=t?; sin’x— 2sinxcosx +cos’x =¢%; 1— 2sinxcosx = t%;
—2sinxcosx = t*—1.

VYpayuenrne 15(sinx — cosx) — 2sinxcosx = 15 aTpbIMae BBITJIA
t =—16,
t=1,

sinx —cosx = —16,

15t+t2—1=15;t2+15t—16=0;|: a/:[KyJIb[.
sinx —cosx =1.

Ilepiae ypayHeHHe CyKyIHACIIi He Mae KapaHey, makoabki —1 < sinx<1 i
—1< cosx <1.

Psmbim ypayHenHe sinx — cosx=1. IlamHOKbIM abensBe yacTKi ypayHeH-

2 . NI N, N . . N,
HA HA o 1 aTpbIMaeM: ——sinx — V2 osx = —2; cosTsinx — sin Zcosx = Y2 ;

2 2 2 2 4 4 2
sin(x— “)=—“2' x—2=-1)"2+an,neZ; x=2+-1)"2+nn,nez

4 2 4 4 ? ’ 4 4 ? .

Adras: % + (—1)"% +nn, neZ.

IIpeixaan 8. 3uangsine (y rpagycax) HaiOOJIBIILI A4MOYHEI KOPaHb ypay-
HeHHA cosx *|sinx| = 0,25.

Pawanne. cosx *|sinx| = 0,25.
1) ITpsl sinx > 0 ypayHeHHe IpbIMae BBITJIAL

. . 1
cosx -sinx = 0,25; 2cosx - sinx =35

s _1, — n JU . 15O
sin2x = 5 2x =(-1) s tn, nez;
_(_q\n W , TN . o
x—( 1) ﬁ-l-?,nez,
195°

RY

x=(-1)"-15"+90°n, ne Z.
255°

AnmsHaubIM aTpbIMAHBIA JiKi Ha aasinkaBait
akpy:kHAacIi (peic. 62). Pric. 62
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YA 3 yaikam ymoBHI sinx > 0 arppiMaem, IIITO
. KapaHaMi YpayHeHHs 3’ AyIA0IIA JiKi BRITIALY
295 15°+ 360°n, n e Z,i75° + 360°k, k  Z.
195° 2) IIpsr sinx < 0 maem —cosx * sinx = 0,25;
- . 1
N sin2x = —5
(0] x
2x = (—1)'"+1 X tnam, meZ;
-15° 6
— (=)t Tm :
s x=(-1)" 5+, meZ;
Pirc. 63 x=(-1)""" 15"+ 90°m, m € Z.

ITakoapki sinx <0, To x = —15° + 360°,

le Z,ix=-T75°+ 360°p, p € Z (poic. 63).
Hait60bI116I aAMOVHBI KOPAHDb YPayHEeHHSA POYHBI —15°.

S @ S
16.1. 3uaiiazine sHausHHE BBIPA3Y:
a) cos®22,5°— sin®* 22,5°;
6) 4sin37°30"cos37°30’sin15°;
B) sin7°30’cos7°30’sin75°.
16.2. Pamsbinie ypaynerase sin3x — 3cosb6x = 2.

Adrasz: —15.

16.3. 3Hatiazine HaOOaBITBI AAMOYHBI KOPAaHb YpayHeHHS
cos?6x — cos12x = 0.
16.4. Bouiiubiie:

1-ctg? 3% 3

— Qain2 T 2 L, R - I i) OTL T
a) 1—8sin 5408”51 0) e ; B) sin 10 Sinyg-
8

16.5. 3ualigsine sHausHHE BhIPA3y:
a) tg(2arctg 3); 0) sin(2arccos0,6);

B) cOS (Zarc sin(—é)); r) ctg (2arccos0,8).

16.6. Bouriusime: sin? (éarcsin0,7) — cos? (%arcsin 0,7).

16.7. 3uaiigsine tga, kami tg2a =2 i 3731 <a<2m.
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T . ofm
=— =+
41;g(4 a)sm (4 oc)

16.8. Cmpacrtime BbIpas

1-2cos?a
16.9. Buaiinsime cos* % — sin? %, KaJi sina = —% i 900° < a<990°.
16.10. Bormiusime: tgl5° — ctglh’.
1-2sin22 o
16.11. 3uaiifsine sHausHHE BBIPa3y T sing > Kaui tg§ =—-3.

16.12. 3uaiigzine KoabKacilb KapaHey ypayHeHHsS

cosdx + ZSin(?’TJT + 2x) +cos?5x +sin?5x =0

Ha IPaMexKy [—n; 3'[].
16.13. 3Haiigsine 3HaUSHHE BLIPA3y (tg% + tg%)cos%.

16.14. 3uaiifsine HaiMeHIIbI JaJaTHBI IePbIA] (PYHKI[BIi:

a) y = sin(—2x)cos2x; 6) y = 6sin§ . sin(% - %);
B) y = sin®4x — sin® (3731 - 4x); r) y = sin? (3x - %) — cos® (% - 3x);
ny= COSE 005(2 + %), e) y = cos’5x — cos (32—” + 5x)

16.15. Beraiubie: 64cos20°cos40°cos60°cos80°.
16.16. Pamslinie ypayHueHHe:
a) 12sinx —sin2x =12 + 12cosx; 06) 7+ sin2x = Tsinx + 7cosx.

2
16.17. 3maiifsime 3HausHHE BBIPa3y (5ctg(%+a)) , BeIaroubl, IITO
sin2a = 0,25.
16.18. Paibliiie HAPOYHACIID:

0) 4sin s1n( ) > f

. 1
a) sinbxcosbx < e

B) sin2(5x—g)—cos (——5x)<1 r) sin? le—sm( —0,1x ) \2@

16.19. 3umaiigsine HabOIBIIBEI AAMOYHBI KOpaHb (y rpaaycax) ypayHeHHS
. 4 4 . _ b
sin® x + cos™ x 3

16.20. Buaiifsine KoabKacih KapaHey ypayHeHHa sin®x + cos® x = cos4x

Ha IPAMEXKKY [—JT; 1,57[].
16.21. [Jakaskble, IITO KaJi cos(a + B) =0, T0 sin((x + 2[3) = sina.

16.22. Pamibitie ypayHeHHE COS (2x — §) —sinx = %



92 Paspsen 3

16.23. 3muaiigsine posHacip (y rpagycax) HaliMeHIIara gajaTHara i Haii-
GoJibllIara agMoyHara KapaHey ypayHerHa 1+ 2sinx|cosx| = 0.

16.24. [TakaKbIlle TOECHACIIb COS (%) . cos(47ﬂ) . cos(57n) = %.

§ 17. ®opmyasl nepayTBapIHHA CYMBI i
po3HacIii cinycay (kKocinycay) y 3ma0bITaK

@ ITepayTBapsrHe cymMbI (POBHACIII) TPhITAHAMETPBIYHBIX (DYHKIILIT Y
31a0bITaK
a+ - . atp . a—
cosa + cosf = 2cos 3 B cos— P cosa — cosf} = —ZsmTﬁsm 3 P
g : .ot o . . . a— a+
sina + sinf3 =2s1nTBcos 25 sina — sinf3 = 2sin ZBcos 26

ITepayTBapsHHe 3Ma0BITKY TPHITAHAMETPHIUHBIX QYHKIIBIN Y CYMY
(posHacIIb)

cosacosfP = %(cos(a —B) + cos(a +B))
sinasinf = é(cos(a —B) — cos(a +B))

sinacosf = %(sin(a +B) + sin(a = B))

IIpeixaan 1. Packiaansime Ha MHOMKHIKI cymy sinx + sin2x + sin3x.

Pawasnne. BboiIkanaeM IpynoyKYy i npbIMeHiM (hopMyJIbI CYMBI ciHycay i cimy-
ca mBaiiHOTA apryMeHTa:

sinx + sin2x + sin3x = (sinx + sin3x) + sin 2x = 2sin2xcosx + 2sinxcosx =

= 2cosx(sin2x + sinx) = 2+ 2cosx(sin37xcos%) = 4cosxsin37xcos%.
oo . 2c0s40° — sin70°
IMpeikaan 2. [TapayHaiie 3 HyJIEM 3HAUSHHE BbHIPA3Y T o0s250°

Pawanne.

2c0s40° —sin70° _ co0s40° + cos40° —cos20° _ cos40°+ (cos 40° — cos 20°)

cos250° o —sin20° —sin20°

L 40°—20° | 40°+20°
_ cos40° — 2sin 9 ST, _ c0s40° — 2sin10°sin 30°

—sin20° —sin20°
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o 1, . o
cos40" — 2- 2 sin10 cos40° — sin10° cos40° — cos80° _ 2sin60°sin20°

_ = = = =—J3<0.

—sin20° —sin20° - —sin20° —sin20°

AdKa3: 3HAUSHHE BBIPA3y MEHIIIAe 3a HYJIb.
IIpeixman 3. Cupaciine Beipas 28in10°sin40° + cos50°.

Pawsnne. Haxain A =2sin10°sin40° + cosb0°.

IIa dopmyre sinasinp = %(cos(a —B)—cos(a+ B)) aTpbIMaeM, IIITO

A=2- %(cos(—30°) — cos50°) + c0s50°= c0s30° — cosh50° + cos50° = cos30° = g
Adkras: g
. . J3 .
IIpsikaan 4. IlepayTBapsbliiie ¥ 3a0bITaK BhIpas T + sinx.
Pawsnne.
\E I % tx % X I X T X
-5 +sinx = sing + sinx = 2sin 5 CosST5— = ZSln(E + E)cos(g - 5)'

IIpsikaan 5. 3HaWA3iIe 3HAUDHEE BHIPA3y
100 (2sin5xcosTx — sin12x),
BeJaloukl, IITo sinx + cosx = 0,3.
Pawanmne.
ITa gpopmye sinacosP = %(sin(a+[3)+sin(a—[3)) IepayTBOPEIM BEIPA3
A=100"(2sinbxcos7x — sinl2x) =
=100- (2 . é(sianx + sin(—2x)) - sin12x) =
=100 (sin12x — sin2x — sin12x) =—100sin2x.
Y3Banzém abeasBe uacTki poyuactii sinx + cosx = 0,3 ykBazgpartiarpeiMaem
(sinx + cosx)® = 0,09; sin®x + 2sinxcosx + cos® x = 0,09;
1+ 2sinxcosx = 0,09; 2sinxcosx =—1+0,09;
2sinxcosx =—0,91; sin2x =-—0,91.

Tagsr A = —100sin2x = —100-(—0,91) = 91.
Adrasz: 91.
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cosa — cos2a — cos4a + cosba
sina —sin2a — sin4a + sinba

IIpeixaan 6. Copaciine BeIpas ( ) i sHaMgBie
Aro 3HAUSHHE IPBI A = %.
Pawanne.

4
cosa — cos2a — cos4a + cosbHa
sina —sin2a — sin4a + sinba

(cosoc + cos50t) - (cos2a + cos4oc) ! _
(sina + sin5oc) - (sinZoc + sin4oc)

4 4
_ [ 2cos3acos2a —2cos3acosa | _ 2cos3a(cos2a — cosa) _
2sin3acos2a — 2sin83acosa 2sin3a(cos2a — cosa)

4
_(cos3a| _ 4
B (sin3a) (ctg3a)

Flé(“g@“%»4=@@%r=ﬂﬁf=9.
) Adkras: 9.

IIpeixaxan 7. 3maiigsine (y rpagycax) cymy HaiboJbIlara agMoyHara

. o o © . T I
i HaliMeHIIara gagaTHAra KapaHeéy ypayHeHHs s1n(3x - E) = cos(§ - x)

Pawsnne.
ITakoabKi ma popmMysax IPLIBAA3EHHSA

cos(§ ) = eos(§ = (5 + )] =sin(§ + 2).

TO 3aIilIaM ypayHeHHe sin(3x - %) = cos(% — x) V BBITJIA3€

sin(3x - %) = sin(% + x); sin(3x - %) - sin(% + x) = 0.

BreikapricTaem popmysry posHAcCIIi cinycay:

3x—£—(£+x) Bx— T+ Hx
. 6 6 6 6 _ . T _
2sin cos =0; sin{x —-+|cos2x = 0;
2 2 6
[ no_ _m
sin(x—%)=0, X—g=nn,nezZ, |x=gtan,nez,
cos2x = 0; 2x=%+ﬂk,kez; x=%+%k,kez;

[x =30°+180°n, n € Z,
| x=45°+90°k, k e Z.

Haii6onbImbl aAMOYHEI KOPaHb ypayHeHHsS poyHBI —45°. HalimeHIIbI gagar-

HBI KOPaHb ypayHeHHs poyHb! 30°. Ix cyma poyua —15°.
Adras: —15°.
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IIpeiraan 8. 3HaWA3iIEe KOJbKACIIh KapaHEy ypayHeHH

cos6mxsin9mx = cosmxsinl4mx HaA MpaMeKKy [3; 4].

Pawanne. cosbmxsin9mnx = cosmxsinl4mx;
%(Sin(an +6mx) + sin(9mx — 61x)) = %(sin(lélnx +mx) + sin(14mx — 7x));
sinlbmx + sin3nx = sinlbnx + sinl13mx;

sin3mx = sinl3mx; sin1l3mx — sin3mx = 0;

. 13mx —3nx 13nx + 3mx .
2sin 3 cos 3 =0; sinbmxcos8mx = 0;
[sin5a‘tx=0, Snx =nn, n € Z, x=%, neZz,
— . _m .
cos8nx = 0; 8nx = 5 +nk, ke Z; x=%+§,kez.

. o n
BpeisHaubIM KOJBKACIh JiKay BHITJIALY 5o NE Z, Ha TIpaMeXKy [3; 4]. s

raTara paIibIM ABAMHYIO HAPOYHACIH 3 < % <4; 15< n<20. Arpeimanas Hs-

poyHAacIh Mae IIACIb IPJIbIX PAIISHHAY.

PomeiM HApOYHACITL 3 < % + g <4 upwel ke Z:

48 <1+2k<64; 47< 2k <63; 23,5 < k< 31,5.

HanseHas HAPOYHACIb Mae BOCEM I3JIBIX PAIIdHHAY.
TaxiMm ublHaAM, Ha IPaAMEXKKY [3; 4] 3BIXOMHae ypayHeHHe Mae 14 KapaHeEy.

Adras: 14.
17.1. Packaazasiie Ha MHOMKHIKI cymy:
a) cosa + cos2a + cos3a; 0) sina + 2sin 5 + sin 9.
17.2. 3uaiingine sHausHHE BHIPA3y:
. ° o . o cos'78° +sin228°
a) sin72° + cos222° — sin 12°; 0) —5—— o
sin“54° — cos® 54
17.3. JlakakbIlie TOeCHACIIh:
cosa+sina _ E ) o _ a . (g_ o)
e ——— tg(4 +al; 6) 1 —sina —cosa 2\/§s1n2 sin( 3 45°).



96 Paspsen 3

17.4. 3uatinzine capsaHsae apblPMeTbIUYHAE KapaHEY ypayHeHH
sin3x + sinx = sin2x
Ha MPaMeXKY [—J'[; 0,53‘[].

sina +sin8a + sinba +sin7a

17.5. [lakaKbITle TOECHACITh =tg4a.

cosa +cos3a + cosba +cos7a
17.6. 3Haiifzine cyMy PO3HBIX KapaHEy ypayHeHHs

cos9x —cos7x +cos3x —cosx =0
JT
Ha IPaMeXKKy (O; E]'

o . 1 . o
17.7. 3uaiifzine sHausHHE BBIPA3Y einl0” 2s8in70°.
17.8. 3Haiifzine KoJIbKacilb PO3HBIX KapaHey ypayHeHHs

cosx + cosbx = cos3x +cosTx

Ha IpaMexXKy [O; 23‘:].
17.9. laxkaskbilie, IIITO 3HAUSHHE BHIPA3Y
sina — 2sin(% - 15°)cos(% + 15°)
He 3aJIeKbBIIb af d.

17.10. 3uaiigsine KoabKacIh KapaHEy ypayHeHHA
sinx + sinbx +/3sin8x = 0 na IPaMexKKy [%, J'[:|.
17.11. 3uaiigsine KoIbKacllb PO3HBLIX KapaHEy ypayHeHHS

sin3xcos2x = sinb5x Ha mpaMeKKy [0; 23‘[].

o . 11mn 3n _ . bm . 23'[_@
17.12. 3uaiinzimne 3HaUsHHE BBIPa3y COS 5 COS oo — singrsings T

17.13. 3umaiigsine (y rpaaycax) HaiOOJbITBEI afMOVHBI KOPaHb ypayHEHHS
cos3x +sinxsin2x = 0.
17.14. 3uaiifzine KOJbKACIb PAIIYHHAY YpayHeHHA

sin6xcos2x = sinbxcos3x —sin2x

J I
Ha IPaMeXKy [—5; §]'
17.15. Pamslne ypayueHHe:
a) cos 3x = sinx; 0) sinbx = cos x.
17.16. Pamrsine ypayuense [sinx| = cos5x.
17.17. I1i icuylonpb campayaHBbIA 3HAUSHHI O, MPhI AKiX mpaBiibHAA POY-
Hacuhb sino + sin6a = sin7a?
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§ 18. Kopans n-ii cryneni 3 gdiky a (n > 2, n € N)
@ IIpeikaan 1. 3Ha1/1/131ue 3HAUY9HHE BBIPA3y ( 2\/_)
Pawonne. (-292) = (-2)° - (32)° =20 - 2% = 28 = 256.
Adkas: 256.

IIpeixaan 2. 3uHaliasine yce 3HAUSHHI 3MeHHAH, IPLI AKiX Mae COHC BhIpas:

a) ¥3x—1; 6) YWx? —4; B ; 2
) ) )STC =

3x2 —4x+3 ’
Pawsnne.
a) Bripas 5/8x —1 mae comc npbl 3x —1 2> 0, T. 3H. TIPHI X > é
6) Beipaz  Wx® —4 Mae csHC Tpel x>—4>0, T. B3H. IpH
X e (—OO; —2] U [2; +00).

r)

B) Bripas Mae coHC TIpel bx —x® >0, x*—5x<0, r. 3H. IpHI

xe (O; 5).

85 — x2

—4x+3+*0, r. 3H. mpel X * 1,

2 2
r) Beipaa ————— wMae c3HC OpHI X
5x2 —4x+3

x#* 3.
IIpsixaan 3. Pambilie ypayHeHHe:
a) 8x% =5; 0) % =3; B) 0,2x° = —T;
r) (x—1)"° =-3; ) (3x—1)° =32; e) (x—17)" =81;
%) (4—5x)° =125; 3) (0,1x —5)° = 0,000001.
Pawasnne.

RER
2 b

a)8x’ =5 (2x)’ =bo2x=35 o x=
6)§=3@x8=6@ * =96,

x = —¥6;
B) 0,2x° = —To x’=-35o x=%Y-35 o x =—¥35;

r(x—-1)"=-3xecg;
nBx—1°=82o3x-1=2cx=1;
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(x—7) =81 x—17=3, x =10,
°) (x— Tla-71=-3T|x=4;

x®) (4-5x)’ =125o4—-5x=5o —bHx=1c x=—-0,2;

. 0,1x —5=0,1, x =51,
3) (0,1x —5)" =0,000001 <

0,1x—5=-0,1|x = 49.

S @ S
18.1. 3uaiigsine sHauUsHHE BHIPA3Y:
a) 0,34625 +2Y—128 —5- (—97)";
6) (—5¥—2) —¥/3° +(~0,145)";
5) 253/—0,008 + 33/0,00032 — (-3¥—2)’;

1 A 58 19 15
L 758 5 g19 gy
") 100000 V' 81 32

18.2. 3uaiigsimne, Ipbl AKiX 3HAUSHHAX 3MEHHAall Mae COHC BbIpas:
1
a) 7x —2; 6) Wox? —1; B) ———; r) ——2
§x? +3x 5x2 —6x+8

18.3. Bruriurlie:

a) ¥3¢81-1;  6) J0,9— {~0,0000001; ) {34 +14-3~0,027.

18.4. Pamrblinie ypayHeHHe:

a) 27x%—1=0; 0) 5x+2=0; B) 64x3+3 = 0;
r) 81x'—5=0; n (7x+1)° =27; e) (x—5)° =64;
x) (2—3x)° =—1; 3) (0,3x +5)" =0,0016.

18.5. 3uatigsine sHausHHE BLIPA3y:

a) ¥¥512; 6) 42704/0,0081 ; ») {—22¢-216.
18.6. Pamrsite ypayuenne:

a) x% +x*—56 =0; 6) x'2+8x°—9=0;

B) x* —82x" +81=0; r) 64x°—63x* —1=0.
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18.7. 3uaiinzine abcAr BEISHAUSHHSA BBIPA3y:
1 2 x+7
a) §x®—25 + ———; 6) §/2x*—bx +2 — ———.
4\/x3—x2 34x2—1

18.8. Bmaiixsine szausmue Bbipasy (a—b)(a+b)(a? + bz)(a4 + b“) IPBI
a=47, b="¥11.

18.9. Bmuaiinsime, nps! AKix sHAUGHHAX JiKY a YpayHenHe 3x'% = 2a —1:

a) Mae JBa Kapati;

0) Mae af3iH KOpaHb;

B) He Mae KapaHey.

18.10. Buaiinsime, npsl AKiX 3HAUSHHAX JIKY a YpayHenHe x° = a? —16:

a) Mae IBa KapaHi;

0) Mae aJ3iH KOpaHb;

B) He Mae KapaHeéy.

§ 19. YaacuiBacui kapaHéy n-ii cTyneHi (n >2,ne N)

o (@) =t Wa=mm e =
n — nlt e a_(‘/;
Yab=4a Wb /e =YL (b=0)

(a>0,6>0,neN,meN,keN,n>2,m>2, k>?2)

5,
IIpeirmaan 1. 3HAWA3iIe 3BHAUDHHE BHIPA3y 5\2 + §/§ . 5/5
Pawanmne.

BrikapsicTaeMm yiaaciiBacIli KapaHeéy n-ii CTyIeHi i aTpeIMaeM:

Y2 | 3/2.3 [2 [1 .3 1
= tR3 X9 =52 +33:9 =5 +3I27 == +3=3,5.
64 Us- Yo 64 32 2
Adkas: 3,5.
Z/aT_ 6/,6
IIpeikaan 2. Bagoma, mIiTo 3HaU9HHE BBIPa3y — 5 poyua —1. 3uaii-
Isire yce MardeIMbIsd 3HAUSHHI, SKifg MOKa OphIMAaIb d.
g7 — 8,6 B a—lal _ L {a—a:Za, {a:—a, {a<0,
- —2a -

_1-
> 2a a # 0; a # 0; a # 0;

Pawanne.

a<0; ae (—00; O).
Adkas: a e (—00; 0).
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Iperxaan 3. Beuriusime: §/5° 3/57’ 572,
Pawanne. §5° (/5>5 572 =§/75*.5° . {572 =
=855t Y52 =455t Y52 = Y50 Y52 =150 .52 = U5 =5,

Adras: 5.

IMpeikmaan 4. 3Haiifzine sHaUsSHHE BBIPA3y \/6 +442 — ‘\‘/17 —1272.
Pawanmne. \/6+4\F —%/17—12\/7 = \/(2+\/§)2 —‘\*/(3—2\/5)2 =

= 2+2|—\3-22| =2+V2—(1-V2) =2+2-[1- 2| =

= 2+J2-(V2-1)=3.

19.1. 3natifzie 3HaUSHHE BHIPA3Y:

7/0ld , K7 8032 . o24 318.136 75 .315
a) {8"-5"; 6) §/2°- 3% B) 8z e T) {50 05
19.2. BeikapslicTaiilie yaciiiBaciii kapauéy n-ii cTymneHi i BeLIiUbIIe:

w2458 a5y 1) o2

Adkras: 3.

a) §2°-5° - §/2°-57; 6)

ot

2 3 N
19.3. Bouriusire: 8- 3 (3%) . /324 + 256 127
34 5=

19.4. 3uaiigsine sHausHHe BLIPA3y:

a) Y11 -2410 - 411+ 2J10; 6) 39+ 17 - 317 — 9.

19.5. 3amimeitie BeIpas va —b y BBITJIA3€ KOpaHs:

a) yaiBépray CTymeHi; 0) 1rocraii cTyIeHi;

B) O3sACATAN CTyIIeHi; ') IIacHaInaTai CTymeHi.
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19.6. Samimeitie ¥ BRITJIAA3€ KapaHEY aAHOM i TOMH Ka CTyIeHi BbIPashl:
a) Ya, Jb i Ye; 6) Ya, $b i e,

19.7. Cupaciiime BeIpas:

o f¥a; o) Was ») \¥a*;

0 Pa; n {¥a - a; e) INa - {¥a.

19.8. Brisuaulie, palbldHAJbHBIM IIi ipalbITHAJLHBIM JiKaM 3’Ayjderiia
3HaUYdHHE BBIPa3y:

a) ¥5 - ¥5; 6) =7 - ¥49;

o 104100 oy

19.9. Bouriubliie 3HaU9HHE BBIPA3Y:

0 -3 -¥3°; o Y- -0

p) U5 —8(-5)°; 1) ¥-10" + Y(-10° ~ Y(~10)*.

19.10. BrizHauiie, panblIHAILHBIM IIi ipalbIAHAJLHLIM JiKaM 3’ Ayaderiia
3HAUSHHE BBIPAsy

8(—11)* + U5 —J26 - U5+ 26 — 416-% : 8257 + 3/25-135.
16

4
19.11. IIi opayzma, IITO 3HAUDHHE BLEIPA3y ‘i/( Y90 — 3 10) —¥90 — %10
3’AyasdeIiia panblaHaJbHBIM JiKaM?

19.12. 3uaiinzine sHausHHE BLIPA3y \/25a2 + 3’/64a3 — 3/16a4 — %676 npo
a=326—3.

19.13. Boriubiiie:

o) Y45 —9) +¢(a5+9)'; ) §(307 +8)° —{/(3.7 - 8)° — 1.
19.14. 3Haniazine sHau9HHE BBIPA3Y:

a) Y8 —2 - 47+473;

6) {2 —/3 - ¥5+2J6;

B) 417 —12V2 +5—24.
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19.15. 3amnimnrsite § BeITJIAA3e MHATauJeHa BbIPas:

a) Y(2m — 5,4)4 npel —1< m< 1;

6) §(3n—12,1)° —12,1 nper —5< n< 4;

8) §(2a —1,8)° — /(3,24 +1,6)° — 2a — 1,6 mps —0,4 < a < 0,5;

r) 496 —1)* +§/(20+3,4)° —b+3,5 mper —2,8 <b < —1,8.
19.16. ITa6yayiime rpadik pyHKIILIL:
a) y=4(x—3)"+x npsr x > 3; 6) y=—x¥(x+1)® mper x < —1.
(%2 +5+2./5a +‘\1/a+\/5)-‘\‘/a—
th6a®-80

19.17. Cupaciiime BeIipas

19.18. 3Hailigsile 3HaUSHHE BHIPA3y
J12a + 23607~ b* — \[12a — 2,/360°— b* — 2J/6a — b nper a =2, b= 3.

§ 20. IIpsiMaHeHHE yiaciiBaceil KapaHey n-i cTyneHi
ISl IepayTBapIHHA BbIpa3ay

b¥ab
Yo
b¥ab _ bYa-Yo  v¥Ya - b3
Yo ¥ ¥ o¥a) o¥a

Ilpeikaayn 2. BelHecille MHOMKHIK 3a 3HaK KOpPaHA ¥ BbIpase m .
Pawoasnmne. (‘/—a“ = %/—a?’ ca® = \az\@ =a’ (‘/?.
IIpeikaan 3. YHACie MHOMKHIK IIaJ 3HAaK KOPaHS ¥ BeIpase
(4—m)Y2m—8.
Pawsnne. Bpipas (4—m)%2m —8 wmae comc mper 2m—8>0;m > 4,
r.3H. MHOX.HIK (4—m)<0. Tagsr 4—m)¥2m—8 = —(m—4)¥2m—8 =
=—m —2°(2m —8) = ~Y2(m 4" (m—4) = —Y2(m-1)".

@ IIpeikman 1. Ckaparime gpo0

Pawsnne.
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Ilpeixaan 4. Cupaciine BeIpas Q/\/11—4\/7 -8 —¢21.

Pawsnne.
Ni1—4J6 — 8 - 927 - {|/(2va)f —2-202- VB + (VB) 2423 —
~ i\(evz —8) ~2v2 3 = {2Vz— 3 -2/2 -5 -
= Y23 = {1z = -912.

Ipeixaanx 5. Copacrimne BoIpas
(Er ) e oy
= 1+F] (122 1) -
() () ) -
[}ffﬂ F]((l

( Jxy +1+ Jxy ([+J§)=( ly)2_(@+&)=

xy

Pawanne.

3

N—
Il
|
(oY
<
<
+
—-
|+
5
< ﬁ
<
N—————
b
VR
s
J’_
ot
N—_——
Il

Adkras: y+.xy.

20.1. Bribeprille HAIPABiJIbHYIO POYHACIID:

a) V45a® = 3a/5a; 6) ¥—32x° = —2x%—x;
B) 416(m —n)* = 2/m — nl; r) §(=5)° a'? = 5lal\/lal;
) §—64y" = —2y9—y.
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20.2. VHAcille MHOKHIK IIaJ 3HaK KopaHaA § BeIpase (7T —m)s
20.3. Briiusbrre: 12-35 - V595 .

(Y25 —1)(¥25 +1)
20.4. 3amimrble ¥ BRITJIA3e KOPAHs BbIpas:

3(12% . 6 3a\3/a§/—
a) 7, ) B

6/ 3

20.5. 3maiigsine 3HausHHE BLIPA3y ((l—l - %gl) : f—zay+1 MIPBI
a=0,0625. “ “ ameNa

20.6. 11i mpaygma, 1ITO 3HAUSHHE BBIPA3y 3 AYJMEIIla PAIlbIAHAJIBLHBIM
Jikam:

a) 5%6./32 —3¥9.162 — 1118 + 237550 ;

6) %/\3/56 +%/36./6 +26—4./30 ?
Yo + 4lxy* -
-

20.7. Copaciiinie BeIpas

e
U (4 + 4,

i 3uai-

20.8. Crupaciiime BeIpas 7-((‘\‘/7—‘\‘/5)_1 (f+f) ) (f f)

Isire Aro 3HausHHe Ipbl a = 196, b = 36.

. ada-b  Yab—b .
20.9. Copaciiine BeIpas eidab - a=b (\/3+\/ab)a+2.

20.10. 3uaiinzine sHausHHE BbIPA3Yy:

a) (i‘/g+{‘/g):(yb73 +b§5) npel a = 68, b = 4;

0) (\/a +6+2a\/7+\/a+\/7) \/a J6 IPBI a—\/ﬁ;

B) 8}(3\/7—1)8 —\/9x—12\/;+4 OpBl X = 1%.

20.11. Buaiigzine sHausHHE BRIPA3y X. + X5, A3€ X, i X, — KapaHi ypayHen-

ma x?— (42 —48)x —1,5v2 =

-1 —6
(x+\3/2ax2 -(2a+\3/4a2x) -1 1
%—32a ¥2a

20.12. Cmpacirimie BeIpas
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§ 21. YaacuiBacni i rpagix dysakmer y=Yx (n>1,neN)
@ Mpeixman 1. 3Haka3ine abcAr BRIBHAUIHHA (QYHKIIBII

y=Y20—x—o> —— 2 .
814 — 5x — «2
Pawanne.

AOcar BbIBHAUSHHA Jai3eHail (DYHKIIBIL cylajae 3 MHOCTBAM PaII9HHAY cic-
TAMBI HAPOYHACIIEH

20—x—x>>0, |x*+x—20<0, [(x+5)(x—4)<0, xe[—5;4],
{14—5x—x2 > 0; {xz +5x—14 < 0; {(x+7)(x—2)<0; xe(—7;2);
x e [—5; 2).
Adkas: D(y) = [—5; 2).

IIpeirman 2. 3HAUA3ie MHOCTBA 3HAUDHHAY (DYHKI[BIi:

a) f(x) = 4(x—2)* +81;
6) g(x)=327—(x—1)".

Pawanmne.

a) Ila ymaciiBacmi KBagpaTbhIuHail (DYHKI[bIi MHOCTBAM 3HAUYIHHAY IIai-
KapsHHAara BbIpasdy 3’ayJiserna IpaMexak [81; +<>0). ITa yamacmiBacii mana-
TOHHAcCHi QYHKIBI Yy = 25/; , I13e Bk € N, MHOCTBaM 3HAUDHHAY man3eHall PyHK-
IbIi 3’ AYIdeIiiia mpaMeKaK [3/8_1; +00), abo E(f) = [3; +00).

0) Ila ymacmiBacmi KBagpaTbhluHaill ()YHKIbIi MHOCTBAM 3HAUYIHHAY IIai-
KapsHHAra BBIpasy 3’Ayisdeliiia mpamMerkak (—OO; 27]. IIa ymaciiBacmi manHa-
TOHHAcCHl (QYHKIBIL Y =2k+\1/; , o3¢ ke N, MHOCTBAM 3HAUSHHAY maas3eHain

(GYHKIIBI 3’ ayasgeriia mpamMmeskax (—00; Q/ﬁ], I. 3H. E(g) = (—00; 3].

IIpeieaan 3. Pasmactine Jriki —3’/?; —\/2% i —\3/5\/§ y mapaakKy Ha-
pacTaHHS.

Pawanmne.

Bamimam mixi —37 ; —\/ 2%6 i —3/ 52 y BBITVISIA3€ KapaHey 3 agHOJbKa-
BBIM IIaKa3UbIKaM:

47—~ - —4las;
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— 286 =—5/2% -6 =—/¥/48 = —/48;

~{5v2 =—§/5 -2 = /50 = —50.
Haxonsri —%50 < —§/49 < — 848, 10 —5J2 < —37 < —/2%6.
Aodras: —\3/5\/5; —3/?; —\J2%6 .

21.1. 3uaiigsine adbcar BbIBHAUSHHS (PYHKITHIL:
8 2 —4

-1 5
6) f(x)=—2 +8x2—x—20;

) f Ux? —5x
B) f(x) = §x*— 2x% + lx|—

21.2. 3uaiifsime MHOCTBA 3HAUYDHHAY (PYHKIIBIL:

a) g(x) = §(x —1)°+64; 6) h(x) = (x +5)*+81;
B) g(x) = 4x*+ 4x + 85; r) h(x) = §/x*—2x + 65;
) g(x)=3x®—6x+41; e) g(x)=8256—(x+3)°.

21.3. Paswmdciiine ¥ mapaaky HapacTaHHA JIiKi:
a) V3,5 i 47; 6) ¥6,¥/30 i ¥10

21.4. Namsens: Qymrumeii f(x)=3x i g(x)=x'. Buaiigsine szausHHe
BBIPAsY:

o) fle(V2v2)l;  6) g(r(0,125)).
21.5. ITabyayiite rpadik GYyHKIIBIi:

a) £(x) = |3 6) g(x) = {x/;
) fx) =—Hx| -2 0 ex=4yx—2

21.6. (I)ymcuma y=f(x) mamormas i gna x >0 sajgaemnma dopmyait
f(x) = Yx — 1. Buaiinsine saausuHe BeIpasy f(—2) — f(—8).

a) f(x) =
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§ 22. IpanbIgHAJIBHBIA YpayHEeHHL

Ipeixaang 1. Pamsine ypaynenne x° +x =418 —x —x? — 2.
Pawanmne.

Hsaxait t=+18—x—x2, t>0, rager t2 = 18 — x — x% x® + x =
=18 — ¢%. 3pIx0onHAe YpayHeHHe IpbIMae BhIMIAL 18 —t2=¢ — 2; t2 4+t — 20 = 0;

t=-5,
|:t=4 IMakonski t >0, Tot =4, r.830. V18 —x—x*> =4; 18 —x — x? =16;

5 x =2,
x*+x—2=0;
x=1.
Adrkasz: —2; 1.

IIpeixaan 2. Pambilie ypayHeHHe:

a) (x—2)-Yx* —9x +8 = 0; 6) =2 Jx-D(x—2) =0.

1

Pawanmne.
a) BrIixkaprnicTaeM yJaciiiBaciib a0 poyHacIli 31a0bITKy HYJIIO i aTphIMaeM:
2 —9x+8=0, xi?
x—2=0, o * =8
) x =2, x=1.
x°—9x+8 > 0;
x € (—00; 1] U [8; +°°);
Aokas: 1; 8.
[ [x—3
x—1 0,
5 | [x—D-2)>0, [x =3,
(x-D(x-2)=0, X%
| [x * 1;
Aoka3s: 2; 3.

IIpeikaan 3. 3Hanasine cymy KapaHeéy (KopaHb, Kaji €H aa3iHbl) ypay-

HeHHS X +\3x2 +13 \/7 {3x% +13 = 2.
Pawsnne.
x-V3x% +13 —Jx - ¥3x% +13 = 2.
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t=2,
Hsaxait t = Jx - Y8x2 +13, ragpr t2 —t — 2 =0, |:t _ 1 Iakoubkit > 0, TO
t=9 Jx 437413 = 2 x?(3x% +13) =16, [3x* +13x* —16 =0,
= 2, 3BHAYBIND, VX * {3x =2;
. x > 0; x > 0;
2 16
xt=—=7,
3 x? = 1, [x=+1, )
2 — =
x” =1, x>0, |x>0; *T
x > 0; Adkas: 1.
IMpeikaan 4. Pamsine ypayuenue 1+ cosx = sinx.
Pawasnmne.

Vv1+ cosx = sinx; {

1+ cosx =sin’x, [1+cosx—(1—cos®x)=0,
sinx > 0; sinx > 0;

{cosx +cos®x =0, {(1 + cosx)cosx =0,

sinx > 0; sinx > 0;
YA
+ cosx =—1,
cosx =0,
sinx > 0.
p 0 > Ha apgsinmkaBaii akpysKHacCIli aJa3HAYBIM
OYHKTBI, dAKid aAmaBagamolb  3HAUSHHIM
3MeHHal, mpbl AKiX cosx = —1 i cosx = 0
(pwic. 64). 3 yaikam ymMoBBI sin x > 0 aTpbiMaeM
3n
2 x=n+2nn,neZ,
JT
Pnic. 64 x=§+2nk, keZ.

Adkasz: n+2nn, ne Z; %+23‘tk, ke Z.

IIpeixaan 5. Pambine ypayaerrne 32— x +Jx—1 =1.
Pawanne.
Haxait a =32—x; b=Jx—1, rtagpia®=2—x; b?’=x—1ia® + b2 =1.
Pomisiv cictamy ypayueHHSY
a® +b* =1, |a®+b* =1, |a® +(1—a)’ =1,
at+tb=1; b=1—a; b=1—a.
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Pomibim mepitiae ypayHeHHe CiCTOMBI:
a®+a®*—2a+1=1; ala+2)(a—1)=0;

a—o, |[¥2—x =0,
b=1, x—1=1,
x =2,
{a =-2, Y2—x =-2, B
b=3’ NX — =3,
{a=1, Y2-x =1,
b=0; _\/x—1=0;

Adrasz: 1; 2; 10.
IMpeixman 6. 3uHaiigsine abcibICchl IYHKTAY IMepacAusuua rpadikay pyHK-

upliii y =+1+4cos2x i y=+1—4cosx.

Pawsnne.

Paursim ypayaenae 1+ 4cos2x = /1 —4cosx;
\/1 +4(2cos?x —1) = V1 — 4cosx. Haxait cos x = t, Tamgbl YypayHeHHEe IPbI-

8t —8=1—4¢t, [2t°+t—1=0,
Mae BBITJIA \/1+4(2t2—1)=\/1—4t; { {

t=—1, 1—4¢ > 0; t<0,25;
t=0,5, t+=-1.
t<0,25;

Tager cosx =—1; x=n+2nn, ne Z.

_®_

22.1. 3Haiigsine cymy KapaHéy ypayHeHHA \/5 - \/x +1+v2x2+x+3 =1.
22.2. BeikapricTaiilie yiacifiBacib ab poyHaciii 34a0bITKY HYJIIO i pallbiiie
ypayHeHHe:

a) (x —4)\V/8+x = 0; 6) (x®+8x+15)Jx+4 = 0;
B) (8 —3x)V10+ 3x —4x* = 0; r) (1—2x)Jx+3 =1—2x;
n) (x+1)Jax?+x—2 =2x+2; e) \/16—x2\/x2—3x—10=0.

22.3. Pammire §paguente 14 +1+Jx—2 +1+Jx—2 = 6.

Aldkas: m+2nn, ne Z.
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22.4. Pamsine ypayaenre Jx —2 +/x +3 =+/6x —11.
22.5. 3uaiigsine cymy KapaHéy (KopaHb, Kaji €éH aasiubl) ypayHeHHs

xvx? —15 +50x - Yx% —15 = 14.

22.6. Pampime fpayuenne 2x° — 15x +1 +,/2x° — 15x +8 =1.
22.7. 3managine cymy KapaHéy (KopaHb, KaJi €H aasiHbl) ypayHeHHS

2 _ J18—3x 1
x x? J18—3x "

22.8. 3uaiigsimne cymy KapaHnéy (KopaHb, Kaji €éH aasiubl) ypayHeHHs

P2 g g 4alr —2x-2-0
\/m X X X .

22.9. 3uaiigsine capsgHae apbl(pMeThIUHAE I[9JIBIX KapaHey ypayHeHH

Jr+5—4x+1 +Jx+2-2Jx+1 =1.
22.10. 3naiigsine cymy Kapauéy (KopaHb, KaJii éH aa3iHbl) ypayHeHHA
Ja? —2x—3+vJ-x —x =Jx +1.
22.11. Pambiie ypayHeHHe:

a) «/3sinx +1,5 = 2sinx;

6) Vv1+4cosx =1— 3cosx;

B) V1 —4sinx =+/1—4cos2x.

22.12. Pambine Ypayuenne 2x/7x +18 = x*+ Tx +18.

22.13. Pamsine ypayuenne 3x2+ x +2—4xJx+2 =0.
22.14. 3uaiigsine kapani ypayueHHs

J2x+3+Jx+1=3x+2/2x*+5x+3 —16.
22.15. 3uaiigsine sgabuiTak KapaHéy (KopaHb, KaJi €H aas3iHbl) ypayHeHHSA
Jx+5+Jx =2x—15+2x*+5x.

22.16. 3uaiigsine s3gadbbiTak KapaHéy (KopaHb, KaJi €H aa3iHbl) ypayHeHHSA
P+ x+Jx—2=13.

22.17. Pamsine ypayuente Vx —2 =5+ x — 1.

22.18. 3uaiigzine abcibIcbl TYHKTAY IlepacausHHs rpadikay GYHKIIBIN

y=+1—4sinx iy=+1—4cos2x.
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22.19. Pamrsitrie ypayHeHnHe aJHOCHA 3MEeHHAM X:
a) Vx+4 =a—2; 0) V8 —x =2a + 2;
B) V7 +2x =a— x; r)Jx—a=J4—x.

22.20. Pamsine ypayrerse (x —1)JVx —a = 0.
22.21. BHaiinsimne ce 3HAUSHHI JiKY a, IpBI AKiX ypayHernHi x> —a =01

Vvx —a =0 payHasHaAUHBIA.

g § 23. IpanpigHAIBHBIA HIPOYHACIIL

HsapoyHraciii, aKia sMaimuamonb 3MeHHYI0 Hajl 3HaKaM KOpaHdA, Ha3bIBAIOII-
@ 11a ipanbIaHAIbHBIMI.
IIpsI pamsHHI ipanblTHAIbHLIX HAPOYHACIell HeabXoAHa He TOJbKi Kaphbic-
Talla yaaciliBacIiAMi JIiKaBbIX HAPOYHACIIEH 1 YaaciiBaciaAMi KopaHd n-if cTy-
meHi, aje i yaiuBaib 3HAKi BeIpasay y JieBail i mpaBail YacTKax HAPOYHACIIi.

IIpsixaan 1. Pambeille HIpoyHACIb /X + 2 > x.

Pawanmne.

ITepwwbt cnocab. YsBecrri abe3Be YacTKi HAPOYHACIIi ¥ KBaaApaT MOYKHA IIPHI
¥MoOBe, IITO AHBI HeaAMOYyHbIA. Tamy npbl x > 0 magseHas HApPOYHACIh payHAa-
3HauHa HApoyHacIi x + 2 > x2. Hamneit Tpaba pasrasamalh pansHHe HAPOYHACIIL
npbl X < 0. IIpbl IaTHIX 3HAUPHHAX X JieBad YaCTKA HAPOYHACIL OoJIbIIasg 3a
IpaByIO OPHI YCiX 3HAUSHHAX 3MEHHAaM, IPHI AKiX v x + 2 icHye.

Takim ublHaM, gags3eHas HAPOYHACIIL payHasHauHa CYKYIHACIi cicToM Hs-

x}O, x>0’

) Cllxet2> a2, {xe(—l;Z), xe[0;2),

poyHacIei {x<0, 2= {x<0, = xe[—Z;O)@ xe[—2; 2).
x+220 x> —2

Adxras: [—2; 2).

Hpyei cnocad. Hapoyuacumi MoK-

\moopu:

Ha palalb, KapbicTaloublcad rpadirami

. . -6-5-4-3-2-1/101 2 3 4 5 6 7TX
byuxupeiii. [na pammHHA manseHall HA-

poyHacmi mabyayem rpadiki QYHKIBII
f(x)=Jx+2 ig(x) = x (psic. 65).

Pric. 65



112

Paspsen 4

3ayBaxbIM, IITO OJSI X € [—2; 2) rpadik ysrmei f(x) =+x+2 pas-
MeITuaHbl BBIMIDI rpadika QyHKIUBI g(x) = x. 3HAUBINb, 3HAUIHHI (PYHK-
bl f(x) GOJNBINLIA 3a aAllaBeHBIA 3HAUYSHHI (PYHKIBIL g(x) miasa x € [—2; 2),
I'. 3H. pallldHHe Ja3eHall HAPOYHACII écIlb ITpamMeskak [—2; 2).

Tpaui cnocab. PamibIM IaTy HAPOYHACIIH MeTagaM iHTapBaJiay.

Pagraensim pysrisio f(x) =JVx +2 —x. - -

1) D =[~2;+oo). = 5 ¥

2) Hyni @yHKIBIL: x = 2.

3) BridHaubIM 3HAKiI (DYHKIIBII ¥ KOXKHBIM 3 IIpaMeskKay, Ha AKisd IIyHKT
x = 2 pasbiBae abcAr BbI3HAUSHHS (GYHKIBI f(x). ¥ aAmaBegHacili ca 3HaKaM

HSIpPOYyHAaCI[i BbIOipaeM agkas: X € [—2; 2).

Taxim ublHAM, pamiamnb ipalblaHAJbHBISI HAPOYHACILI MOYKHA PO3HBIMI CIIO-
cabami i HaBaT ixX KaMOiHAI[BIAN.

Pasriensim HexkaToOpbla BiAbl ipallblAHAJIbHBIX HAPOYVHACIEH i MeTambl ix
parsHHg.

1. Hapoynacus Bigy 2/f(x) > g(x), ne N

IIpeixaan 2. Pamblie HAPOYHACIID:

a) V3 —2x > x; 6) Jx*—3x+2>x+3; B) Vx+7 > x+1.

Pawanne.
a)m>x<:> {g(x)<0,
x>0
o f(x) >0,
o {3—2x>x2,<:> 20f(x) > g(x),ne N & {g(x)>0,
x < 0, 2n
_{3 ~2x>0 7(x) > (g(x))
L [0; 1), o xe(—oo;1).
| x € (—00; 0)

Adrasz: (—oo; 1).
x*—3x+2>0,
x+3<0,

6) Jx*—3x+2>x+3o {x+3>0 =N

x> —8x+2>(x+3)°
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[ [x2 —3x+2>0,
x < —38, x € (—o0; —3),

x> —
x <—

B) Pamreim HApoYHacIE rpadiuna. [Iabyayem Bimapwichkl rpadikay GyHKITIH

flx)=Jx+7 i g(x)=x+1 (psic. 66).

ol W

Adkas: (—00; —%).

lw IS

-10-9-8-7-6-5-4-3-2 11 01 345 6 Tx
2 Pric. 66

Pammsuaami mapoyuacii Vvx +7 > x +1 Oyayip ThiA 3HAUSHHI X, IJId AKiX
rpadix @pysrnen  f(x) =x+7 pasmemuamsl He Himsi rpadika QyHKIBI
glx)=x+1, r.80. xe[-T7; 2|

Adxras: [—7; 2].
2. HapoyHacusp Bigy ZW < g(x), neN
IIpsikaan 3. Pambllie HAPOYHACIIL:
a) J3—2x < x; n
% glx)>0,

i)amiz;; crrz 2/f(x) < g(x), ne N < {f(x) >0,
a)V3—-2x <x & f(x) < (g(x)*"

x>0,
< 83—2x20, & xe(1;1,5].

3—2x<x*

Adras: x € (1; 1,5].
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2x —x* > 0, x*—2x<0,
6) V2x — x> <x+2 & x+2>0, o x> -2, =N
2x — x? < (x +2) 2x —x? < x> +4x+4

x(x—2)<0, xe[O;Z],
ox > -2, eix> -2, oxe|0; 2]

2
x*+x+220 xeR Adkas: x €[0; 2].

3. Hapoynacup Bixy 2¢/f(x) > 2/g(x) (zdf(x) < 2’{/g(x)), neN

IIpeixman 4. Pambilie HAPOYHACIIb:

a) V2x +1 > /3x —4; 6) V2x +1 </3x —4;
B) Vx? +5x+6 > J4x +6; ) J3x—4 <vx?—3x+1.
Pawsnne.
— (x) > g(x),
a) V2x+1>/3x—4 o 2W>2m®{f()>i
{2x+1>3x—4, {x<5, gAxs >
=4 1 &
3x—4>0 x>1s f(x) < g(x),
3 2nlf(x) < 2nlg(x =
[ 1 flx)>0
&S x € 15; 5).
. 10
Adkras: [lg, 5).
6) V2x +1<3x—4 2otl<Br—d, |¥7O 5; +
) V2x x S Yar+130 & x>_é<:> x € (5; ).

Adras: (5; +oo).

2 +5x+6>4x+6 Z2+x>0
2 +5x+6 >dx+ ’ ’
B) X 5x 6 X 6 & {4x+6>0 {x>_1,5
{x(x+1)>0, x € (—o0; ~1)U(0; +oo), (1,55 —1)U (0; o)
& xel|—1,5; — ; +o0),
x2>—1,5 x e [—1,5; +00)

Adxas: [—1,5; —1) U (0; +oo).
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2
3x—4<x*—3x+1, x*—6x+5>0,
0 VBx =4 < V¥ - 8x 1 e I A -
3x—42>0 x>1§
xe(—OO; 1]U[5; +c>o),
< 1 <:>xe|:5;+oo).
xl:lf;-i-oo)

Adkas: [5; +00).

—

. Hapoymacus sizy 2" J/f(x) > 2" Yg(x) (2”+\]/f(x) < 2 ’\l/g(x)), neN
IIpeigaan 5. Pambliie HAPOYHACIIL:

a) Yx? —2 > Yux; 6) Yx? —2 < ¥Yx; B) Jx+x—1<¥Yx+15

Pawanne. \/7 \/7 x
2t (x) > 2 Yg(x) o flx)> g(x)
Y —2>Yr o’ —2>x o
a)Jx rex i I (x) < Jg(x) o fx) < glx)

& xe(—o0; —1)U(2; +oo).
Adrasz: (—o0; —1)U (2; +oo).

6) Jxa’—2<¥Yx & ¥*-2<x o xe(-12).

Adras: (—1; 2).
B) ¥Yx® +x— Yx+15 & P*+x—1<x+15 < x2—-16<0 <
< X€ [_4; 4]' Adkas: [—4; 4].

5. Hapoynacus sigy /f(x) + 4 g(x) > a (\”/f(x) + ¥ g(x) < a),

neN, keN,n>1,k >1

Hapoyuacus Biny ¥f(x) +¥4g(x) > a (\”/f(x) + ¥ g(x) < a), neN, ke N,

n>1, k> 1, Mo:KHa palllbIllb MeTagaM iHTopBaJjay.
IIpeirman 6. Pambiiie HAPOYHACIIH:
a) Jx+1+J4x—3 > 5;
6) Vax—11 +J/x—3 < 4;
B) Jx+1—-V1—x >1.
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Pawosnne.

a) Ilepwbr cnocab. 3HoUazeM HYyJII (QYHKIOBI Yy = Jx+1+J4x—3 — 5,

I'. 3H. PAIIBIM YpayHEHHEe Jx+1+J4x -3 =5. AtpbiMaem x = 3. I'aThI TYHKT

%; +<>0) byHKOBIL Yy = Jx+1+J4x—3 mHa
IBa mpaMe:xKi. BrizHaubIM 3HAK (PYHKIIBIL § KOMKHBIM 3 iX, aTphIMaeM aaKas
x € (3; +oo).

pasbiBae abcsAr BbIBHAYSHHS D =|:

Adras: (3; +o0).

Ilpyei cnoca6. Kamni f(x) i g(x) agHamanaToHHBIA (abeq3Be cIagaIbHBISI a00
aben3Be HapacTaJlbHBIA), TO iX cyMa TakKcaMa MaHaTOHHas (cumazajabHas abo

HapacTajgbHad aanaBefgHa). PYHKIBIA Y = Jx+1+J/4x—3 HapacTae Ha ycim
abcAry BhIBHAUDIHHSA, a IIPBI X = 3 MphIMae 3HAUYSHHE, POYHAE 5, 3HAUBIIb, I
X > 3 3HAUHHI (PYHKIBIL OyAyIlh OOJBIIBIMI 3a IIAIlb, TaKiM ULIHAM, HAPOY-
HacIb Oy/3e mpasijabHAN IPBI X > 3.

0) Suoiiazem HYJIi QYHKIBI y = Jx—11 +Jx—3, r. 3m. PAILIBIM ypayHeH-

He Jx —11 +Jx—3 =4. Arpeimaem x = 12. I'saTbl nyHKT pas3biBae abcAT BbI-

3HausHHA D = [1 1; +<><>) GyHKIOBIL Yy = Jx—11+Jx—3 =a gsa IpaMerkKi.
Briznaubim 3HaK QYHKIBIL § KOYKHBIM 3 iX i aTppIMaemM x € [1 1; 12).

Adkas: [11; 12).

B) 3HOUA3eM HYJIiI QYHKIBIL Yy = Jx+1-V1—x — 1, r. 3H. paIIBIM ypay-

HEeHHe \/xT — m =1. Hyném pagseHaii GyHKIBIL 3’ayasgenia x = g

Tarol myHKT pasbiBae abcAar BrisHaAUsHHA QyHKIBI D = [—1; 1] Ha 1Ba mpaMesx-

. . o J3
Ki. Bei3HaubIM 3HAK Q)YHKI.U:II VY KOKHBIM 3 1X 1 aTPbIMaeM agKa3 X € (7, 1:|

Adkras: (@, 1].

23.1. Pamrbeine HAPOYHACIIH:

a) Jx +3 > 4; 6) Yx—1 > 2;
B) Vx® —6x +4 > 4; r) Yx—x®+12>1.

23.2. Pamisiiie HAPOYHACIb:
a) Jx—5 > —2; 6) Yx+2>—1;
B) V6 —x > 0; r) Y5x+1 > 0.
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23.3. 3maiifgine jyce 3HAUSHHI apryMeHTa, NPbl AKiX rpadik GYHKIIBIL
Y =X — 2 pasMANIyaena:

a) BBILISH nIpamoit y = —1;

0) He HixK9¥ TpamMoit y = —3;

B) BBIIIISH BOCi abCIibIc;

T') He Hi»Ka¥ Boci abcIrbic.

23.4. Panbliiie HAPOYHACIID:
a) v2—x > x; 0) Vx+7 2 x+1;
B) Vx? —4x > x—3; r) Jx2—3x+2 > 2x — 5;

1) \6x—x*—5>8—2x; e) Jx'—2x2+1>1—x.

23.5. 3uaiiazine, Ipel AKiX 3HAUSHHAX 3MEHHAH 3HAUYDHHI BRIpA3y:
a) Va? +7x +12 GoubIIbla 3a aflaBefHbIA 3HAUSHHI BBIPa3y 6 — x;
6) V—x? —8x —12 He MeHIIbIA 3a afIaBeAHbIS 3HAUSHHI BEIpasy x + 4.

23.6. 3uaiifzine HaboJIbINIAE I19JIae PAIdHHE HAPOYHACIIi:
a) Jx—8 <T; 6) V2x+3 <5

B) Yx+3 <2 r) Yx—1<3.

23.7. BoibGepsbllle HAPOYHACIII, AKiA HEe MAMOIb PAIIIIHHAY:
a) Jx+5 < —2; 6) 47— x < —1;

B) §/8—x <0; r) §x+8 <0.

23.8. Paibliiie HApOYHACIID:

a) V2x—1<x—2; 6) V7 +3x <1—x;

B) V3x— 2% <4—x; r)Jxt—3x+2 <x—1;

1) V144 — x* < x +21; e) x—1>+2x* —3x—5.

23.9. 3uaiigsine yce 3HAUSHHI apryMeHTa, IPhI AKiX:

a) rpadik pyHKIEI y = \/x® — 3x pasMAIIuaeIia HisKaii mpamMoit y = 5 — x;
0) rpadixk QyHKIOBI y =4 — x pasMAlIvaena He HijK9¥M rpadika GyHKIIBIL

y=+4x—x*.
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23.10. Parsitie HIPOYHACIb:

a) Ja+1>Jx—1; 6) V4 —x </3x—2;
B) V3x —10 > /6 — x; r) Jx+2<J6—x;
n) bx+7 <J2—3x; e) 3+ 7x <J1—4x.

23.11. Pambinie HApOYHACIIb:

a) Va? —1 < 2x+7; 6) V8x +44 > x? —4;
B) Vx +4 <Jx? —2x+4; r) Jx+2 >8—«x?;

m Nx? +5x <\1— 2% +4x; e) V2x2 —x—6 > /a2 — 4.

23.12. 3nanigsine yce 3HAUSHHI 3MeHHAN, IIPHI AKiX 3HAUSHHI BbHIPA3Yy:

a) /ﬁ MEHIIbISA 3a aAlIaBeHbIA 3HAUSHHI BhIpa3y 3 — Xx;

2x—3
4x—1"

x—2 .
0) .| T, He OOJIBIIIBIS 34 aJIlaBeHbIA 3HAUIHHI BbIPasy
X

23.13. Parrsite HAPOYHACIb:
a) Yx +5 < I6; 6) Y7—x >—1;
B) Yx? —x—10 < —2; r) §5x% —13x — 33 > —3;

n) ¥2x—1 < 34x+5; e) 36 —x > Y1+ 3x;

x) Yx? —3x—13 < Yx? —4x—1; 3) Y2x2 —6x+1 > Yx? — 4.

23.14. Painpilie HIpoyHAaCIIb Jx—2+J2x+5>3 IByMa crocabami.

23.15. Paimbilie HIpPOYHACIIb:

a) Jx—6 —Jx+10 <1; 6) V2x —1 +/x+3 < 3;
B) Jx+7 —1>Jx; r)3Jx+3—Jx—2>7.

23.16. 3uaiigsine yce 3HausHHI apryMeHTa, Opbl AKiX rpadixk (GyHKIIBIL

y= J2x —1 +Jx +15 pasmsamruaena Hiskaii npamoit y = 5.
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23.17. BeikapricTaiille MeTal 3aMeHbI 3MeHHAa i palrbiie HAPoyHaCIb:

a) 4Jx —3%4x > 10;
6) x2 —8x —2Vx? —8x < 3;

2x+1_ 2x+1
x x

B) > 3.

23.18. Pamibirie HApOYHACIIb:
a) (x +3)V5—x > 0;
B) Va2 —25-(x+3)<0;

) V81—x* +(x+2)<0;

23.19. Pamibilie HAPOYHACIb:

\/9—7x(x - 15)

x+19 <0;

a)

5) 6—2x
Jx? —Tx+12

(x+2)-«/6—x <0

22 +8x+16

> 0;

)

2

6) (4 —x?)Vx? —1 < 0;
r) (8x* —16x +21)\/2x +5 < 0;

e) (x> —9)-VJ16 — x> > 0.
5) J2x% +15x—17

10—x > 0;

64— x5
—>

x—1

r)

\/8—2x—x2 < \/8—2x—x2
x+10 2x+9

e)

23.20. Pamslinie aapoyHacb Vx —1 < a agHOocHA 3MeHHAM X.

23.21. Pamslinie HApoyHAcCHb VX + 2 > a agHOCHA 3MEeHHAM X.

23.22. 3uanpasiie 3HAYSHHI

HAPOYHACIIi:

a) (x—a)Jx—2>01ix>a;

yce

JiKy @, TpHI

6) (x—2)Jx—a>0ix>a.

AKIX payHasHAYHBI
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§ 24. A3HaudHHE BBITBOPHAH (PYHKIIBIi
IIpeixman 1. 3uaiazine BHITBOPHYIO QyHKIEIL y = C.

Pawanne.
Haxonski f(x, + Ax)— f(xy) =C—C =0 r0,C" = 0.

Ipeixxang 2. 3HaiiAsine BEITBOPHYIO GYHKIBI f(x) = x°.
Pawoanmne.
BrikapricTaeM aiarapbsIT™M 3HAXOIKAHHSA BBITBOPHAYN (DYHKIIBII.

Fx,) = x5 flag+ Ax) = (x,+ Ax)’, Tager
AF = F(ay+ Ax) = £(xy) = (2, + Ax)’ — 22
Af = (x? + 822 Ax + Bx,Ax® + Ax®) — a3
Af = 8x] Ax + 3xyAx® + Ax®.

Af 3x§Ax+3x0Ax2 +Ax®
Ax Ax

Ar 3x2 mper Ax — 0, sHausms, [ (x) = (x* ), = 3x°.

_®_

24.1. ITna yarnsi f(x) = —% s3Hansine:

= 3x + 3x,Ax + Ax”.

a) IpBIpanTysHie QYHKIBII IPHI IEpaxoa3e ax X, Ja X, + Ax;
0) mpeIpanTusHue QYHKIBI, Kaai x, = —2; Ax = 0,5;

. Af

B) aHOCiHY Acd
X Af

I') Ia 4aro iMKHeIIIla aJHOoCciHa Ac’ Kaai Ax iMKHeIIIa 1a HyJIs;
II) BEITBOPHYIO (DYHKIIbIi;
€) BEITBOPHYIO (DYHKIIBIL ¥ IIYHKIE X = 3.
24.2. ITns pyurusi f(x) = x®— x? sHaiigsine:
a) IpeIpanrysHue PYHKIBIL IPHI IEpaxo3e amx X, Ja X, +Ax;
0) mpheIpalTusHue QYyHKIIBI, Kaai x, = 1; Ax = 0,1;

. Af
B) aHOCiHY A
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I') Ia yaro iMKHeIIIla agHociHa

1) BEITBOPHYIO (DYHKIIBIi;
€) BBITBOPHYIO (PYHKIIBI ¥ TyHKIlE X = 2.

24.3. 3uaiifsine BBITBOPHYIO (DYHKIIBIi:

a) f(x) = ax®+ ¢; 6) f(x) = <.

§ 25. IIpaBiapl BBLIIY9HHS BHITBOPHBIX

Tabxiia BBITBOPHBIX

A’ KaJi Ax iMKHeIlIIa 1a HyJis;

f(x) x? kx+b 1 Jx c
p _ 1 1
f'(x) 2x k 2 aix 0

IIpaBinbI BELIIIU9HHS BEITBOPHBIX

BuITBOpHAA CyMBI wU+v) =v +v’

BreiTBOpHasS 31a0BITKY (UV)' =UV+VU

_Uv-vu

BriTBOpHaA A3ei ( U ) 3
Vv

V

. n\ _ n—1
BriTBOpHaA cryneni X" )=nx ,oBeneZ

Jx -1
2Jx

Ipeikaanx 1. Braiasine f/(1), kami f(x) =
Pawsnne.

f(x)=

(e 1) 2o (e (=) 2 (Ve -)

4x

(2/x )

1
— + _

’ _ X . g _ 1 . . 1
f(x)—T, f(x)—m,f(l)—z.

’

Adkras: l.



122 Paspsen5

Iperxaan 2. Pamsine sapoyuacus g’ (x) < 2f'(x), kani g(x) = 3x% + 2x,
f(x) = x(3—x?).

Pawasnmne.

g(x) =3x" +2x, g’(x) =6x+2.

flx)=x(3—x2), f(x)=x (3—x?)+x(3—x?) =3—x® —2x2 = 3— 32,

Pomisim HapoyHACIH

6x+2<2(83—38x%); 6x2+6x—4<0; xe

(—3— 33 —3+J§)

6 > 6 |/

(—3— 33 _3+@)
6 '

Adkas: 6

Hp},mna,n 3. MaTspbIaAnbHBI MYHKT pyXaella mpaMaJjiHeiiHa ma 3aKOoHe
s(t) = - — 4¢® + 21t — 6 (uac BbIMApaena ¥ CeKYHAAX, afleraaclb — y MeT-

pax). 3HaI/I;[31ue, Yy AKi MOMaHT Jacy raThbl MyHKT Mae HAWMEHIITYI0 CKOPacIh i
BBIBHAUIle de.

Pawanne. Ilarkonski v(t) = s’(¢), To v(t) = t* — 8t + 21. BbLryusIyIIb! IOY-
HBI KBaZpaT y IpaBail yacTubl poyHacii, arpeiMaem v(t) = (t — 4)2+ 5, Tambl

HaliMeHIIIae 3HAUSHHE CKOpacIli poyHa 5 = npel t = 4 c.
Cc

_®_

25.1. Beuriusme £/(1), kami f(x) = —Jx.

Adkasz:4c, 5 %

25.2. Bagowma, mto f(x) = (2x — 8)Jx. Braitgzine /(1) + 7(1).

x% +2x
-1 -

25.3. Pamsine ypayuenre f'(x) =0, rauxi f(x) =

25.4. Pampine HApoyHacups 2g’(x) > f’(x), xami g(x) = 3x — 2x + 1,
f(x) = x(1 — x?).
25.5. 3Haiig3ine cyMy IaJbIX pamsHEAY HapoyHaci f(x) + g’(x) < 0, kauri
flx)=2x*+12x% i g(x) = 9x% + T2x.
25.6. 3Haiinzine cymy Kapauéy ypayuenna f’(x) = f(x), kamri
f(x) = +2.
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25.7. BHaiigsine cymy KBagpaTay Kapauéy ypaymemua f(x)=0, kaii
flx)=4x+ %
25.8. MarspblaabHBI TYHKT pyXaelllla OpaMaliHeliHa ma 3aKoHe

3
s(t) = % — 3t*+15¢ — 7 (I1AX BEIMAPAEITIA ¥ MeTpax, yac — y CeKyH/aax). 3Hai-

nsine, y AKi MOMaHT 4acy IyHKT Mae HaiiMeHIITYI0 CKOPACI[h, i BBI3HAUILE fe.
25.9. Buaiinsine yce sHausHHI a, npsl akix f'(x) > 0 gia ycix psuaicHBIX
3HAUBHHAY x, Kaii f(x) = x% + 3x? + ax.

§ 26. BeiTBOpHaA ckJIagaHai QyHKIBII.
BeiTBOpHaAsA agBapoTHall QYHKIIBII.
BrITBOpPHBIA TPhITaHAMETPBIYHBIX (QDYHKIBIH

Q BriTBOpHaA ckaamaHai (PyHKIBIL

Taapama

Haxait 3aganseHa ckiaaganaa GyHrnsia h(x) = f (g (x)).

Kaui GyHKUBIA [ Mae BEITBOPHYIO ¥ IyHKIE Y, = [(%,), & QyHKIbIA g —
y IIyHKIIE X,, To ckaafanas pyuknsia h(x) = f(g(x)) rakcama mMae BHITBOD-

HyI0 ¥ myHKIe Xo: h'(x,) = f’(g(xo)) - 8'(x,).

IIpeiraan 1. 3HAWA3IE BHITBOPHYIO CKJIaAaHal (PyHKIIBI

5
y=1(g(x)=(22" —1)".
Pawsnne.
Samimram gaa3eHy0 GYHKIBIO SK KaMOasilblio QYHKILIN g i f:

xt;g(x))z‘xz — 1Lf(t))t5_

3Holifg3eM 34a0LITAK BHEITBOPHAN amoinrHAH (GyHKIBI f i BRITBOpHAM IIpa-
Me)KKaBall (DYHKIIBIL gt

B(x)=(£°) - (t) = 5t*- (222 —1)".
Breikanaem 3aMeHY i TakcaMa 3HOI3eM BBITBOPHYIO IIpaMesKKaBaul (DYHK-

meri 27 (x) =5(2x% — 1) 4x = 20x(2x% — 1)4 .
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Ilpeikman 2. 3HAWABIIEe BHITBOPHYIO CKJIaAaHANT (PYHKIIBII

y=1(g(x)=2x+7.

Pawanmne.
3armimmam gan3eHyo GYHKIBIIO IK KaMIasilnblio PYHKILIA g i f:

t=g(x)

= t - -
X 2x +7—Y @ Jt. Buoiinzem BBITBOPHYIO ATIOITHAN (PYyHK-

bl f, a 3aThIM BLITBOPHYIO IpaMeKKaBail (DYHKIIBIL g:

’ ! ’ 1 ’ 1 1
x . (2x + . .
w'lz) (\/Z) (®) 2Vt (22 +7) 22x+7 27 Jaxv
@ BriTBOpHasa axBapoTrHaul pyHKIbBIL

Hsaxait gagsessl y3aeMHa agBapoTHBIA GYHKIEI f i g i BeITBOpHAA QYHK-
opli y= f(x) y nymkme X, icHye 1 apposHiBaena ag Hyad. Tagbl BLITBOpHAA

. o 1
dyHKIBI g y IyHKIE Y, = f(xo) poyua Flxo)"

Ilpsirman 3. S3HalAzile BEITBOPHYIO QYHKIBIL Y = Jx.
Pawasnmne.
®dyuxrnei f(x) = x*i glx)= \/; y3aeMHa aJBapOTHLIS HAa MHOCTBe Heal-

’
MOVHBIX pouaicHBIX Jgikay. Ilakomski f(x) = (xz) = 2x, TO BBITBOpHAS QYHK-

IBIL ? y H1YHRlle Yo = f(xo) poyHa (g), = ﬁ = i = lexT). Taxim ubiHam,
(\/;) T odx” .
Adxas: PR
Q BoITBOPHBIS TPhITAHAMETPBIYHBIX (DYHKIBII
f(x) sin x cos x tg x ctg x
f'(x) cos x —sin x 12 T 12
COos™ X sin- X

BriTBOpHaa GyHKUEI y = sin x

BriBazg dopmysisl BEITBOpPHA (DYHKIBIL iy = sin x 3acHaBaHBI Ha JBYX CI[BED-
MKAHHAX:

1) cos(x + Ax) — cosx, xami Ax — 0;

2)%—)1, Kaai x — 0.



BbITBOpHas

125

s aTpbIMaHHS (POPMYJIBI BBITBOPHAMW 3HOWA3€M IpPhIPAITYsHHE (PYHKIIBII

y = sin x:
. . . _ Ax) . Ax
Asinx = sin(x + Ax) — sinx = 2cos|x + 5 )sin—-,

. . Asinx
3aTBhIM 3HOUA3€eM aTHOCIHY “Ax

2cos (x + ﬂ) sin Ax sin Ax

Asinx _ 2 2 _ cos (x+£) 2
Ax Ax 2 Ax
2

ITa gamymrusuui 1) cos(x + %) — cosx, Kajai Ax — 0,

. Ax
sin——

Ia JanyImdsHHi 2) —-~— — 1, kaui Ax — 0.

2
Asinx
Ax

Taxgbr — cosx, Kaiai Ax — 0. Taxim usiHaM, sin’x = cos x.

Ilpeixnang 4. 3Haiiasine BeITBOpHYIO QyEKIEN A(x) = sin(3x — 2).

Pawanmne.
3amiimam gansenyo QYHKIBIIO AK KaMIasinbeo GyHKIbii g1 f:

xt;‘c'r(x)—ﬁx— Zﬂt)—mint.

3HOII3eM BLITBOPHYIO alIOMIHAN (DYHKIIBIL f, a 3aThIM BLITBOPHYIO IPaMEK-

KaBail (DyHKIIBIL g:
B'(x) =sin’t-(8x —2) =cos(8x — 2)-3 = 3- cos(3x — 2).
Adxas: 3+ cos(8x —2).
BriTBopHas yHKIEI y = cos x
3aminram GYHKIIBIIO J = COS X V BBITJIA3€ CKJIaJaHall (PYHKIIBI1
y = sin (% - x)

IIa pasisie mpi(hepoHIIBIPABAHHSA CKJIamaHaW (GPyHKIIBIL 3amimiaM (pyHKITBIIO

y= sin(g — x) Yy BBITVIAA3€ KaMIIas3imbli QyHKIBIH g i f:

t= =f(t .
x—g(x)%g —_ xy—f()ﬁs:lnt.

BeiTBOpHAaA amonrHAY (DYHKIIBIL Sin £ poyHa cos {; BLITBOPHASA IpaMeKKaBai

pyHKIBI g — x poyua —1. Tamy

h’(x) = (cost) - (% - x)’ = —sinx.
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BriTBOpHas ¢dyHKUEI y = tg x

sinx
cosx ”
BrikapricTaem mpaBijia BEITBOPHAU /13e/1i (hYyHKITBIIN:

3amimam GYHKIBIIO Yy = tgx y BeIMIAA3e Y =

’ . . .
(sinx) _ cosx-cosx —(—sinx)-sinx _ cos?x +sin®x 1

2 2 2

COosXx Cos X Cos X Cos X

BriTBOpHas yHKLEI Yy = ctg x
(cosx)’ _ —sinx—cos®x _ 1

sinx

sin®x sinx

Ilpeixaan 5. BHalA3ine BEITBOPHYIO MYHKIBI A(x) = tg? x.
Pawsnne.

3amimiamM gagseHyo (QYHKIBIIO SAK KaMmoasinbeiro QyHKIBH g i f:

t= =f(t :
£(x) tgx y= 1) t*. 3Hoiif3eM BBHITBOPHYIO AIONIHAN (YHKIBI f,

a 3aThIM BBITBOPHYIO IIpaMeKKaBail QyHKIIBII g:

1 _ 2sinx

COS X COS'3 X

_®_

26.1. BerkapbIicTayIIrsl TabJIiIly BRITBOPHBIX i TPaBijibl AbI(ePIHIIBIDABAHHA,

n(x) = (¢ ), -(tgx) =

2sinx
Adkrasz: —5—.
COoS X

3HAaM3i1e BHITBOPHYIO (DYHKIIHI:

a) f(x) = xsinx; 6) f(x) = 2%,

B) f(x) = tgx — sinx; r) f(x) = ctgx - cosx.
26.2. 3uaiigsine BLITBOPHYIO CKJamaHall (PyHKIIbIi:
a) f(x) = (3x—1)"; 6) f(x) =6x—2;

B) f(x) = (6x—7x*)’; r) f(x) =3 —x?;

m) flx) = s1n— e) f(x) = cos®x;

x) fx)= tg(x - 1); 3) f(x) =ctg(2x —5).

26.3. ITapayuaiine sHausuHi Beipasay f/(—4) i f’(—\/ﬁ ), Kauti
f(x) = (4x +15)°.
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26.4. Buaiinsine f’(x,), xaui:

a) f(x) = (8x% —5)", xy= —1; 6) f(x) = cos2x —%xz -6, x, = %;
B) f(x) =19 - 2x, x, = 2; r) f(x) = tg8x — ctg2x, x, =15

26.5. 3uaiinsine sHausHHe BoITBOpHAN GyHKNbI f(x) = /5x*— 8x y nyHK-
me x = —1.

26.6. Bouriusime f/(1), xam f(x) =vx® +3 +

26.7. BrLniusliie:

D £/(=5), wami £ = 150

2x
x+1°

6) /(0,5m), xani f(x) = %xz sinx;
B) f’(%), kami f(x) = sin8xcos3x;

r) f’(—i—ﬂ), kam f(x) = Tcos® x;

) f'(g), kaui f(x) = (x — 2)* cosx;

sin2x

e) f'(n), rani f(x) = VPR

26.8. 3uaiigsine (y rpagycax) palisHHe ypayHeHHS

cos?x — 2f"(x) = sinx - f'(x), rani f(x) =cosx i 180° < x < 270".

26.9. 3maiinzine HailMeHIIB! ZajaTHB KopaHb ypayHenHa [ (x) =0, kaui

5
f(x) = 8 +sin(w + x) — 2cos n;x.

26.10. Pamrine ypayuense f'(x) =1, xami f(x) = sin®x + J3.

26.11. Janzena pyurnbia f(x) = asindx + bcos2x. BHaiinsime a i b, kari
Nin) =4 ;5 £(37) =
BAAOMA, IITO f (12) 41if ( 4) 2.
26.12. 3uaiinsine KoabKacb KapaHey ypayuenua f(x) = 0, akia Hazexamsb
IpaMexKy [%; 27[], kami f(x) =/3x + cos2x + /.

26.13. MaropblAJbHBI IIYHKT pyxXaeIllla IpaMajiHeliHa IIa 3aKOHe
s(t) = V4t? — 6t +11 (uac BIMApaenla ¥ CeKyHAAX, aJjeriacib — y MeTpax).

3Halgie ckopacilb pyXy IYHKTa ¥ MOMAaHT dacy t, = d C.
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26.14. Parsitie HIPOYHACIb:

a) f'(x)>0, rami f(x)= g — cosx;

6) 7'(x) <0, xam f(x)=sin2x —/3x;
B) f'(x) <0, xam f(x)=cos®x—sin’®x;
r) f'(x) > 0, xami f(x)=sin5xcos5x.

26.15. Pambine ypayuenne f'(x) = g'(x), kami:

a) f(x) = sin(Zx — %), g(x)= cos(2x - %),

6) f(x) = ctg3x, g(x)=>5—3x.
26.16. Pambine mapoyuacus f/(x) > g’(x), kami:
a) f(x) = sin(6x - g) g(x)=3x—12;

6) f(x)= cos(% — 2x), g(x)=38—2x.

§ 27. 'eaMmeTpPHIYHBI COHC BHITBOPHAIA.
CyBaA3p namisk 3HaKaM BBITBOPHAH (PyHKIIBIi
i 7e HapacTaHHeM a00 cmaJaHHEM

IIperkman 1. 3Haiiazine, mag SkiM ByrJaoMm ga Boci abGeiibic HaxijgeHa ga-

THIUHAA, IpaBenseHas ga rpadixka pyuruei f(x)=2x® —x+1 y nyukme
SATO0 TIePacAUIHHS 3 BOCCIO apAbIHAT.
Pawasnmne.
1) Buoiiasem BeITBOpHYIO GyHKIBH f(x) = 2x° — x +1:
f/(x) =6x>—1.
2) I'padix pyHKIBI mepacsKae BOCh apAbIHAT y IMyHKIle 3 abciibicaii, poy-
Ha¥ HYJIO, I'. 38H. Xy = 0.
3) 3Hoii13eM 3HAUDHHE BBHITBOPHAU Jaj3eHail QyHKIBIL TPl X, = O:
f(0) =—1.

4) tga=f'(x,); tg a =—1;a = 135"
) tga f(xo) g a a Adxas: 135°.

Ilperkman 2. 3amimibilie ypayHeHHe AaThbiuHail ga rpadika QyHKIIBIL

=_2 OYHKIE X, = —1
y =7 Y IOVHKIE X, :
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Pawanmne.
Vpayuenne mareiuHail GyHKIBI f(x) v TyHKIE X, Mae BBITJIA

Yaar = F(%0) + 17 (%0)(x — %)

1=_2 _ _q.
y( 1)—_1_1— 1;
/) = — 2 . ’(— =72 z—l
Ve VOV g T e
= —_— —l' . =—l _— l
Y = 17 5 (2 +1); g = —5x 15, 1 1
AdKas: Yy = —5x 15

IMpeixkman 3. Y AKiM OyHKIE KPBIBOH Yy = x®—9x +2 garbrunas mapa-
JieJbHA TIpamMoii y = 3x —47?

Pawanmne.
3Hoi[3eM BBITBOPHYIO GYHKIEI y = x° — 9x + 2:
v =(x*—9x+2) =3x2—09.
ITaxkosbKi maThIuHAA IapaieabHa IpamMon y = 3x — 4, To ByIJIaBbl Kad(hilibi-
€HT JaThIYHAN POYHEI 3, I'. 3H. y’(xo) =3; 3x§ —9=3; x,= 2.

Kamix, =2, 10 y, =2°—9-2+2=—8.

Kami xo=—2,10 y, = —2° —9-(—2)+2=12.
Aodkras: (2; —8); (—2; 12).
IIpeirman 4. IIpas myHKT (—2; —5) Ipaxoas3Iilb A3Be JaThIUYHBIA 1a rpadi-
Ka QyHKILH y = 2,5 — % Yamy poyHa cyma abCiibIc IYHKTAY JOTBIKY?
Pawanmne.

5

IIyurTt (—2; —5) He HameKbIIb rpadiky QYHKIBIL y = 2,5 — po

Ysar = F(20) + 17 (%) (2 = )

5
y(xo):2’5_g?
’ 5 , 5
y =z y(xo)zg-
5 5 5 5 5
Yo =257 F 7 (x— %) yaaT=2,5—x0+x3 N
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ITakoabKi ZaTBIYHBIA TPAXOA3AIb IIPa3 MyHKT (—2; —5), To

5 10 %o = 2,
_ 2 _
_5—g'(_2)+2,5_g; 3x0—4x0—4—0; 2

Xy = _g.

1

CymMma abcIibic TyHKTAY JOTHIKY poyHA 2 + (—%) = 15.

.11
Adka3s: 13.

IIpeixman 5. Jarkamsiie, mTo Ha rpadiky GyHKIEI y = x*—3x2+9x—5
HIMa OYHKTaY, V AKiX JaTBIYHBIA DapaJieibHBI BOCAM KaapabIHAT.

Pawoasnne. Mya pqagseHait (pyHKIIbII BBITBOPHAA iCHYe /A YCiX pauaiCcHBIX
3HAUSHHAY apryMeHTa, 3HAUbIIb, He iCHYye MATBIUHBIX Ja rpadika (PyHKIBII,
mapajelbHBIX BOCi apAbIHaT, maxkoabKi tg 90° e icuye.

Haxasam, mTo Ha rpadiky GyEKnei y = x° — 8x®+ 9x — 5 HaAMa nyHKTAY,
V AKiX JaTBIYHBIA ITapaJieIbHBI BOCi abCIibIC.

Harerunasa na rpadika GyHKIBIL § TYHKIE X, IapaJjejgbHa Boci abcipic, Kai
y'(x) = 0.

3Holi13eM BBITBOPHYIO Hali3eHal PyHKILIL Yy’ = 3x*—6x+9 i BeicBeTUIIM,
IIi icHYIOIlb 3BHAUSHHI apryMeHTa, OPbl AKiX 3HaUHHI BRITBOPHAUN POYHBI HYJIIO:
3x*—6x+9=0; D=—72<0,r.3H. Harpadiry pysrnei y = x°—3x* +9x —5
HIMAa IYHKTAY, V AKiX JaTBIYHBIA HapajeibHbI BOCi aOCIIbIC.

IIpeixman 6. BeicBeraine, mi 3’ayaseniia npamas y = 12x —16 gaTery-
Haii 1a rpadika QyHKIBH y = x°.

Pawsnne. 3HolimseM abCIBICHI aryJabHBIX MTyHKTay rpadikay QYHKIBIIT
y=12x—16 iy = x*:
x*=12x—16; x> —12x+16 = 0; x> —2x* +2x* —12x +16 = 0;
x*(x—2)+2(x? —6x+8)=0; x*(x—2)+2(x—2)(x—4)=0;

(x—2)(x* +22—8) = 0; (x—2)"(x+4)=0; [izz,

=—A4,
3amimam ypayHeHHi TaThIUHBIX, IPaBeI3€HbIX Aa rpadika GyHKILI iy = x3,
y IyHKTax 3 abcipicami x; = 21 x, = —4.
y'= 3x°.

Ypar = f(xO) + f,(xO)(x - xO)'
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Kani x; = 2, t0 y,,, =8 +12(x — 2); Ypar = 12x —16. Takim ubinam, mpa-
Maa y = 12x — 16 3’aynsaenna gaToiuHait ga rpadika GyHKIBI y = x° y myHKIE
3 abcupican 2.

A0ka3s: 3’ayaserna.
Mpeixman 7. 3HAUA3i1e KPBITHIYHBIA TYHKTHI (QYHKITBI1
f(x)=2x*+6x> —18x + 7.
Pawanmne.
1. 3HoliA3eM BLITBOPHYIO AaA3eHall (PyHKIIbIi:
f(x) = (2x3 +6x°—18x + 7) =6x%+12x —18.

2. BeiTBopHasd icHye aad ycix x € R. TaMy KPBITBIUHBIMI OyHKTaMi OyayIlb
TOJIbKI THISI IYHKTBI, Y SKiX BBITBOPHAA POYHA HYJIIO.

3. Pomsim ypayuenne 6x2 +12x —18 = 0:
6x2 +12x —18 = 0 = x? + 2x —3 = 0. Kapani rorara ypayuenns x = —3 i
x = 1. I'sThIst TYHKTHI — KPBITBIUYHBISA IYHKTHI (DYHKIIBI1

f(x)=2x*+6x> —18x + 7.

IIpsixaan 8. 3Halig3ine mpaMerxkKi MaHaTOHHACII (DYHKITHIL:

2 .
0) f(x) =5 —2% ) fla)=
Pawanmne.
! 4
0 D)= (=5 0)0 05 ve). 10 = (o) = —frm2e =

IIper x > 0 f'(x) <0, r.3H. PyHKIHIA ciafae Ha mpaMexky (0; +oo).

IIper x < 0 f'(x) > 0, r. 3H. pyHKIBIT HapacTae HA mpamMexkKy (—oo; 0).
6) D(f) = (—o0; 0)U(0; +oo).

’
—x2+10x—16 —10x +32
f’(x)=( x X =

x2 x3 *

-1 2
#(x) > 03 % >0; xe (0;3,2).

F(x)<0; T2 <05 xe (—o50)ixe (3,2 +00).
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—x%+10x—16
Ha mpamesxky (0; 3,2) dpysrmeia f(x) = % Hapacrae; Ha Ipa-
—x2+10x—16
MesxKy (—oo; 0) i mpamexky (3,2; +o°) pyrrnsia f(x) = % ciazmae.

ITaxkonbki ¥ myHKIle 3,2 PYHKIBIA HenapblyHas, To (0; 3,2] — mpame:xkak Ha-
pacTaHHA AanseHall QyHKIBI, (—o°; 0) i [3,2; +°0) — nmpameskKi cnagaHHA ga-
I3eHail (DYHKIIBII.

IIpeieman 9. 3wmanazime yce 3HAUSHHI JIKYy @, HOPbI AKiX QYHKIBIA
flx)= (a4 —3a®— 4)x — 2x® cmapmae Ha Ycéit mikaBail mpaMoii.

Pawasnmne.

dyuruea f(x) = (a4 —3a*— 4)x —2x® cmamae Ha ycél JrikaBail mpaMoid,
rami f’(x) <0 mpst x € R.

7(x) = (a* — 3a%— 4) — 622

IMakonsri —6x% < 0 mper xe R, To f'(x)<0 Ha ycéil mikapaii mpamoit,
kami a'*—3a?—4<0; (a2—4)(a2+1) <0; a’*—4<0; (a—2)(a+2)<0;
ac (—2; 2).

Adka3: a € (—2; 2).

3+ 2x2
1—-x °

IIpeixaan 10. 3Haiiasine OyHKTH sKCTpaMyMy GyHKIOBH f(x) =
Pawasnne.

@ D(f)= (—00; l)U (1; +00).

) 3+2x2) (1-x)-(1-x)(3+22%)  4x(1—x)—(-1)(3+2x
SR (e (e B
_ 4x—4x®+3+2x%  —2x%+4x+3
I e N
3 f(x)=0; —2x*+4x+3=0; 2x°—4x—3=0;
D=4*—4-2-(—3)=40>0;
_ 4420 _ 4x2/10 _ 2(2£J10) _ 2+.10

X,2 = Tag T 2.2 2-2 2

2+.10
2

Ha «—», a IIPBI IIepaxona3e IIpa3 IIYHKT X =

BBITBOPpHAadA MiAHAE 3HAK 3 «*+»
2—410
2

@ Ilpwl mepaxofse Mmpas OYHKT X =

BBITBOPpHAaA MAHAE
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2-410 L. .
3HAK 3 «—» Ha «+», 3HAUBIIb, X = 3 — IIYHKT MiHIMyMYy [aja3eHan
. 2+410 . . .

(QYHKIBIL, a X = 5 — OYHKT MakKciMyMy manseHan PDyHKIIbIL.
) _2-410 _2+410
A0Ka3: Xy =55 Xy = -

27.1. 3uaiigsine Byraya Haxijgy ma Boci aOcIbIc JaThIuHAall, IpaBea3eHal ga
rpadika pysKnei y = f(x) y nyEKTax nepacausHHA rpadika 3 Boccio abeIibic:

a) f(x) = x*+/3x%; 6) f(x)=x*—x.
27.2. 3maiifgine TaHTeHC ByIJa Haxijgy gaTeldyHail ga rpadika GyHKIIBIL
f(x) = cosx y nyHKIe A(%; @)

27.3. 3maiifgine TaHTeHC ByIJa Haxijqy gaTeluHail ga rpadika GyHKIIBIL
2
x“—=2
flx) =

- 1
7y VUVHEIE A( 2; §)'
27.4. Ilag akim ByrjoM HaxijJieHa aaTbluHAasd, IIpaBelseHas na rpadika

dyurnei f(x) = cos(2x + %) y IIYHKIIE A0 IepPacAuYsHHA 3 BOCCIO apAblHAT?

27.5. Buaiinsime Byrai, axi yreapae kpeiBaa f(x) = x®+ x® — 2 3 Boccio a6-
CIIBIC yV IIYHKIIE iX mepacsauysHHA.

27.6. Buaiinsine abenpicy mysKTa rpadika ysrmei f(x) =7 — x, y akim
maTeluHasd ga ratara rpadika maximena ma Boci Ox man Byriiom 135°.

27.7. 3uaiifzine cymy abcipic (3 IpaMe:xkKy [O; 0,631]) OYHKTaY OOTBIKY,
y aKix garerysad ga rpadika ysrnei f(x) = %sin(élx - %) yTBapae 3 JajaT-
HBIM HaIpaMKaM Boci abciipic ByraJ 60°.

27.8. Bamimsblne ypayHeHHe JaTHIUHAI Aa rpadika GyHKIEL y = x°+ 3x°—5
y OyHKIIe TepacAYsHHs raTara rpadika 3 BOCCIO apJbIHAT.

27.9. Bamimbline ypayHeHHe qaTbruHail 1a rpadika Gyuaroeri f(x) = x%, +2x
y IyHKIe 3 KaapabiHaTami (—1; —3).

27.10. Bamimbpinie ypayHemHe gaTbluyHaili ga rpadika  QYHKIIBIL
f(x) =4x® + 3x y myukue 3 kaapasiaarami (—1; 1).
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27.11. Banimsine ypayHenue gaTerasai na rpadika Gyurmen f(x) = cos® x
y IyHKIe 3 abcuplcait x, = %.

27.12. VY akim nyHKIe KpbiBoil y = x* + x — 2 gaTeIuHas fa e mapaieibHA
npamoit y = 4 — 3x?

27.13. IIpas myHKT (2; —10) mpaxoasAip A3Be JaTBIYHBIA Aa rpadika GyHK-
npli y = 2x® — 8x. Yamy poyHEBI 37a0bITaK abCIbIC TYHKTAY HOTHIKY?

27.14. 3unaiinsine myHKTH rpadika QyHKIBI Yy = f(x), v akix gaTeiunag ga
AT0 TapaJjiesibHa Boci abcIibic.

a) f(x)=x*—3x+1; 6) f(x) = x®—3x% + 3x.

27.15. 3Haiigsine KaapablHATHI NMYHKTAY, V AKIX HaTBIYHBIA ga rpadika

(QYHKIIBIi:
3

a) f(x)= % — x®— x +1 mapamenbHBI IpaMoit y = 2x — 1;

3
6) f(x) = % - %xz + x mapaJiebHBI IpaMoit y = —x + 5.

27.16. BricBerttine, i 3’ayasgena npamaa y = 3x —1 marerunait ga rpadi-
Ka QYHKILI y = x°.

27.17. 3uaiigsine cymy aberpic IyHKTaY (3 IpaMexKy [—%; g] ), ¥ AKix

narsraHas ga rpadika Gysrnei f(x) =/2sin2x — 2 cos2x mapasensHa BoCi
abcIibIC.

27.18. Jaka:xnine, mTo Ha rpadiky Gysrmen y = 2x% + x — 1 Hama nyHK-
Tay, v AKiX DaTBIYHBIA IapajiejbHbl BOCSIM KaapIblHAT.

27.19. 3uaiiasine cyMmy KPBITBIYHBIX TYHKTAY QYHKIIBIL

f(x) = sin2x + 6sinx + 2x Ha IpaMeRKy (—100°; 300°].

27.20. ITakakwitie Bifapbic rpadika AK0M-HeOya3b QYHKIBI i = f(x), A1 AKOI:

a) abcsar BRIBHAUSHHSA QYHKIIBIL — mpaMeskax [—5; 4];

0) MHOCTBA 3HAUSHHAY (QYHKIILIL — IIpaMeskax [—2; 5];

B) f'(x) <0 mper x € (—5; —1); f'(x) >0 mper x € (—1; 4); f'(—=1) = 0;

r) f(x) <0 TombKi mpeI X € (—4; 2); f(—=5) = 2.

27.21. ITakaxkwitie Bizapseic rpadika AK0H-HeOya3b QYyHKIBI i = f(x), A1 SKO#:
a) abcAr BRIBSHAUAHHA (DYHKIBIL — mpaMeskak [—4; 5];
0) MHOCTBa 3HAUSHHAY (DYHKIIbIL — mpameskak [—3; 4];
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B) f'(x) >0 mpst x € (—4; 1); f'(x) <0 mpsr x € (1; 5); /(1) =0;
r) f(x) > 0 Tonwki mpsr x € (—3; 4); f(5) = —1.
27.22, 3uaiiazine nmpamMe:kKi HapacTaHHA QYHKITBII:

a) fx)=—x"+5x*—bx>+1; 6) f(x)=5x—%.

27.23. Buaiinsine npameskki cnaganus Gyurmeni f(x) = 23+ %

27.24. 3naiinzine HAWMEHINBI IPJBI JiK 3 IPaMe)KKy CHaJaHHA (QYHKITBIL
f(x) = x*+10x* — 4.
27.25. 3uaiinzine HaltOOIBIIEI 3Bl AAMOYHEI JiK 3 TPAMeKKy HapacTaHHA
(x—2)°
x+1
27.26. 3uaiinzine nmpaMesKKi MaHATOHHACI (PYHKIIBII:

dyurupi f(x) =—

a) f(x) = sinx — %; 6) f(x) = cosx + x.

27.27. 3uaiizine TyHKTH oKcTpaMyMy GyHKIbH f(x) = x°— 6x*+ 6x + 1.
27.28. Ha pricyuky 67 maxkasaHbl Bi-

mapeic rpadika BBITBOPHAN (PYHKIIBIL i
y = f(x). Braiigsine KorbKacIb TYHKTAY y=1(x)
MaKCiMyMy (QyHKITBII. 2
27.29. 3uaiiazine makciMmyMm QyHKITBII /\ 1
flx) = —4x®—4x%+1. /—6 4/ -2-10\1 234567«
27.30. 3uatiasine mimimym GyHKIIBIL 2
x2 +4 _3
flx) = —. —4
27.31. [axakpiie, IITO (GYHKIIS
— PR . Pric. 67
y = f(x) 3’ayngenna HapacTagbHaii:
a) f(x) = cos2x + 3x; 6) f(x) =sinx + x* + x.
27.32. lakasksine, mTo GyHKOBIA y = f(x) 3’ayngenma cnagarpHaii:
a) f(x) = sin3x — 4x; 6) f(x) = cosbx — 6x.

27.33. 3Bmaiigzime yce BHAUBHHI M, TOPBI  AKIX  QYHKILIA
f(x)= (9 - 8m*—m* )x3 + 5x Hapacrae Ha {céil ikaBail mpaMoii.
27.34. ®yuknpia y = f(x) mornas. Bagoma, mro x = 5 3’Ayadenna IyHK-

TaM MaKciMymy mamseHayl QyHKIbI, a x = —3 — myHKTaMm Mi"Himymy. IIi mae
raTa QYHKIIBIA iHIITBIA TYHKTHI 9KcTpamymy? Kami mae, To axia? I1i moxxHa az-

Kasallb Ha IraTa IhITaHHe, Kadi QyHEKmela y = f(x) 3’aynaenna mamnorsaii?
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§ 28. IIpsIMaAHeHHe BBITBOPHAM
Ia macjexaBaHHA (PyHKIBIN

Mpeikaan 1. Dacaexyiime dyuknsio f(x) = x*—8x®—9 i mabyayiine se

rpadixk.

Pawanne. BeIKapbIiCcTaeM ajirapbITM JacjefaBaHHA rpadika (DYHKIIBIL 3 ga-
maMoraii BRITBOPHAI.

@ D(f)=R.
@ f=x)=(-x)"-8(-x)V—-9=x"-8x>—9=f(x), sma-

YBIIb, PYHKIBIA f(x) = x*—8x%—9 moruas, r. 3H. se
rpadik ciMeTphIYHBI aHOCHA BOCi apAbIHAT.

x*—8x%*—9=0. Haxaii t = x?, Tagsl ypayHeHHe IPbI-
Mae BBITJIAL

, t=9, [x*=9, | x =3,

t°—8t—9=0; x°=9;
t=-1 [x*=-1

T'padix ¢yuxiubpli mepacAkae BOCh abOCIBIC y IYHKTaX
(0; 3)1i (0; —3).
f(0)=0*"—8-0°—9 =—9. I'padix PyHKIBI mepacdarae
BOCh apabIHAT y myHKIE (0; —9).
f(x)=4x*—16x; f'(x)= 4x(x2 - 4);
f/(x)=4x(x—2)(x+2).
Xmin = _2, fmin = f(_z) = (_2)4 —8: (_2)2 —9= _25;
Xmax = 0, frax = f(0) = 0*— 8- 0 —9 = —9;
Xmax — 2’ fmax = f(z) = 24 - 8' 22 - 9 = _25-

x (moo5—=2) | =2 | (—2;0) 0 (0; 2) 2 (2; +o0)
f’(x) - 0 + 0 - 0 +
f(x)

\ —25 -9 \ —25
min max min

® IIabymyem rpadik ¢pyHEIBI (phIc. 68).

3 X
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IMperaanx 2. Jacaepyiine pysKIbio f(x) = T+ x 2 imabygyiine se rpadixk.

Pawasnne. BeIKapbIcTaeM ajiTapbITM AaciiefaBaHHA rpadika (DYHKIIBI 3 ma-
maMoraii BBITBOPHAM:

@ D(f) = R, maxoabki 1+ x*# 0.
@ f(-x)= 13+((:;C))2 = 1+ Y =—f(x), smausp, OyEKnBEA f(x) =

1+2

HAIIOTHadA, I'. 3H. dAe I‘pa(I)iK CiMeTpLI‘IHI)I agHOCHa IIa4YaTKy KaapAbIHaT.

©) 1?;2 =0; x =0, rpadik mpaxonsiip mpas mavaTax KaapabIlHAT.
@ f(0)= 1+02 = 0. Iyrxr (0; 0) — ag3iHBI TYHKT mepacAusHHA Trpadika 3

BOCAMI KaapJbIHAaT.

(3x)’(1+x2)—(1+x2)'3x 3(1+x2)—2x-3x

SR e S e
_ 31-x)1+x)
R y,f() T
_ _ 3-(—1) _ -3 _ .
==1, [, = f(= 1)—W—7— 1,5;
xmax = 1’ fmax = f(]-) = 1?:_7]]:2 = 1,5.
x (—oo;—1) -1 (-1; 1) 1 (1,5; +o0)
f'(x) - 0 + 0 _
f(x) -1,5 1,5
\ min / max \

® Ilabymyem rpadik GpyHKIBI (pbIc. 69).

Y
2
1

—4-3-2-1

=2

01 2 3 4 5x

Pric. 69
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3
28.1. BribOeprilie (PYyHKIIBIIO, Bigapsic rpadika AKoi
maKasaHbl Ha PeICYHKY 70: 2
a) flx)=—x>—x"—x; 1
6) f(x) = x®— x®+ x; -1/ O 1 2 x
B) f(x) = 3+ x?— x; Tt
r) f(x)=—x*+x*+x; T2
hiy) flx) = x*—x*— x. Pric. 70

28.2. BeikapricTaiille aarapbIT™M gacjeqaBaHHsA rpadika GyHKIIBIL 3 gama-
Morai BRITBOpHAM i madbyayiine rpadik pyHKIIBI:

a) f(x)=2x*+ x*— 8x — 5; 6) f(x) =—x*+5x% —4;
B) f(x) = (x—1)°(x +2); r) f(x)=x*(2—x).
28.3. [Tacnenyiitie GyHKIBIIO i mabyayiite se rpadik:

6x—6
a) f(x) 2+1' 0) f(x):m§
0= =5

28.4. JTacnenyiine dyukmsio f(x)=—x*+2x* +8 3 mamamoraii BBITBOD-
Haii. BoI3Haulle, IPHI AKiX BHAUSHHAX a YpayHenHe —x* +2x% + 8 = a He Mae
KapaHey.

28.5. 3Haiigsine KoabKacilh KapaHéy ypayHeHHA ¥ 3ajie’KHACIIi af JiKy a:

4_ 9.2 _ . 45 _ 3_ .2 _
a) x"—2x"+3=a; 6)? 3~ & B) x°—3x°+4 =a.

§ 29. Haii6oapmae i HaliMeHIIae 3HAY9HHI (PyHKIBIL

IIperxeman 1. 3Haiiazine cymMy KBaaparay HamOoJsbIlara i HaiMmeHIara
sHausHHAY QyHKIbI f(x) = x® +3x% —9x + 2 Ha agpoesKy [—4; 2].
Pawanne. 3HOUA3eM HaliboJIbIIIae i HATMEHIIIae 3HAYIHHI (DYHKIIBIL

f(x) = x® + 3x% — 9x + 2 ma anpasky [—4; 2].
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f’(x)=38x" +6x—9.
3x* +6x—9=0; x> +2x—3=0; x, =—3¢[~4;2]; x,=1€e[—4; 2].

f(—4)=(-4)’+3-(—4)"—9-(—4)+2 = 22;
f(—3)=(—3)’+3-(-3)"—9-(—3)+2=29;
f1)=1*+3-1"-9-1+2=-3;
f(2)=2°+3-2-9-2+2=4.

maxf(x) = f(=3) = 29;

min f(x) = f(1)=-3.

292 + (—3)% = 850.
Adrasz: 850.

IIpeikaang 2. 3Ha1‘/’1/131ue 3ma0bITaK HaiiboJibIara i HaiiMeHIIara 3HaY9H-

Hay QyHKIbI f(x) = — 4 Ha afipI3Ky [1 3]

Pawasnne.

Kani f(x) = —4, 1o f'(x)=—

2
x+1 ’ (x+1)2'

ITakonbKi HAMA 3HAUIHHAY 3MeHHall, IPhI AKiX BRITBOPHAA (DYHKIIbII pOoyHA
HYJIIO, TO CBae HaiboJIbITae i HAaWMeHIIae 3HAYIHHI (DYHKIIbIA ITpbIMae Ha KaH-
ax aapasKa.

_ 1
3mabbiTak HaiOoJIbINIATa i HaliMeHIIara 3HAUSHHAY (PYHKIbIL Ha aApasKy
[1; 3] poymer —3-(~31)=10,5.
Aodras: 10,5.

IIpeixkman 3. MaTspblaibHBI HYHKT pyxXaellla Ia IpaMoil IIa 3aKOHe

3
s(¢) =9t — % nze s(t) — muax y merpax, t — 4yac y ceKyHAax. ¥ AKi Mo-
MaHT yacy 3 npamexky azx 10 ga 20 cexyHI cKopaclpb pyXy IIyHKTa Oya3e Haii-
OoJibIiaii i AKoe 3HAUDHHE I'aTail cKopaciri?

Pawanmne.
/3
Kami s(¢) = 9¢* — —, To v(t) = 8'(¢t) = 18t — ¢°.
3Ho#I3eM Han6onbmae sHausHHe OyHKIbI v(t) =18t —t®> Ha agposKy
[10; 20].
v'(t)=18—2t; 18 -2t =0; t =9 ¢[10; 20].
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v(10) =18-10—-10%*= 80 %;

v(20) =18-20 — 20°=—40 %.

Takim ubIHAM, CKOpacIlhb Pyxy IyHKTa Oyzase Haiibosbimait opel ¢ = 10 ¢

i s3HausHHe raTaii ckopacii poyaa 80 %
Adxasz: 10 c; 80 %

IIpeiraan 4. IIpaexkT msxa Ia mepamparoyilbl arapodHiHbI IPagyTJIenK-
Bae HasgyHACIhb HeKaJbKiX alHOJBbKAaBBIX XaJan3ilbHBIX Kamep. KoxHada 3 ix
Mae GopMy IpaBinbHail UaTHIPOXBYTroJbHaAH HpPBI3MBI ab6’émam 250 3. lasa
abaimoyBanusa 0aKaBbIX CIleHAK KaMepbl O0yas3e BbIKAPBICTOYBAIIIlA MATIPBISAI,
naHa axkora — 5 p. 3a 1 Mm%, a aua abrinoyBamua gaa — 2 p. 3a M2, IIpeI akix
maMepax xajgansijbHail KaMepbl KOIIT sde a0airnoyBanusa Oyg3e HaMeHIIIbIM ?

Pawsnne. Haxait x M — gay »KbIHA CTapaHbl aCHOBBI IIPHI3MbI, Ta bl 2—520 M —
X
B, IayKbIHA OaKaBora KaHTa IPBI3MBI (pbic. 71).
ITakonbki nnsa aOsinmoyBaHHS OaKaBBIX CIleHAK
A = KaMephbl BBIKAPBICTOYBAaeIllla MAaTdpPBIAJ, IlaHa

axora b p. 3a 1 M2, To KOIIT a6 IilOyBaHHA CIleHAK

250 xanapzimpHAll KamMepsl poyHBL S, (x) =5-4x - 23%;

S, (x =@ p. Ilaxkonbki fgua abiinoyBaHHA

A c
g IHA BBIKAPLICTOYBAEIIla MATIPLIA, [[aHA JKOra
D 2 p. 3a 1 M?, To KomIT abIinoyBaHHA mHA XaJa-
Pric. 71 nzimpHAl Kamepsl poyHEL S,(x) = 2+ x* p.

5000
X
I3eM, IPbI AKiM 3HAUSHHI apryMeHTa (pyHKIILIA IPbIMae cBaé HAboabIIae 3Ha-

Pasrieasim dymrnsio S(x) =S, (x) +8,(x); S(x) =2x*+ i sHoOiI-

usHHE Ha mpaMekKy (0; +00).

4x3-5000 4(x*-1250
S'(x)=4x—50(2)0= x : _ ( h )
X

x x
f'(x) - +

f@ 0 ™ st0 7

\

=
=
g
=
I
(@3¢
(v¥]
=
o
=
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Taxim ublHaAM, KOIIT abJIilOyBaHHA XaJaA3iJibHAl KaMepbl Oya3e HallMeH-
IIBIM, KaJi se maMepsl poyHBl 5310 M; 5310 mi §10 M.

Adkras: 5§/E M; 5% M i §/E M.

29.1. 3uaiigzine cymy HaiiboJblara i HaliMeHIIIara 3HaY9HHAY PYHKIBIi:

a) f(x)= ﬁ +1 ma agpasKy [—3; 1];

2
x+1

6) f(x) = + % Ha agpasKy [0; 2,5].

29.2. 3maigsine KBagpaT CyMbl HamOoJbIIara i HalMeHIIara 3HAUYIHHAY
dyurnsi f(x) = 2x*—8x® +1 ma aapasky [—1; 4].

29.3. 3maiigsime cymy HabiOosbIltara i HaliMeHIIara 3HAUYSHHAY (QYHKIIBIL
f(x) =1+ 2cosx Ha agpI3Ky [g, %]

29.4. 3uaiiazine HaboabIIae i HaiiMeHIIae 3HAUYSHHI PYHKIIBI:

a)y=x>+ % Ha aJIpasKy [1; 9]; 0) y= % +1,5x Ha agpa3Ky [2; 8].

29.5. 3uaiigsine HaiiboJbIlIae i HAIMeHIIIae 3HAUSHHI (PYHKI[BIIi:

2n

— T JT _ T
a) y = tgx Ha ampa3Ky |:—§; —§:|; 0) y = ctgx Ha agpasKy [Z; ?:|
29.6. BHaiigsine Haitboabinae sHausHHe QyHKNBH f(x) = cos®x +sinx nHa

aIpasKy [O; %]

29.7. BeipalruaHbla KJIYOHIIIBI agIpayaaiolb V Marasid y CKpbIHKaX, AKid
MamIlb (opMy IIpaBiibHAl YATBIPOXBYTOJbHANW WPBI3ZMBI, IIepbIMETP OaKa-
BOU TpaHi AKoO¥ poyHBI 56 cM. AKimi maBiHHBI OBIIb TaMEPHI CKPBIHKI, Kab Ae
YMAIIYaabHACIL ObIIa Ha0O bIIan?

29.8. HeabxomHa BeIpabinp macynsiny émicraciiro 8 ji, axad meaa 6 popmy
ImpaMaByroJibHAra mapaJjejelninena 3 KBagpaTHali acHoBall. fIkas HalimeHIas
KOJIBKACI[b MAaTIPBIAIY CHATPI0iIIia s BbIpady TaKoi macyasimbl 0e3 Ha-
KPBIYKi?

29.9. V paynabenpaHaii Tpamelbli MeHIIIasa acHOBA i 6aKaBasd cTapaHa POYHBI
na 4 cMm. 3Ha3ine, Opel AKON JaysKbIHi 00JIbIIIA aCHOBLI ILJIOIIUA TPAIeIhbli
Oynase HaOOJIbIIA.
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Pric. 72

29.10. 3 kBagpaTHara Jicra 6Jaxi ca crapanoii 1 M Tpaba BeIPabilb agKPHI-
TYIO 3BepPXy KapoOKy IIpamMaByroJbHall (OPMbI, BhIPA3ayIIbl I1a ByrjaxX KBaapa-
ThI i 3aTHYYIIIBI YTBOPAHBIA CTOPAaHBI (phIc. 72). 3HaliA3ile, AKON NaBiHHA OBIIH
BBIIIIBIHA KapoOKi, Kab sie a0’éM Obly HAliOOJIBIIIBIM.

@ § 30. IIprIMsaAHEeHHEe BBITBOPHAM IJIA PALIIHHSA

VYPayHEeHHAY, HAPOYHACIIEH i MPAKTHIYHBIX 3a1a4
1. PamsHHe YpayHeHHAY 3 JamaMoraii BRITBOPHAM

Pamrsins ypayHeHHe — 3HAUYBINL 3HAMCI yce KapaHi ypayHenmHsa abo ma-
Kasallb, IIITO YpayHeHHe KapaHey He Mae. AZHBIM 3 MeTajay PaIIdHHA ypay-
HeHHAY 3’AyJselia BbIBHAUSHHE KOPaHSA TaK 3BAHBIM «Ilambopam». I'sTel Me-
TaJ BBIKAPBICTOYBAEIIlA ¥ BHITIaIKAaX, KaJIi BELIIUSHHEM 3HAXOABAIL aA3iH a0o
HeKaJIbKi KapaHey ypayHeHHs, aje pallblilhb YpayHeHHe 3 JalaMorail TOeCHbIX
mepayTBapaHHAY He YAyadellla MardbIMBIM IIi paIlldHHE MPBIBOA3IIL Ia I'Py-
BacTKix mepayTBapsuuay. Kami arpeiMiiBaeliiia gakasailb, IIITO YpayHeHHe He
Mae IHIIDBIX KapaHEy, akpaMs 3HONA3eHBIX, TO 3ajaua polirana. Kauai K gaka-
3allb I'9Ta He aTPHIMJIiBaeIllla, TO 3aaua 3acTaelllla HapalaHaii i Tpaba ITyKaib
iHITBI TaABIXOM 1A BHIBHAUIHHA KapaHey.

oo 5x
IMpeikman 1. Pambine ypayuenne ———— + 5x = 24.
JxZ+9
Pawsnne. AHaTIBYIOUBI «3PYUHBIS» AJISA BBLIIUSHHSA KOPAHA 3HAUSHHI 3MeH-
Ha#l X, MOKHAa BBI3HAUBIIb, IIITO KOPAaHb Jaa3eHara ypayHenua x = 4.

HakaskaMm, IITO T'3ThI KOPaHb aA3iHBI, BEIKAPBICTAYIIILI YJIacIliBacIli MaHa-
TOHHACIi (DYHKIIBIi.
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1. SBamimram gagseHae ypayHeHHe § BHITJISAA3€ \/‘:L +5x—24=0.
x“+9

5x

JxZ+9

2. Hsaxait f(x) = +5x — 24.

3. D(f)=R.

4. fx) = 45 ) 45

\/x2+9(x2+9) ’ \lx2+9(x2+9)

+5>0= f(x)>0= f(x)

HapacTae Ha yciM abcAry BbI3HAUIHHA.

IMakoubki yurnbia f(x) Hapacrae Ha R, To ypayHeHHEe 5% 4 5x =24

Jx2+9

Mae He OOJIBII 3a aA3iH KOopaHb. SHAULIID, IIaga0dpaHbl KOPaHb — aA3iHbI KO-
paHb mamgseHara ypayHeHH.

©

0]

® OO

® @@@@ @

Adras: x = 4.

Anzapoimm (I) pawsnna jpajrnennalj 3 danamozaili 6bLm6eopHaAll

Bri3HaubIIb, aHAI3YIOUBI «3PYUYHBISA» IJIA BHLIIUSHHAY 3HAUDHHI 3MEHHAH,
KOpaHb ypayHEeHH.

IIperBecni YpayHenue na Beraany f(x) = 0.
3Haiicii abcAr BeIBHAUSHHEA QYHKIEH f(x).
IacnenaBanb GyHKIEIO f(x) Ha MaHATOHHACIL Ha D(f) a00 ImpamMexKax,

AKig HaJIeKalb D( f )

Kami pyukisia HapacTae (cazae) Ha pasTisggaeMbIM IPaMeKKy, TO 3pabilb
BBICHOBY a0 aj3iHacIii 3HOUI3eHara KopaHa ypayHeHHs.

Anzapoimm (II) 6vL3nawanHA KONbEACYL KAPAHEY YpaHeHHA

IIpeiBecti YpayuenHe na BeIrany f(x) = 0.

BHaiicii abcAr BeI3HAUSHHEA QYHKIEI f(x).

Tacnenasans Gysrnbio f(x) Ha ManaromHacub Ha D(f) abo mpamexkax,
axis mamesxans D(f).

Kani marusiMa, IpaBepblllb 3HAKi 3HAU9HHAY MyHKIBN f(x) Ha KaHIax

azpasKa [a; b] s D(f).



144

Pa3n3en 5

®

®© O

© O

3pabinb BLICHOBY:

= KaJji YHyTpHI iHTapBaJia (a; b) f'(x)>0 (f'(x) < 0), TO icHye He OOJIBIII 3a
amHO BHAUSHHE ¢ Takoe, mTo f(c) = 0;

*» gagi VHYTpH iHTZpBasa (a; b) sertBopHas  f(x) >0 (f'(x)<0) i
f(a)f(b) <0, To icHye an3inae 3HAUsHHE ¢ TaKoe, mTo f(c) = 0.

Pomrsiv HeKaNBK1 YpayHEeHHAY, BBIKAPBICTAYIIBI aJIrapbiT™ 1.

Ilpeixaanx 2. Pamsine ypayuenne 2 x*+x—1 =Jx+3 —Jx—1.

Pawasnmne.
Brismauaewm, 11TO KOpaHb gafseHara ypayuenas x = 1.

Hansenae ypayHeHHe IIPHIBO3IM /1a BRITJIALY

2Yx  +x—1—Jx+3+Jx—1=0.
Hsaxait f(x)=2¥x2+x—1—-Jx+3+Jx—1.

3Hola3eM a0CAT BbIZHAUIHHA (PYHKI[BIL D(f) = [1; +oo).

4x+2 .
f'(x)= Z ——1 4+ 1  Tlakomxi ——>—2— 10
3§/(xz+x_1)2 2Jx+3  2/x—1 2Jx—1  2J/x+3
f'(x) > 0 = f(x)mHapacrae Ha jcim abcAry BLIBHAUDHHS.
IMakonski (ymkneia f(x) Hapacrae Ha D(f), TO (,n/x)' = 1 =,
n n—

n-\NXx
3HOUA3eHbl KOPaHb ypayHEeHHA

23 x?+x—1=+Jx+3—Jx—1 — ansiubl.

meneN,n>1

Adrasz: x = 1.

IIpeixaan 3. Pambile ypayHeHHEe 420x +41 + 441 —20x = 4.

Pawanne.

Brismauaewm, 1mTo afs3in 3 KapaHéy magseHara ypayHeHHT x = 2.

Hanzenae ypayHeHHe MPBIBOA3IM /a BBITJIALY ‘\1/20x+41 +‘\1/41—20x—4=0.
Haxait f(x) = 420x +41 + ¥41—20x — 4.

o0=[-4 4]
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ApnsHaubIM, mTo GyHKIbIA f(x) 3’ayidemnna moTHal, TaMy X = —2 Takca-
Ma 3’ayJseriia KopaueM ganseHara ypayHeHHsa. TaxiM ublHaM, JacTaTKoOBa
Jakasallb, IITo MYyHKOBIA f(x) 3’ayiadeliia MaHATOHHAH Ha HayiHTopBase

[0: 30)

@ f(x)= 5 - S Sf(x)<0=7(x) 0; A1),
x #(20x+41)3 ‘\1/(41_2%)3 X x cnauaeHa[ 20)

(5 Iaxoabki pyuknsia f(x) cmagae Ha mayiHTapBase [O; 3—(1)), TO YpayHeHHe

420x +41 + 441 — 20x =4 3 nperubiEsr norHacui GyHKObH f(x) iHmBIX

KapaHéy, aIpo3HBIX ai X = 2, He Mae.
Adrasz: x = 2.

IIpeirman 4. Pambilie ypayHeHHEe 3x? (x4 — 1) + \x\(xz + 3) =4,
Pawasnne.

3ayBaKbIM, IITO KapaHAMI Aajgs3eHara ypayHeHHs 3 AyIdionila 3HausHHI
x = *1.

Tlazsenae ypayuenne nperBoasiv aa eraxy 3x%(x!—1)+|xl(x2+3)—4=0.
Haxaii f(x) = 3x? (x* — 1) +[x](x? + 3) — 4.

® D(f)=R.
IMakoubki yrKIbIa f(x) 3’ayagenna moTHAH, JaCTaTKOBA AaKasallb, IIITO
sdHa 3’ AyadeIlia MaHATOHHAI Ha IMayiHTapBaje [0; +0<>).

D pr(x) = 1827+ 322 — 62 + 3= 3(6x°+ 22— 2x +1) = 3(5x° + (x — 1)) =
= f’(x) > 0 = f(x) mapacrae Ha mayinTapsase [0; +00).
(5 IMakoxnwki pysKIBIA f(Xx) HapacTae Ha mayiHTapBaIe [0; +00), TO YpayHeH-

He 3x° (x4 — 1) + \x\(xz + 3) = 4 3 IPBIYBIHBI HOTHACI GyHKIBH f(x) iHmBIX
KapaHéy, aIpo3HBIX anx x = 1, He mae.
Adrkasz: x = x1.

IIpeixman 5. Jlakasailb, INITO ypayHEeHHE COSX =
KOpaHb.

— X Mae an3iHbI

o|a

Pawasnne. BeiKapbicTaeM IJd mokasy aiarapbiT™ I1.
o o . T
(D ManseHae YpayHeHHe 3aIlilllaM y BBITJIAL3€ COSX — 5 tx= 0,

f(x)=cosx—§+x.
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@ D(f(x))=R. Baysampm, mro —1< g— x <1,

T_1. T
I:E 1,2+1:|CR.

3 f'(x)=—-sinx+1; —sinx+1

o T
HAIONb HAPOYHACIE & — 1<x

> 0 = f(x) He cmamae o1 X, AKisg 3amaBaIb-
<g+L

. o . J
(4 TlaxkoibKi BBITBOpPHAA IepaTBapaenia y HYJAb YV aA3iHBIM IIYHKILE 5 8
T

5 Maem f’(x) > 0 = f(x) mapacrae.

g—1<x<%+1, TO IJISA X #

® f(g—l)zcos(g—l)—1<0, f(g+1)=cos(%+1)+l>0.

Taxim ublHAM, ypayHeHHe COSX = 5 —X Mae aA3iHbl KopaHb. MoskHa

T

2
o o T

3ayBaKbIllb, IITO I'ATHI KOPAHb DOYHEL 5.

Adka3s: g

2. loxa3 HIpOYHACIIell 3 JamaMorai BHITBOPHAN
. T
IMpeikaan 6. Jaxkasaip, mTo sinx < x g x € (0; E)‘
Moxas. Pasruensim gyrkmeio f(x) = sinx —x. JJacrexyem sie Ha MaHa-

TOHHACIIb HA IIPAMEKKY [O; %} e D(f); f'(x)=cosx—1<0 gua x e (O; %) i
cosx—1=0 mmax=0¢ [0; %], aJKyJIb BBIHiKAae, mTo GyHKIBIA f(x) cma-

Iae oJs X € [0; g]
A6asHaubIM TIpas Xx; JieByI TpaHimy aapaska: x, =0, f(0)=0. Tagw 3

. . T
IPBIYBIHEI CHafaHHa QyHKIEN f(x)=sinx —x Ha agpassky [O; E] ma asHa-
UYSHHI cHajaJbHA (PYHKIBIL [Js Jobora Xx 3 raTara ajapss3Ka aTpbIMaeM

f(x) < f(0), r.3H. sinx — x <0, a6o sinx < x.

2
IMpeikaan 7. Jarkasamne, mTo cosx > 1 — % opu X € (0; %)

Hdoxas. IlepaHscém yce cKJamaeMbld ¥ JIEBYIO YaCTKY, Kab aTphIMAallb HsA-

Eal

poyHacupb Beiruany f(x) >0, mse f(x)=cosx—1+ 5 - IpaBaznsém naciena-

BaHHe (PyHKIBI f(x) Ha MaHATOHHACHB IJId X € (O; %) e D(f). Buoiigzem BbI-
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tBopHYI0 GyHKI®N f(x): f'(x)=—sinx +x. V npeikaagse 6 makasaHa, IITO
sinx —x <0, 3HAYBIIb, HIPHI X € (0; %) f'(x) >0 = f(x) mapacrae. ®yHK-

nbla f(x) HemapbIyHad Ha [0; %], a BBITBOpDHAA (PYHKIIBIL POYHA HYJIIO ¥ af-
HBIM IIYHKIIe T9Tara afpas3Kka, 3HAUBIb, (DYHKILIA HapacTae Ha PasTJIagaeMbIM
aJpaIsKy.

AGazHaubIM IIpas X, JeBYIO rpaHinmy agpaska: x; = 0, f(0) = 0.

ITa asmausHHI HapacTaJdbHall (PYHKIIBIL f(xl) < f(xz), r. 3. f(x)>0 nna
ycix x € (0; %)

x2 x2
3HaYBINb, cosx — 1+ o >0, cosx>1— o

IIpeirwman 8. Makasaipb, IITO s X € R BBIKOHBaeIlla HAPOYHACIHb
2
x“+2

22 +1
Hdoxkas.

x+2 x2+2
—2> 0. Haxaii f(x) =

\lx2+1 Jax2+1

D(f(x)) =R.

® —2.

S)

3 3
A fx)=—-=2 ; ad =0=x=0. Kami x<0, to f'(x)<0= f(x)
Je2+13 T 2 +1)?

crmagae upel x < 0. Hua x > 0 maem: f'(x) > 0 = f(x) mHapacrae npsr x > 0.

3HaYbIlb, X = 0 — TYHKT MiHIMyMy (YHKIIBIi, T'. 3H. IYHKT HaliMeHIIara
sHausHHA QyHKuE f(x) Ha D(f).
3HoiinzeM 3HausHHe PyHKOEN f(x) v nyakme x = 0: £(0) = 0.
2 2
x“+2 —9>0 x“+2

\lx2+1 - \lx2+1

Ha nmazncraBe palrsHHS pasTyeiKaHbIX 3akad MOMKHA CKJIACI aIrapbITM
(IIT) mokas3y HApoOyHAaCIell 3 fallaMorail BLITBOPHAI.

> 2.

Takim usiHaMm,

IIpeiBectii HApPOYHACI fa BeINIARY f(x) > 0 (f (x) < O).

@@@ © ®

BHaiicii abcAr BISHAUSHHA PYHKIBI f(x).
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(3 HacremaBaup (pyHKubio f(x) Ha MaHaTOHHACIb i sKcTpamyMsr Ha D(f(x))
a6o mpameskKy, axi namesxsinb D(f(x)).
@ Bamicaup 0 (y mpasaii gacrsl Hapoyuacmi) ax f(a) (£(b)).
(5) 3 mapoyracui x > a (x < b) 3pabiIb BEICHOBY:
= gaJi (pyHKIBISA Hapacrae, TO
f(x)> f(a) = f(x) >0 (f(x) < f(b) = f(x) <0);
* Kasi QYHKILIA cIIajzae, TO
f(x) < f(a)= f(x) >0 (f(x) > f(b) = f(x) <0).
IIpeixaan 9. 1i npaBinbHaa HApoyHacib cos2011 < 1 + cos2012?

Pawasnne.

Ilepaminmam gag3eHy0 HAPOYHACIH ¥ BHITJIA3€

2011 + cos2011 < 2012 + cos2012.

Pasraensim pyurnsio f(x) = x + cosx. Jlacienyious! se Ha MaHATOHHACIH
(f'(x) = —sinx +1 > 0), aTpbiMaem, mTO QYHKIBIA HapacTae A1 x € R.

Haxai x; = 2011, x, = 2012, x4, x,€ R, x; < X, TaAbI f(xl) < f(xz), aTKyJIb
BBeIHiKae, mTo 2011 + cos2011 < 2012 + co0s2012 < co0s2011 <1 + cos2012.

Hapoyracus nmpaBisbHAaA.

Ipeikmaan 10. ITi npaBintbHAA HAPOYHACIH 3’/3 +3¥3 + ?/3 — 33 <2332
Pawanne.

1. BeikaHaeM HeKATOPbIS IIepayTBapPsHHi: 3/3 +3/3 + {3/3 — 33 — 233 < 0,
3, 3
(BB s
2. Haxait f(x)=3x+1—-x—1—2, ragw

3, 3 3 3
f(%) = #@ +1 - #@ —1—2, maxousbKi 0 < g <1, To MaTasrogHa pas-

raaganb (PYHKIBIIO Ha aIpas3Ky [—1; 1].

3. D(f(x)) =[—1;1].

4.7 (1) = —— ey
3.§/(x+1)2 3.:\’,/(36_1)2
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L - L =0=x=0,x+*£1. IIpsr xe(—l; O) MaeM
Jae+1?  Hx-1)?

f'(x) >0 = f(x) mapacrae; mpel x € (0; 1) MaeMm f'(x) <0 = f(x) cnagae;

T. 8H. IYHKT X = 0 — IIYHKT MakciMyMy, a IaKOJbKi JaJIs3eHbl IYHKT aI3iHbI

OYHKT BKCTPIMYMY Ha aJpPas3Ky [—1; 1], TO €H 3’Ayaseliia i IyHKTaM, y SKim
dyuaknsia f(x) mpeiMae HaiiboTbIIae 3HAUDHHE,
5. £(0)=0: f(x)<f(0)=0 mz x e[—1; 0)u(0; 1].

Taxim ublHaAM, HAPOYHACIH %/ 3+383 + %/ 3— %3 <233 mpaBijbHAL.
@ Ha maxacraBe pasriieikaHbIX IPaKThIKaBaHHAY chapmyioeMm aiarapbitMm (IV)
@
@
®

IoKasy JiKaBbIX HAPOYHACIel 3 JamaMorail BLITBOPHAL.

IIpeIiBecIii HApPOYHACHB Aa BRITJIALY [ (xl) < f(xz) ( f(xl) >f <x2 ))

Bazmans GysKmero f(x) i gacienaBams e Ha MAHATOHHACIH i SKCTPAMYMEL.
ITapayrans 3HaUsHHI QYHKIEI § TYHKTAX X; 1 X,.

IMperxman 11. [Takasalnsb, mrto 4tg5°tg9° < 3tg6°tgl0°.

Hdoxas. [lepayTBOpPBIM HAPOYHACIIH /1a BHITJIAIY

tgh® . tg9° < tg6° . tg10°
5° 9° 6° 10° °
. tgx
Pasriensim dynkmeio f(x) =——.
Haxait x,=5" = %, =6"= % ITakonbki x;, x, € (O; %)’ TO pasriensim

(pyHKIBIIO HA iHTApBaJe (0; %)

f(x) =

tgx’ f(x)>0 gna xe (0 2) = f(x) mapacrae.
X COS X x

X1, X, € (O; %), x, < x,. Ha nansembim mpamesxky dyukubia f(x) mapac-

rae. BbIKapbicTaeM asHaUYsHHe HapacTajbHail GyHKIBI f(x) Ha AaA3eHBIM

tgor  tgao tg L tg L
inTapBaie: f(%) < f(s—“o) = % < %. Taxcama % < % Iepa-
36 30 20 18

MHOXKBIM I'9TBISA HAPOYHACII i aTphIMaeM Toe, IITO i Tpaba OBLIO JaKasallh.
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Pa3n3en 5

3. IIppiMsIHEeHHE BHITBOPHAM IIPHI PANIIHHI MPAKTHIYHBIX 33424

IIpeikaan 12. ADKpPBITEI Ky3ay rpysaBora ayrama0ijia Mae BBITJISM IIpa-
MaByToJIbHAra mapaJjeJieninena 3 mJjolnuail maBepxHi 2S i agHociHal may:KbIHL
Ia mIbIpbIHi 5 : 2. 3Haligsine, AKkasg gay:KbIHA Kys3aBa, Kaji ab’ém KysaBa Haii-
OOJIBIIIEI.

Pawasnne. Ilmomua maBepXHi IIpaMaByroJibHara mapaJiejienimeza poy-
Ha 2S. AxHociHa gay:kbIHI Ja IIBIPBLIHI 5 : 2, TamMy HAXal Aay:KbIHA Ky3aBa
a = b5x, MIBIPBIHA Ky3aBa b = 2x. I Haxall BBIIIIBIHA Ky3aBa — C.

Ilnomrua maBepxHi mpamaByroJibHAra mapaJjeseninena:
28 = 2(5¢cx + 2¢x) + 10x2.

o . 25 —10x?
3 aTppiMaHara ypayHeHHs BBIPA3iM 1 ¢ = —— .
. 28 —10x?
Cruaznsém dyukisio V(x): V(x) =10x> N Ve %Sx - ?x?’.
. . , _ 10 150 2

3Hoiig3eM BEITBOPHYIO GYHKIEH V(x): V'(x) = T8

10 5150 .2 _ = |S

7 S 7 X 0= x 15

_ S . . S

x=,7; — MaxcivaibHae SHaUPHHe, TAKONBKL mpe  x < ‘,ﬁ

V’(x) >0 = V(x) mHapacrae; mpsl x > lli V’(x) <0 = V(x) cnagae.

5
Adkas: a = 4/%.

3HoUI3eM Jay:KbIHIO Ky3aBa a: a = 5, /% = 4/%.
IMpeikaan 13.Y 6ymane, ski Mmae (popMy IIpaBiib-

Hall MIacIiByroJbHai mipamizbl, Zay:KbIHA OaxaBora

KauTa poyuHa 1 M (pwic. 73). IIpbl aKO¥ may:KbIHI cTa-

paHbBI aCHOBBI OyJaHa Aro yMalldajabHACIhL Oya3e Haii-

bosbITIain?

Pawsnne. I1a ymoe CB = 1. Haxaiit AB = a.

AG’ém mipamigbl BeLIiUBaeIa ma HacTymHAail Qop-

B wmyne: V =%Sh. IIpaBifbHBI ITACIiBYTOJBHIK CKJIA-

Iaelna 3 IacIi MpaBiJIbHBIX TPOXBYTOJBHIKAY, TaMy

A AB = OB = OA = a. 3HoliideM BBINIBIHIO IipaMigbI:

Pric. 73 h=+1—a®.
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a®\J3
4

ILnomrua acHOBBI ITacCIiByroJbHail Imipaminbl S = 6 . Criamsém QyHK-

a2

neio V(a): Via)= 2\/§\/1—a2. 3HOWI3eM BBITBOPHYIO (yHKIBLI V(a):

a3\/3 (13\/3 2
V'(a) =aN3—8a®> ———2_; a\J83—3a> ——"X_=0=a= /2.
a)=av a — N, — 3

|12 . . .
a = g — MAakKcClMaJIbHae 3Ha4ud9HHEe, JAKO€ IIpbIMae CTapaHa IIpaBlJIbHAMN

IIACIiBYTOJIbHAI MipaMifbl, MaKoJbKi mpbl a < E V’(a) > 0= V(a) mapac-

Adkras: a = g .

IMperxkman 14. IIyuxktel A i B pasmMenryaHbl
Ha CyMeXXHBbIX cTapaHax KBagpara KLMN, ma N ad D M
POYHBIX ajJierjiaciAxX aj aryJbHaW BAPIIbIHI. ¥
kBagapar KLMN ymicana Tpanensia ABCD 3 ac-
HoBalt AB (pbic. 74). fIxaa HaOOJBINAS TIIOIITYA c
Tpamellbli, KaJi IIJIomya KBagpara poyHa 1? A

Tae; Ipsl @ > \/% V’(a) < 0 = V(a) cnagmae.

Pawasnne. Haxani y nagsensr kBagpatr KLMN
ymicana tpamnenesia ABCD Ttak, mro A€ KN,
Be KL, AK = BK.

3 magmobuaciii TpoxByroabHikay ABK i CDM K a L
BeIHiKae, mro CM = DM, ramy CL = DN. Ila- B
KOJIBKi KBaApaT CKJagaeIlia 3 Tpamemnbli i uaTs-
POX IIPaMaByTOJbHBIX TPOXBYTOJbHIKAY, TO 3pyd-
Ha abasuaubinb KL =1, AK = a i CL = x. BigaBousna, mto 0 < a < 1; 0 < x <1.

Hsaxai#t S — miormrua Tpamernibli, a S; — cyMa ILIOIITUay 4aThIPOX TPOXBY-
TOJIbHIKAY, IIITO aAcAKaIoIIla cTapaHaMi Tpamensli. Tamgbr

S, = 3(a* +(1—x)? + 20— a)x) = 5(x* —2ax +a® +1) = L((x —a)® +1).

Prrc. 74

Crrnanzém dymrnsio S(x) =1-8;: S(x)=1- é((x —a)* + 1). Iacrenyem
aTpHIMaHyo (DYHKIIBIIO Ha MaHaToHHAcIHb: S’ (x) =—(x—a) = x = a.

X = a — HaiibosbIlae 3HaUYsHHe, NMaKoJbKi mpel x < a S’(x) > 0= S(x)
Hapacrae; npsl x> a S’(x) <0 = S(x) cmamae. Takim ubIHAM, OpBl X = a

S, = % = MakciMaspHadA mronrua tpamensi S(x) =1— S, = % .
Adkras: 5
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C IIpeieaan 15. dAriMm maBiHeH OBIID
ByraJ ganayusHHa o (pwic. 75) gapori (CE)
ma maricrpaJai (AB), ka0 3aTpaThl yacy Ha

h nepaBo3ki na mapuipyne AEC ObLii Hal-
MEHIIIBIMi, KaJji cKkopacib pyxy ayramaoi-
JAY Ta MaricTpaJii miaHnyeIiia poysau v,

A E o [_ D B ’ 3 - 2
a ma maj’ A3Ho# mapose — v, (U, > Uy)?
_
YT Pawanmne.

IIpaBansém 3 nmyHkTra C IeprIeHIbIKY-
Jap pa npamoit AB i abasHaubIM AaYKBIHIO

Pric. 75

anpaska CD mpas h, a may:KbIHIO aJipas3Ka

h
sina’

AD mupas . Tager arpeimaem: CE = DE = h-ctga.

Ancronb 3HaxX043iM Uac pyxy ayramabiasa ma mapiipyie AEC:

(I—h-ctga) )
vy, vgsina®

ITakonbki TyHKT A ¥ HaIIbIX pasBasKaHHAX 3adikKcaBaHbI YMOYVHA i 3amae
TOJIBKI HampaMakK pyXy Ila MaricTpas, To O MOMKa 3MAHAIIIA ¥ IIPaMEXKY

[O; g] 3amaua 3BOABIIIIA Ma aAIIyKaHHSA HalMeHIIara 3HAY9HHS (PYHKIIBI

t(0) Ha adHAYAHBIM IIPAMEKKY.

o h Vg
3HoiinzeM BBITBOPHYIO: t'(a) = 2( — cosa).
vgsin“a \ Uy

. Uq
ITakoabpki 0 < — <1, To BBRITBOpHAaA Ha PasTJIAJaeMbIM HpaMeKKy Iepa-
v

m

1%
TBapaeIllla ¥ HyJb TOJBKI ¥ afHBIM IyHKIlEe O, = arccosvfd, mperasiM t'(a) < 0
m
IpHL O € [0; ao] it (a)>0 mper ae [ao; %] I'sTa azHadae, IIITO HA ITPaAMEIK-
Ky [0; OLO] GyHKIBIA £(Q) cIazmae, a Ha IPaMEXKKY |:a0, %] HapacTae. 3HAUBIIIb,

pasrianaeMas GyHKIbIS ¢(Q) IPBI OO = 0O, JacArae HallMeHIIara 3HAYdHHS.

Vg
A0dkas: ByraJ Jaldy4sHHA BbI3HauaelIa na gopmyie o, = arccosﬁ.
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§ 31. IIpaBinsl KamOiHATOPHAra CKJIAJAHHA i MHOKAHHSA
Pasriensim samauy. Koabkimi cmocabami Mo:kHaA BRIOpAIlh MAIIITOYKY i KaH-
BePT AJISA BiHIIaBaHHS, KaJi MpamnaHyoIa 4 po3HbIA KAHBEPTHI i 5 PO3HBIX
mamToBaK?

Pawsnne. An3iH KaHBepT 3 UaTHIPOX MOJKHA BBIOpAIlh YaThIpMa crocadami.
ITacna xko:xkHara BeIOAPY KaHBepTa MOJKHA BBIOpAIlh agHY IIAIITOYKY 3 IIAI.

I'sTa Mmo:xkHa 3pabilp OAIIIO criocadami.
3HAUBIIb, ECIlb ycAro 4 + 5 = 20 crmocabay BeIOAapy MAIITOYKI i KaHBepTa AJsd

BiHIITaBaHHA (pwIC. 76).

4 cnocabbl Bblibapy kaHBepTa } B o
[5 crnoca6ay Bbi6apy naLuToyKi 4 -5 =20 cnocatay

Pric. 76
Adrasz: 20 crrocabami.

Pasriemsxanaa 3amava agHOCIIIIa ga pasasesia MaTaMaThIKi, AKi Has3bIBaeIr-

ma «KaMOiHATOPBIKA» .
Kawmb6inaTopsika (an jarm. combina — cmaJjydallb, 3Jy4allb) BbIByUae cIoca-

ObI MaAJIiKy pasHACTAWHBIX KaMOiHAIIBIM 3 HEKATOPhIX ajeMeHTay (ad’exTay),

CKJIQJI3€HbBIX I1a MI9YHBIX IpaBijiax.
Pasriemxanyio 3agauy MosKHAa paIIbIlb IIa IIpaBijie KaMOiHATOPBIKi, SAKOe

Ha3bIBaelllla npaginam 30a6sLmyy.
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Pa3ns3en 6

IIpagina 3ma0BITKY

Kaumi

1) a6’exT A MosKa OBIIb BBIOPAHBLI M PO3HBIMI crmocabami,

2) macasa KosKHara Takora BbIOapy a0’eKT B MosKHa BLIOpAIlh N PO3HBIMI
cmocabami,
TO BRIOpAIlh clmavyaTKy A, a moTeIM B Mo:KHa m * n cmocabami.

IMperkaanxg 1. Koabki AByX3HAYHBIX JiKay MOKHA CKJACIi 3 Jidg-
6ay 1, 2, 3, 4?

Pawanne.

Ilepmryio miuby aByxsHauHara JiKy (ab’ekT A) MOKHa BbIOpAIlb UYaThIpMa
crmocabami. A6’exT B — apyryio Jiudy AByX3HAUHAara JIKy — TaKcaMa MOXKHAa
BBIOpAIlh YaThIpMa cirocabami.

ITa mpaBisie 3mabBITKY BBIOpAIlh cIauaTKy ab’eKT A, 3aThIM a0’eKT B MOXKHA
4 -4 =16 cuocabami.

Taxim ubizam, 3 giuday 1, 2, 3 i 4 moKkHa ckJaciii 16 IByX3HAUYHBIX JiKay.

Aodxa3: 16 gByX3HAUYHBIX JiKay.

IIpeikaan 2. KoabkiMi cmocabami MoKHA BbIOpAaIlh afHy 3BIYHYIO i agHy
TaJIOCHYIO JIiTapy ca CJIOBa «PaMOHT» ?

Pawasnmne.

AG’ekT A — 3bIUHAA JiTapa Hgaas3eHara cjoBa. SBIUHBIX Y cJoBe 4.
AG’ekT B — rajocHas JiTapa fgazseHara cJaoBa, ixX y ciose 2.

ITa mpaBine 31a0BITKY BbIOAp cmauaTky ab’exTa A, a 3aTbIM ab’exkTa B Moika
OBIIIL AXKBIIIEYIeHBI 4 + 2 = 8 cmocabami.

Adras: 8 cmocabami.

IIpeixkaan 3. KoabKi po3sHBIX BapblAHTay abeny, AKi CKJIamaeIiia 3 agHOMI
mepIamn, agHoll Apyroii i agHON TPIIAl CTPaBbl, MOKHA CKJIACII, KaJi ¥ MeHIO
npajacTayaeHbl 2 IepIblid, 6 apyrix i 7 Tpamix crpay?

Pawanmne.

AbG’ekT A — mepiras cTpaBa, ab’eKT B — gpyrad crpasa, ab’ekT C — Tpauaa
ctpaBa. Ila mpaBise 37a0BITKY BbIOAp cauaTky ab’exrta A, a saTteiM B i C MoKa
OBIIIL AXKBITIIEYIeHbI 2 * 6 + 7 = 84 cmocabami.

Aodxa3s: 84 ciocabawmi.
IIpeikaan 4. na adhapMaeHHSA ABYX TYJbHEBBIX IMaKOAY Y A3iMAYBIM

CIIapPTHIYHBIM KOMILJIEKCce €cIlb 6 po3HbIX IpaekTay. Koabkimi cmocabami MmoskHa
BBIOpAIlh ABa 3 iX, KaJi IpaeKThl HaBiHHbBI ObIIb PO3HBIMI?
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Pawsnne. AG’ekT A — mpaeKT [Iis adapMIeHHs IMepIiiara maxkos. fro
MOJKHAa BbIOpaIlh Imaciio crmocabami. AG’eKT B — mpaeKkT aasa adapMJIeHHS
npyrora makos. Ilacia BeIOapy mIpaeKTa IJd Ileplara Mmakos sAro MOKHA
BBIOpPAITH IIAIII0 crIocadami.

ITa mpagBijse 37a0BITKY BbIOAp criauaTKy ab’exkra A, a 3aTeIM ab’eKTa B MoxKa

OBIIb AXKBIIIEYIeHbl 6 + 5 = 30 cmocabami.
Aodras: 30 cmocabami.

AbaryirHeHHe IpaBiia 3Ma0bITKY

Kami

1) a6’exT A; MosKa OBIIh BEIOPAHBI M, POSHBLIMI criocabami,

2) macya Ko:KHara BeIOapy ab’ekray Ag, A,,..., A,_; ab’exT A, MoKa
OBIIb BEIOPAHBI My, POBHBIMI criocabami,

TO BBIOpanbs cmavatky A;, moTteiMm A,, As,.., A, ;, A, MOXHa
my-m, * ... m, cuocabami.

IMpeixman 5. KombkiMmi cmmocabami Mo:KHA BbIOpAIlhb KaMILJIEKT 3 TIapbl
majJbuaTak, KaleJiolla i mapacoHa, Kaji éciib b Bigay manpuaTak, 7 Bimay kKa-
nestorioy i 10 Bimay mapaconay?

Pawsnne. IlampuaTKi MOTymb OBIIb BBIOpPAHBI HAIIIO crocabami. ITacis
KOJKHara BbIOApy HmaJibuaTaK KaIlsaJIoIll MOKHAa BhIOpaIhb caMio criocadbami. ITac-
JIs KOYKHara BeIOApy HmasibuaTaK i KameJsromia mapacoH MOKHa BbIOpAIlh 3€CAIL-
o cnocabami. Takim ubtHaM, ma IrpaBije 37a0BITKY, HAOOp 3 maJibUaTaK, Kale-
JIfoIIa i mapacoHa MoskHa BeIOpaib 5 + 7 + 10 = 350 cnocabawmi (pbic. 77).

ég‘llg ‘(Lj";‘f‘
Ke S

-

7 Bigay

10 Bigay

5 Bigay
nanbyarak

KanenioLoy napacoHay

Pric. 77 .
Aodxas: 350 cnocabami.
Pasraensim 3amauy. Koanbkimi crmocabami MoskHa BBIOpaIh agHY SKCKYPCiio
BbIXaJHOTa OHS, KaJji OIopo Imajgaposk:kay mpamnaHye 4 sKCcKypcii ¥ cTapasKbIT-
HBbIA 3aMKi 1 5 sKCKypciii Ba YHiIKaJIbHBIA IPBIPOIHBIS 3allaBeIHiKi?
T'aTy samauy MoskHa palIbilnb 3 Janamoraii npaeéina cymot 1.
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IIpagina cymsr 1

Kani ab’ekT A Mo:ka OBIIIbL BHIOPAHBI M PO3HBIMI crmocabami, a Apyri
a0’exT B MoKHaA BBIOpAIlb n PO3HBIMI ciocabaMi, IPBEIUYLIM HiBOA3iH ca
crocabay BrIOapy ab’eKTa A He cymajae Hi 3 aZfHBIM ca ciiocaday BeIOapy
ab’exTa B, To BEIOpamp ab6o A, a6o B mo:xxuHa m + n crmocabami.

Y HambIM BBIMAAKY a0’eKT A — 9KCKYpPCid ¥ cTapaKbITHBISI 3aMKi, e MOXK-
Ha BBIOpAIlh UaThIpMa ciocabami, ab’eKT B — 9KCKypCis Ba YHIKAJbHBIS MPBI-
POLHBIS 3allaBefHIKi, e MOKHA BhIOpaIlh HAII0 cmocabami. Tagel ma mpaBiie
cyMbI BeIOpaIh a6o A, abo B moskHa 4 + 5 =9 cmocabawmi.

IIpeikman 6. Koabkimi cmocabami MosKHaA BbIOpallh afHy KBETKY 3 D po3-
HBIX PYsK i 9 po3HBIX I'Ba3asikoy?

Pawsnne. Anay py:Ky 3 mdAmi (ab’exT A) Mo:KHA BBIOpaIllh HAIIIO CIIO-
cabami. A0’ekT B — ajisim reasisik 3 [3eBsAIlll, MOKHaA BbIOpPAIlb A3€BSIIIIO
cumocabami. Ila mpasisme cymbl BeIOpalib abo ab’ekT A, a6o ab’eKT B MOKHA
5+ 9 =14 cuocabami.

Takim ublHAM, aAHY KBETKY 3 D PO3HBIX PY:K 1 9 PO3HBIX I'BasA3iKoy MOMKHA
BbIOpaIb 14 cmocabami (pwic. 78).

CS + 9 = 14 cnocabay Bbibapy afjHOM KBETKi )

Pric. 78
Adras: 14 criocabami.

IIpeixwaan 7. Koapkimi cmocabami MosKHa BhIOpallh aa3iH HAMoOM, Kaji
mpamanyeriia 3 IbITPYyCaBhld i 7 AragHbIX HALIOAY?

Pawsnne. AG’ekT A — 1BITPyCaBLI HAIIOI, a0’eKT B — sAragHbI HAIIOI.

AG’ekT A MoOKHa BBIOpallb TpbIMa cmocabami, a ab6’ekT B — camio
cmocabami.

ITa mpaBise cymbl aagdin mamoi (r. 3H. a0o ab’exkT A, a6o a6’exT B) MoKHa
BeIOpans 3 + 7 = 10 cmocabami.

Aodkas: 10 cmocabami.
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Pasraensim samauy. Ha makase mon y AsMaHCTpAIlbli mepriail KaJIeKIThbIi
ynsenbHivami 14 mamsiay, a apyroid — 18, mpbl M'9TBIM 5 MaAdJIay IPBIHAII
VIs3es y gaMaHCTpaIbli abeq3Biox KajleKIblii. KoJbKi ycAro Magsaay IpbIHAIO
yases y maxkase Moz ?

ITaxkoabKi Opsl HaAIiKy aryabHal KOJbKACII MaasJay cKaagaHHeM Jiky 14
3 jgikam 18 gBoiiubl OyAyIlb HaAJidaHbl D MagdaAy, AKiA OPBIHAIL YA3ea y as-
MaHCTpAaIbli abeI3BIOX KaJeKIIbIi, TO palllsHHe I'aTail 3aJaubl IPLIBOA3IIEL g4
HacTyIIHara mpasiia.

IIpaBina cymsr 2

Kaii mHexkatopsia cmocabbl BeIOapy ab’ekray A i B cymamaioib i KOJIb-
KacIlb CyHaa3eHHAY poyHa k, TO aryJibHas KOJbKAacIlb PO3HBIX cIIocabay
BbIOapy abo ab’exra A, abo B poyHa m + n — k, 13e m — KonibKacCyb Cno-
cabayj 6vib6apy ab’ekma A, n — KonbKacyb cnocabaij 6vL6apy ab’exma B.

Y mamai zagausl: m =14, n =18, k=5, rager m + n — k = 27.
Adkrasz: 27.

IMpeixman 8. ¥V Kiaace 3 25 MIKOJbHIKAY
15 uanaBek saiimaroriia TeHicam, 13 — Ty-
priaMaM, 8 — ToHicam i Typeiamam. AcTat-
Hig — muaBanHeMm. Koabki uajmaBek 3aiimaerr-
Ia IiaBaHHeM?

Pawsnne. Ab’ekT A — IIKOJbHIK, aIKi
3alimMaerna ToHicaM. AO’eKT A MOMKHA BEI-
Opamb 15 crmocabami. A6’ekT B — HMIKOJBHIK,
AKi s3aiimaeriia TypbiaMaMm. AG’ekT B MOYKHA
BoIOpans 13 cmocabami. ITakoabKi 8 MIKOIB-
HiKay 3aiiMarIriia i TaHicam, i TypbeI3aMam, TO
8 cmocabay BeIOapy ab’exrtay A i B cymnamaionb
(pwic. 79).

Tamsl ma 1mpaBize cymbl 2 aryjabHas
KOJIbKACIlh PO3HBIX cIocabay BwIOapy abo ab’exkta A, abo aG’ekta B poyHa
15+ 13 — 8=20.

Takim usiHaM, 20 vaysaBek 3aliMmaroriiia abo TeHicaM, abo TypbI3MaM.

IIa yMmoBe Bamaubl acTaTHiA HIKOJIbHIKI 3aiiMaroIiiia miaaBamHeM. Ilaxkoib-
Ki ¥ xmace 25 uwajsaBek, TO ILIaBaHHeM 3aimaromia 25— 20 =5 uyajaBex.

Pric. 79

Adka3s: b yanaBeK.
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IMpeieaan 9. IMaguac xamikymay 15 ByuHAY amgHaro KJjaca HaBemai
MacTamnki myseit, a 14 — ricTapblUHBI, IPBIYLIM { 3 T'ITBIX aJHAKJIACHIKaY
HaBefasi abogBa mysei. KoabKi ycAro uamaBexk y KJjace, Kaji BAAOMAa, IITO
KOJKHBI HaBeJay IpbIHAMCI aJ3iH 3 TaThIX My3esay?

Pawsnne. [lns palisHHS 3agaubl BBIKAphICTaeM MpaBisa cymbr 2.
AG’ekT A — HaByuoHeIl, IKi HaBegay MacTaliKi Myseii, Aro MoKHa BLIOpAIlb
15 cmocabami. AG’eKT B — HaByuYsHeIl, AKi HaBemay ricTapbIuHBI My3eii, fro
MOsKHa BbIOpalb 14 cmocabawmi. ITakonbki 7 cmocabay BeiOapy ab’ekray A i B
cymazamib, To MmaeMm: 15 + 14 — 7 = 22 (uanaBeki ¥ KJjace).

Aldxras: 22 yanaBexi.

31.1. 3ropana A ¥ ropan B BAAYIb

B TpBI mapori, a 3 ropaga B y ropag C

A Baayib 4 mapori (peic. 80). Kombkimi

C cmocabaMi MOsKHa IIpaexallb 3 ropana

A ¥ ropang C?

31.2. KaBapHusa mpamaHye § MeHIO

Perc. 80 10 Bimay kaBel i 12 Bimay mscepray.

Koabkimi cmmocabami moskHaA chapMmipaBalilb 3aKas, IKi CKJagaeIiia 3 KaBbl i
ascepTy?

31.3. Konbkimi cmocabami mMo:kHa abKJjeilnlb nBa MmakKoi Imajgepami, KaJi
€CIIb TPBI PO3HELIA BiAbl minaJiep (IaKoi MOrynb ObIIb aOKJIeeHbI aTHOJbKaBbIMi
mnaJjepami)?

31.4. Koapkimi cmocabami MoskHa madapOaBallb CIIeHBI I3BIOX BBICTABAU-
HBIX 3aJI, KaJIi €CI[b YaThIPbl PO3HBIA BiAbl (papObI (3a7bl He MOTYIh OBIIb Ia-
(apbaBaubl agHOIbKABA)?

31.5. Kosbkimi cmocabami MosKkHA BRIOPAIlh PO3HBIA APl 3 3LIUHAN i rajioc-
HAaii JiTap ca caoBa «KaMOiHATOPBIKA» ?

31.6. KosabKi AByX3HAUYHBIX JIiKAy MOKHA CKJAcCIi 3 giubay 7, 8, 9?

31.7. KombKki aByX3HaAUHBIX JiKay MOKHa cKJjacii 3 Jiubay 4, 5, 6,
BBIKapBICTAYIIEI ¥ 3alice JIKY KOXKHYIO 3 iX He 00JbIII 3a aa3in pas?

31.8. Kombkimi crmocabami MosKHA CKJIACIi KoM, AKi yTpuIMJIiBae agHy 3 Ji-
Tap a, b, ¢, d i agay 3 giubay 1, 2, 3, 4, 5?

31.9. KoabKi IByxX3HAUHBIX JiKay MOKHAa cKJacti 3 giubay 0, 1, 2?

31.10. Koapki aByX3HAUHBIX JIiKay MOMKHA cKJacii 3 Jjgiu6ay 0, 6, 7,
BBIKAPBICTAYIIILI ¥ 3amice JiKy KOMKHYIO 3 iX He 6obIn 3a ansin pas? Kouabki
CAPOA iX MOTHBIX ?
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31.11. 3 ropazma A ¥ ropan B Baayllb a13Be mapori, 3 ropaga B y ropan C Bs-
nynb 3 mapori i 3 ropaga C y ropan D Baaynpb Tpbl gapori (poic. 81). Kombkimi
cmocabaMi MoskHA ITpaexalib 3 ropazga A § ropag D?

A C

Pric. 81

31.12. Kosbkimi cmocabami MoskHa BeIOpaIlb KAMILJIEKT ca IIITAaHOY, KalryJi
i mimskaka, KaJi écup 3 mranoy, 8 Kamryab i 4 miHmxarki?

31.13. Koabkimi crmocabami MoskHa BBIOpAIlhb HaOOP 3 TPOX PO3HBIX PYYaK,
KaJii éciib 4 Bifbl MIapbIKaBbIX, D Bifgay KamiJsapHBIX 1 3 Bifbl rejieBbIX pydax?

31.14. Ecup 6 Bizay arag. [l npeiraTaBaHHSa KAMIIOTY 6APYIIb 8 BiZBI ATa.
Konbki po3ubIX BapeIgHTay KAMIIOTY MOYKHA IpPLITaTaBallb?

31.15. KosbKi TpOX3HAUHBIX JiKay MOKHA CKJIACII 3 Jriubay:

a)l, 2, 3, 4; 0)0,1, 2, 3?

31.16. KoabKi Tpox3HAauHBIX JiKay MOKHa CKJaciii 3 jiuday 1, 2, 3, 4,
BBIKApBICTAYIIbBI ¥ 3allice JIIKY KOKHYIO 3 iX He 0O0JIBII 3a ana3id pas?

31.17. KoabKi HAYAANBIX cIIpo0 MOMKHA 3pabillb, afKPLIBAIOULI 3aMOK, KOJI
SKOTa CKJIaJaellia 3 4aTbIpoX PO3HBIX Jiubay?

31.18. Koubki Habopay 3 4 Jitap MoKHa ckJacii 3 33 Jitap pyckara
andasira?

31.19. KoapKiMi crmocabami MosxHa 3aKasalb ans3id Hamoil y Kads, Kami §
MEHIO €cIlb b Bizay coKy i 4 Bignr mopcy?

31.20. Koubkimi cmocabami MoskHaA BbIOpamb ans3in (GPYyKT, Kaai § Base
JISIKAIlb 5 PO3HBIX A0JIBIKAY, 4 PO3HBIA I'PYIILI i 2 PO3HBIA aleJbCiHbI?

31.21. V¥ kiace 3 25 mikoabpHiIKaY 15 vasaBek saiiMmaroifiia maxmarami, 13 —
(dyroonam, 6 — maxmarami i pyrdosam. AcraTHis — n3iomo. Koabki yamaBex
s3afiMaelina a31m107?

31.22. Y kiaace 25 vayjaBek, 15 3 ix 3afimaroIiiia cmopram, a 13 uajaBeK 3aii-
maroriia myssikaii. KoabpKimi crmocabami MmosxHa BhIOpaIlh cliapTcMeHa Ha cra-
OopHiITBa, KaJi ¥ I'9ThI K UYac aa0bIBaelllia My3bIKaJbHBI KOHKYPC?

31.23. Ha miskHapomuait KaudepsHIbli capon 300 yasenbHiKay HeKaJIbKi
yajlaBeK BeJlalollb KiTalicKyio MoBy. Capon ycix acratuix — 100 Bemaroip aHr-
JiticKkyo i ppanIty3ckyo, 150 — aHriificKyio i pycKyio, 25 — pyckyio, (ppaH-
mys3ckyoo i auriifickyio. KoabKi yasenbHiKay KaH(EpsHIIBII BeZamoIlb KiTai-
CKYIO MOBY?
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31.24. Koabki capox nmepiibix 100 HaTypasbHBIX JiKay TaKix, SKisd q3essa1r-

ma Ha 2, abo Ha 3, abo Ha 2 1 Ha 3?

31.25. KoubKi capon nepmibix 100 HaTypaabHBIX JiKay Takix, aKid He mse-

Jdnma gHi ga 2, #Hi Ha 3?

31.26. Koubki capon mepinbix 100 HaTypaabHBIX JiKay TaKix, AKisg He aze-

admnia gHi #a 2, gHi Ha 3, Hi Ha 5?

§ 32. Ilepacranoyki. PazmamrusnHi

Pasriensim 3agauy. Koinbki pPO3HBIX UaTHIPOX-
3HAYHBIX JIiKay MOXKHa CKJacIii 3 Jiubay 3, 5, 6,
8 Tak, Kab yce Jiu6bI OBLII PO3HBIMI?

Pawanne. Ha mepiae mMecita MOYKHAa IIacTaBillb
JI00YI0 3 YaTHIPOX Jiubay (IIepIbl CAYIIOK Ha PhI-
cyHKy 82), sge MOKHa BBIOpaIlhb yaThIpMa CIIOCA-
oami.

Ha gpyroe — mo6yio 3 Tpox mgiubay, IITO 3a-
crajgica (OIpyri caymok), r. 3H. APYTYIO Jiu0y MOKHA
BBIOpAIlb TPBIMA criocabami.

Ha Tpsrige — am00yio 3 A3BIOX Jiubay, mTO 3a-
cragica (TPAIli CIYIOK), T'. 3H. TPAIIOI0 JiuOy MOK-
Ha BBIOpAIlh AByMa crocadami.

Ha wamnséprae — amny maiu0y, mTO 3acTajaacs
(J4amBEPTHI CAYIIOK).

Yearo 0yase CTOIbKI PO3HBIX UaTBIPOX3HAUHBIX
Jikay, KOJbKi aTphIMajiacad «JaHIIY:KKOY» an Iep-
miaii JiuObl ga yaiBépraii:

4-3+:2-1 =24 nixki.

KoxHBI 3 aTppIMaHbIX YaTBHIPOX3HAUHBIX JIiKay
agpos3HiBaeIia aj iHINBIX TOJBbKiI IapagkaM pas-
MAIMYSHHA Jiubay. ¥ T'sThIM BBIDAAKY TaBopallb,
IIITO pas3rJisggaroliila MmepacTaHOYyKi 3 YaTBIPOX PO3-
HBIX dJIeMEHTAay.

IlepacranoykamMi 3 n PO3HBIX 3JIEeMEHTAY
Ha3BIBAIOIIA HAOOPHI, KOKHEI 3 AKiX 3MsAIIUae
yce I'aThld 1 9JIEMEeHTay, Y3ATHIX Y IIAYHBLIM Ma-

pamky.

NN N N

Pric. 82
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Posubla mepacTanoyKi 3 n gaa3eHbIX dJIeMeHTay aJpo3HiBaIIla agHa a aj-
HOM TOJIbKI ITapagkaM pPasMSIITUYSHHSA dJIEMeHTay .

Konpkacup ycix mepacraHoBak 3 n djeMeHTay abasHauaenuna P, (ax &p.
permutation — mepacTaHOyKa).

BriBensem popMysIy A MAAJIiKy KOJbKACIIL ITIepacTaHOBAK 3 11 SJIEMEHTAaY .

Haxaii €éciib n po3HBIX 2JIEMeHTay, AKisd Tpaba pasMepKaBallb Ia 1 MecIlax.
Bribap mepiriara sjeMeHTa MOMKHA aKBIMIABIINL 1 criocabami (iHAKIIT KamKydsl,
Ha mepIlrae Meclia MOJKHa ITacTaBillh JIIO0BI 3 T'ITHIX 71 BJIEMEHTay).

ITacss BEIOApPY IepIIara 3JeMeHTa APYTi sIeMeHT MOXKHA BbI6pamnb (n—1)
crmocabam (Ha Ipyroe MecIia MOMKHA IacTaBimb 11066l 3 (n — 1) saemeHTay, mMITO
sacranica). Tpari smeMeHT Mo:kHA BBIOpansb (n — 2) cmocabami ir. 1.

AmnoIrHi ssieMeHT MOKHAa BbIOPAIlh TOJNBKI agfHBIM cocadbam.

Ila mpaBise 37a0BITKY aTpbIMaeM, IIITO 1 dJIeMEHTay MOKHa BBIOpaIlh
n(n—1)+(n—2)-...-3-2+1 cnocabami. 3HAYBLIIb, KOJIHKACIH IIE€PACTAHO-
BaK 3 n 9JieMeHTay poyHa 34a0bITKY yCiX HaTypaJbHBIX Jikay ax 1 ma n, r. 3H.
P=1-2-3-...-(n—2)-(n—1)-n.

Hnsa 3mabpITKy IEpPIILIX 7 HATY-
PajlbHBIX JIiKay IPBIMAHSAIONL CIIe- n'=1-2-3-...-n—2)-(n—1)-n
IblsdJabHAae abasHausHHEe n!  (4bI-
Taemnia «n QaxTtapbiaia»). I'sta Ha-
3Ba MaXOA3iIlh aj JaIliHCKara CcJioBa p =
factorialis — saxi npseiiniuae, BbIPaO-
Jsie, IaMHasKae.

Hampeikaan, 21 =1-2 = 2;

31=1-2-3=6;

10!=1-2-3:4:5-6-7-8-9-10= 3628 800.

ITa asmausuui: 1!1=1, 0!=1.

ITakosbKi KOJBKACIIh MEepPacTaHOBAK 3 1 3JIeMEHTay poyHa 3Ma0bITKY ycix
HaTypaJbHBIX Jikay aj 1 ma n, To arpeiMaeM Gopmyiy: P, = nl.

Y pasraem:xamaii 3amadybl KOJIBKACIBh PO3HBIX YaTHIPOX3HAUHLIX JiKay,
CKJIaI3€HbIX 3 UaThIPOX AaA3€HbIX Jiubay TaK, Kad yce JIiuObI ObLI1 PO3HBIMI, POY-

Ha KOJIbKACI[i IIepaCTAHOBAK 3 YaTHIPOX dyeMeHTay: P, =4!=1-2-3-4 = 24.

IMIperxman 1. Beuriusime: a)5!—4!; 6) %

Pawanne.
a)b!—41=1-2-3-4-5—-1:-2:3:4=120— 24 = 96;
121 1-2:3:4:5-6-7-8-9-10-11-12
10! 1-2:3-4-5-6-7-8-9-10

0) =11-12=132.
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IIpeikman 2. KoabKi icHye mparrHosay pasMepKaBaHHA TPOX KaMaHI Ha
TPBI IPHI3ABBIA MECI[bI?

Pawoanmne.

ITaxkoabKki KOoKHBI ciocab Oy/3e agpos3HiBaIllla aj iHIAara TOJbKI mapagkam
PasMAINIUSHHA KaMaHA Ha II'eIscTajie, TO KOJbKAacIlb TaKix cmocabay poyHa
KOJIBKACIIi IIepacTaHOBaK 3 TPOX ajeMeHray: P, =3!=1-2-3=6.

A0dxa3: 6 mparuosay.

Ilpeikaan 3. KombkimMi cmocabami 6 uasmaBeK MOrylb ceclli ¥ pajn Ha
6 Kpaciay?

Pawanne.

ITakonpki KOKHBI ca cmocabay Oyznse agpos3HiBaIIla aj iHIIara TOJbKi
mapagkaM pPasMAIITUSHHSA dJeMeHTay, TO KOJbKAcIh ciocaday paccamKBaHHSA
Oyms3e poyHa KOJbKAacIii ImepacTanoBak 3 6 sjmemenTay. ITa ¢hoopmyse KoabKaciti
mepacTaHOBAK 3 11 dJIeMeHTay aTpbIMaeM:

P;=6!=1-2-3-4+5-6="720 coocabay.

IIpeikaan 4. KoabKiMi cmocabami MosKHA CKJIACII pacKJal Ha aa3iH 13eHb
3 IIACIIi YpoKay IIa Iaciii pO3HBIX IIpagMeTax, KaJIi aasid 3 mpagMeray — MaTa-
MaTbhIKa — IIaBiHeH OBIIb IEePIIbIM YPOKaM?

Pawanne.

ITakonbki mepInbl YpoK ImaBiHeH OBIIL IIa IIpagMelle MaToMaThIKa, TO 3a-
cTaelllla CKJACIll pacKJjaj Ha acTaTHia 5 ypokay ma 5 mpammerax. KoKHBI 3
packaamay Oyznse aapos3HiBaIlIla aj iHIIAra TOJbKI IIapajKaM BYYS0HBIX ITpaj-
MeTay, TaMy iX KOJbKacIilb OyJ3e poyHa KOJLKACIi IIepacTaHOBaK 3 5 aje-
meHTay. Ila gopmyse KOJILKACIII IepacTaHOBAK 3 N1 dJEeMEHTay aTpPbIMaeM:
P,=5!= 120 crocabay cKJacIiii pacKJjasm.

Y mpaKTBIUHBIX 3aZjavyax yvacTa ObIBae Tpsba Imaaiublilb KOJbKAacilb Habo-
pay, aKig cKJamaioliia 3 m 3JeMeHTay, BLIOPaHbIX 3 71 PO3HBIX dJIeMEeHTay raTa-
ra Bimy. HampruIkiazn, pasriaensim 3agauy: KOJAbKi PO3HBIX TPOX3HAUHBIX JiKaY
MOJKHA cKJacHi 3 aiubay 1, 3, 5, 6, 8 Tak, kab yce JiuObI ObLII PO3HBIMI?

Pawasnmne.

Ha mepimae meciia ¥ J1iky MoskHa macTaBillhb JI00yI0 3 IIAIli Jriubay, sge MOoXK-
Ha BBIOpAIlh MAIII0 cIocadami.

Ha apyroe — m100yio 3 yaTbIpox Jiubay, IIITO 3acTasics, I'. 3H. IPYTYIO JIiu-
0y MOsKHAa BBIOpAIlh YaThIpMa crocabami.

Ha Tps1isge — m00yio 3 Tpox Jiubay, IMITO 3acTajics, TPIIIO0 Jiu0y MOMKHA
BBIOpAIlh TPhIMA cIrocadami.
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ITa mpasBisie 31abBITKY aTpbIMaeM, IiTo 3 jgiubay 1, 3, 5, 6, 8 MoyKHAa cKJacIi
5+4+3 =60 po3HbIX TPOX3HAUHBIX JIiKay TaK, Kab yce JiuObl ObLIi PO3HBIMI.

Y raThIM BBINIAAKY raBOpPallb, IIITO PA3TJIAAAIOIIIA PASMAIITUIHHI 3 IAIli aJe-
MeHTay Ia TPhI.

PazMANIYSHHAMI 3 n PO3HBIX 3JIEMEHTAy Ia m Ha3bIBAIOIIIIa HAaOOPHI,
KOJKHBI 3 IKiX 3MdAIIUae m dJIeMeHTay 3 1, Y3AThIX Y I9YHLIM IapajgKy.

PasmsaniusHHI 3 7 pOBHBIX dJeMeHTay I1a m afpo3HiBaoIllla agHo aj aJHaTo
sJeMeHTaMi a00 mapagKaM ixX pasMAITUSHHS.

Kosbpracup ycix pasMAmUYSHHAY 3 1 djIeMeHTay ma m abasHadaernma A"
(am ¢p. cioBa arrangent — pas3MAIITYSHHE, IPHIBA3EHHE ¥ Iapajiak) i ubiTa-
ela «KOJbKACIIb PA3MAIIUIHHAY 3 71 PO3HBIX dJIEMEeHTay IIa m».

BriBenzem opmysny i MAAIikKy KOJBKACII YCiX pPasMANIUSHHAY 3 1 PO3-
HBIX sJIeMeHTay ma m. Beibap mepimara sjaeMeHTa MOYKHA aKBIIIIABIIE 71 cIIoca-
O6ami (ma mepimae Meciia MOJKHA IIacTaBiIlh JIO0BI 3 TOTBIX 1 dJaemMenTay). [lacas
BEIGAPY IlepIara sjaeMeHTa APYTi dJIeMeHT MoxKHa BbIOpanb (n —1) cmocabam
(Ha Zpyroe MecIiia MOXKHA HACTaBiIp i00bI 3 (n —1) amemeHTay, IITO 3acTali-
ca). Tpaii saemMenT MoxHa BbIOpanb (n —2) cmocabami i r. x. Hapame, m-bl
9JIEMEHT MOKHAa BBIOpAIlh (n —(m— 1)) =(n—m +1) ctocabam.

ITa mpaBise 3mabBITKY aTpbIMaeM, IIITO M 3JIeMEeHTay 3 7 MOXKHa BhIOpaIlb
n(n—1)(n—2)-(n—38)+...-(n —m +1) cuocabawmi.

3HAYBIIb, KOJbKACI[h YCiX PA3MANTUIHHAY 3 1 POBHBIX JIEMEHTAY 1a M MOXK-
Ha BBLIIUBIIG 1A (popmysre A" =n - n—-1)n—-2-n—3)...-.(n—m+1).

TaTy hopmysry MOKHA IepayTBaPHIIb.

ITamHOMXBIM 1 mazsesiM 31a0bITAK

nn—-1)-n—2)-(n—3):...-(n—m+1)
Ha (n —m)! i arppIMaem:
n-(n—l)-(n—Z)-(n—3)-...-(n—m+1)-(n—m)!

Al = (n—m)!

V niuniky apo6y BeIpas (n — m)! sameHimM Ha 37a0BITAK
(n—m)-(n—m—1)-...-2-1. Tags!

n-(n—l)-(n—2)-(n—3)-...'(n—m+1)-(n—m)-(n—m—l)-...'z-l

Al = (n—m)! )
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Jliurik aTpeiMaHara apo0y ysyiase caboil 3gabbITaK yCix HATypaJIbHBIX Ji-
kay ag 1 ga n, r. 36. n!. 3Haubins, A" = o
(n - m)!
Taxim ublHaM, aTpbIiMaJi GopMyJIy AJA BBIIIUSHHSA KOJbKACIL PA3MAIITUDH-
HAY 3 1 PO3HBIX dJIeMeHTay ma m upsl m < n.
Y pasraemxaHail 3amaubl KOJBKACIh YCiX MardbIMBIX
TPOX3HAYHBIX JiKay, CKJIAA3€HbIX 3 IIAIll JaJ3eHbIX Jiuday,

POVHA KOJIbKACIIL Pa3MAIIUSHHAY 3 IAI1 dJIeMeHTay IIa TPhI:

m __ n!
Am ="

(n - m)!

s _ 5 5 _1-2-3-4-5 _ AR —

IIpeikaang 5. Koabki PO3HBIX UYATHLIPOXKAJIAPOBBIX CIFIIKKOY MOKHA
CKJIACIIi 3 IIAIl PO3HBIX rapbl3aHTANBHBLIX KaJAPOBLIX IIaJI0C?

Pawanne.
ITaxoabKi po3HBIA CIAMKKL OyAYyILh aApo3HiBaIllla aa3iH ax agHaro abo KoJie-
pam majsoc, abo mapagkaM pasMAMNIUSHHSA majoc (pbic. 83), To KOIbKACIH yCiX

YaTBhIPOXKAJSIPOBBIX CISIKKOY 3 IISAIl PO3HBIX KaJSAPOBBIX IIAJIOC POYHA KOJb-
Kaclli pasMAITUSIHHAY 3 AL sJieMeHTay ma YaThIPhI:

A§=ﬁ=%=w=2-3-4-5=120.
—— Bl @
]
| |
| |

‘ ‘ Pric. 83

IIpeixaan 6. Crygsuram Tpoda 3gamb b sx3amenay 3a 11 g3éu cecii. Koab-
Ki po3HBIX pacKJazay sK3aMeHay MOXKHA CKJIACIli?

Pawanne.

ITakonbki Tpsba BBIOpallhb IIAIL A3EH AJA 34aubl sK3amMeHay 3 11, To
KOJKHBI pacKJIajJ bdK3aMeHay aJpos3HiBaeriia aj iHIimara BBIOPAHBIMI THs-
Mi i mapagkaMm OBICIBIIJIIH, TaMy Tpa0a 3HANCII KOJbKAacIlb Pa3MAIIUSHHIY
311 mma 5.

T80l —7-8-9-10-11 = 55 440.
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IMIpeikaan 7. KoabKi PO3HBIX YaTHIPOXKAJAPOBBIX CIAKKOY MOKHA
CKJIACIIi 3 IISAI[i PO3HBIX rapbI3aHTAJBbHBIX KaJSIPOBBIX IIAJIOC, KAJi IPhI I'9THIM
nsBe 3 ixX (ciHsdA i ubIpBOHAs) MaBiHHBI OBIIb TOOAYU?

Pawanmne.

ITakonbKi cinsas i ubIpBOHAS ITAJIOCHI TaBiHHBI OBIIE IT06AY (cycezsi), To raTy
mapy OyaseM pasradganb AK aasiH sjeMeHT («aA3iH Kojaep»). S3HAUBIIb, MOMK-
Ha pasriAfalb CIAKKi, AKiA Maolb He YaTBIPHI, a TPl KAJAPOBBISA MTAJIOCHI, i
BBIKAPBICTOYBAIlh VKO He 5, a 4 Koaepbl. Takim ubrHam, Tpaba 3HAKCIII, KOJbKI
PO3HBIX TPOXKAJAPOBBIX CIAMKKOY aTpPhIMaelllla 3 YaThIPOX PO3HBIX IapbI3aH-

TaJbHBIX KAJAPOBBIX maJjoc. I'sTa KOJIbKACIIh POYHA KOJbKACIIL PA3MANTUDHHIY
. 4! 4! _ 1-2-3-4
3 UATBIPOX BJIEMeHTay Ta Tpel: A = as) =T 1 ~—2-°3-4=24
CApof MaTHIX CISMKKOY OYAYIb Takifdg, y aKiX HIMa cindra i ubIpBOHAra Ko-
Jepay, ix Koabkacub poyHa P, = 6. Axmimem ix: 24 — 6 = 18.
ITakoabKi ¥ CIAMKKY AK YUBIPBOHBI KOJIEp MOXKa icIli 3a cimim, Tak i cimi
KoJIep MOJKa icIiii 3a UYBIPBOHBIM, TO aTPLIMAHYI0 KOJbKACIhL cIiocabay Tpa-
0a magBoinb. TaxkiM ubIHaAM, KOJBKAcCIlb PO3HBLIX CIIKKOY Oyase poyHa:

18 - 2 = 36.
_®_
15!

1o 6) 61=51; &) 41-31; 1) 2.

32.2. KosbKi pO3HBIX TPOX3HAUHBIX JiKay MOKHA CKJacIii 3 Jiubay 3, 5, 7
Tak, Kab yce JiuOnI ¥a3eabHiuai ¥ 3amice KoxxHara Jixky?

32.3. Kouabkimi cmocabami MOrymp pasMACIiIa ¥ TypHipHAa TabIiIlbl
10 pyTOOJBHBIX KaMaH, Kajli BAIOMA, IIITO HiIKid A3Be KaMaHAbl He HaOpaJri
poyHall KoJbKaciii aukoy?

32.4. KoJIbKi PO3HBIX «CJIOY» MOXKHA CKJACIIi ca CJ0Ba «(PYHKIBII», Iepa-
cTayJIAI0UbI JiTapsl TaK, Kab jJiTapa «(» sacTaBajiacs Ha MePIIBIM MECIhbI?

32.5. KoJIbKi PO3HBIX YATHIPOX3HAUHLIX JIiKay MOKHA CKJAacIii 3 Jjiubay 1,
3, 5, 0 Tak, Kab yce JiubsI yas3enbHiva i ¥ 3amice?

32.6. KoJIbKi PO3HBIX «CJ0Y» MOXKHA CKJACI[i ca CJ0Ba «IIePBIAm», IIepa-
CTaYIAIOULI JiTaphl TAK, Kab raJoCHbBIS cTasdIi mobau?

32.7. KoJbKi pPO3BHBIX «CJIOY» MOJKHA CKJIACIII ca CJoBa «IIPO3Bilruar,
rmepacTayasioubl JiTapbl TaK, Kab rajJoCHBIA He cTasai modbau?

32.8. KosbkimMi cmocabami mosxHa paccraBinp Ha masinsl 10 po3HBIX KHIr,
KaJui capon ix 3 gaBenHiki maBiHHBI cTaAnb modbau?

32.1. BeLiubite: a)
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32.9. Koabkimi crmocabami MoskHA BRIOpAIlh 3 KHITI AJIA MPBI30Y 3a mepiiae,
Ipyroe i Tpaisge meciia ¥ adiMmmianse 3 10 posHbIX KHIT?

32.10. Kosbkimi cmocabami MosKHA BRIOpAIlh CTAapPIIbIHIO, caKkparapa i agHa-
ro ujeHa JKYypPhI 3 CAMHAIIIAIll HaByYsHIAY Kaaca?

32.11. KoabKi HAYIAIBIX cIIPO0 MOKHA 3pabilb, Kad agKpBIIlbL 3aMOK, KaJIi
Kog 3Marnuae 4 yiu6bl 3 10, OpsI I9THIM JIiUOBI He MOTYIb HayTapaiiia?

32.12. KonbKi MOKHA CKJIACIli PO3SHBIX IIOTHBIX MAIISHAUHBIX HyMapoy 3
aiubay 2, 3, 5, 7, 9, 1 (;niubsl He mayTaparoma)?

32.13. KoJIbKi pPO3HBIX UAaTHIPOXKAJIAPOBBIX CISAKKOY MOYKHA aTphIMaIlb 3
IIIacIli PO3HBIX TrapbI3aHTAJIbHBIX KAJAPOBBIX IIAJIOC, KAJIi IPhI I'9THIM I3Be 3 iX
(ciHaa i ybIpBOHAA) HEe MaBiHHBI OBIITL TO0AY ?

§ 33. Cnanyusnni. PamranHe kaMOiHATOPHBIX 3ada4

@ Pasriensim g3Be 3amayunl.

3adavwa 1. FKoapkimi cmoocabami
MOJKHA BBIOpAIlb Tpaix A3SIKYPHBIX:
I3sKypHara Ha IepInbl IaBepX, Ha
apyri i Ha Tpami — 3 20 uyajgaBex y
KJjace?

Pawasnne. IlakoabKi KOXKHBI Ba-
PBLISHT aapo3HiBaela aj inmara a6o
3jieMeHTaMi (HaByusHIIaMi), a00 ma-
pagkaM ix pasMANTYsHHEA (414 Tpaix
BBIOPAHBIX A3AKYPHBIX Mae 3HAUSHHE
AITYS BBIOAD ITaBepxa), TO KOJIbKAacCIlh
crocabay poyHa KOJbKAacIli pasMsAIIl-
ysuHAY 3 20 sy1emeHTay ma 3:

=18-19-20 = 6840 cmocabay.

3adauwa 2. KonbKiMi cmocabami MoK-
Ha BBIOpalb Tpaix MA3AKYPHBIX 3
20 vasiaBek y KJjace?

Pawasnne. Y rToTall 3amadypl Ia-
pamak BbBIOADPY I3SKYPHBIX HEe Mae
3HAYIHHSIA, TaMy KOJIbKaclpb pas-
mamrusHaay 3 20 sgementay ma 3

(Ag’o) Tpa6a TaMEHIIBIIb Y CTOJbKI
pasoy, KOJbKiMi cmocabaMi MOMK-
Ha TIepacTaBillb TITHIA & BJeMeH-
tel (y P; pasoy). Taxgel arpbimaem:
A3y 20-19-18 _ .
Tg =123 1140 Cﬂoca6ay.

Y roThIM BBINAAKY TaBOpAallb,
IITO pPAasTIAAJAoIIla CIAJYUYIHHI 3
20 syremenTay ma 3.

CnanyuysHHAMI 3 7 PO3HBIX dJIEMEHTAy Ia M Hal3bIBAIOIIla HaOOPHI,
KOJKHBI 3 AKIX 3MsIIUae m dIeMeHTay 3 1.
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CoanyusHHi 3 n PO3HBIX dJIeMEHTay ma m aJpo3HiBamoIllla aJIHO aj aJHaro
TOJILKi syiemeHTami. [lapagak sjaeMeHTay He yiaiuBaela.
. o o m
Koapkacup ycix cnanydusHHAY 3 1 2jeMeHTay na m abasHaudaenuna C; (an
({p. combination — cuasyusHHe).
Koapkacip ycix crmasyusHHAY 3 1 PO3HBIX dJIEMEHTAY MHa m MOYKHA BBLIi-
A n-(n—l)-(n—2)-(n—3)-...-(n—m+1)

ublIb na popmyne C* = P = -

m

IlepayTBOPBIM TI'aTy (pOopMyJIy, IIaMHOMKBIYIIIBI JiUHIK i Ha30yHIK Apo0y Ha
A" ne(n-1)-(n-2)(n=8)-..-(n—m+1)-(n—m)!

P, m!(n—m)!

(n —m)!, i arpeimaem: C"" =
Y  miumiky  gpoOy  BbIpas (n — m)! 3aMeHIiM Ha  37a0bITak
(n—m)-(n—m—l)-...-z-l. Taner

_ A n-(n—l)-(n—2)-(n—3)-...-(n—m+1)-(n—m)-(n—m—l)-...'z-l'

o4

P, m!(n - m)!

Jliunix aTpeiMamara apoOy VaAyasde caboii 3mabbITaK yCiX HaATypaJbHBIX
m

. n!

gikay ax 1 ga n, r. 35. nl. 3Haubins, C" = —— =

" P, mi(n—m)’

IIpeikaan 1. Koaskimi cmocabami MoskHA CKJIaciii HaboOp 3 TPOX po3HaKa-
JSPOBBIX IIAapbIKay, KaJji €cIlb IIapbIKi IAIl PO3HBIX KoJiepay?

Pawanmne.

ITakonpki cmocabbl BbIOAPY aapo3HiBaromiia
TOJIbKI 9JIeMeHTaMi i mapagak iX pasMAIIYSHHSA § . Am ol
HAGOPBI He iCTOTHBI, TO PASTJIANAIONIA CIIATYIOHHI 3 | Cn P, mi(n—m)!
5anmemenTay ma 3. KoabKacIb CIIATyUY9HHAY BBLIiUbIM
na opmy.e: C53 = 73«551 3) = % = 712211; =10

Adrasz: 10.

IIpeiraan 2. Koabkimi cmocabami mMo:kHa BbIOpalb 6 mIKoJBbHIKAY 3 12
I YA3eJy § TepIIbIM 9Tale KBICTy ?

Pawanmne.
ITaxkoabpKi po3HBIA crocabbl BEIOAPY KaMaHAbI 3 6 IIKOJbHIKAY agpos3HiBa-
IOIIla TOJBKi dJeMeHTaMi, ImapajgaK He iCTOTHBI, TO KOJBbKAaCIb yCiX KaMaH[

Adras: 924 conocabami.
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IIpeikmanx 3. YV Kiaace Byuarma 25 uvajgaBek. 3 ix 12 gsayubiHak. [lia
BiHIITaBaHHSA BeTopaHay Tpsba BLIOpAIlh TPOX XJOMUBLIKAY 1 ABaixX A3AYUBIHAK.
Koapkimi crrocabami rata mosxHa 3padins?

Pawasnne.

ITakonbki ¥ Kiace 25 uamaBek, cApon AKix 12 asayubiHaK, TO § KJjace BY-
yamma 13 XJonubsikay.

ITaxonbKki po3HBIA cmocabbl BeIOAPY TPOX XJIOMUBIKAY 3 13 amposHiBaroir-
Ila TOJIbKi sJjieMeHTaMi, mapajax He iCTOTHBI, TO KOJIbKAacCIlb ycCix ciocabay
BBIOADPY XJIOMYBIKAY pPOYHaA KOJbKACIi CIaayusHHAY 3 13 saemeHTay ma 3:

13! 131 _ 11-12-13 = 986.

C3 = ° = =
13 32(13 - 3)1 3110! 1-2-3

Koabkacip ycix cmocabay Beibapy aABaix asayublHak 3 12 poyHa KoabKacIii
crnanyusHuAy 3 12 syemeHTay ma 2:
12! 121 _ 11-12

2 _ : — = =
Cia 2112—2)1 210! 1-2 66.

ITakoabKi mpBhI KOYKHBIM BBIOAPHI XJOOUBLIKA A3AYUYbBIHAK MOKHA BbIOpAIlh
Clzz cmocabami, TO ma mpaBijie 3Ma0BITKY TPOX XJOMYBIKAY i ABaiX A3AVUBIHAK
IS BiHTTaBaHHA MOoKHA BeIGpans Cpy + Cr, = 28666 = 18 876 cmocabawmi.

Aodrasz: 18 876 cocabami.

KambinaTopHbla 3aaubl MBI palllajii 3 AamaMorail IIpaBijiay BbLIIUSHHSA
KOJIbKACIIi ITIepacTaHOBAaK, PAa3MSAIIUSHHAY, CIIAIYUSHHAY. IX MoKHAa a6’ AqHaIb
y aJ3iH KJac — 9JeMeHTapHbIX 3aa4 — i KaphICTaIllla HACTYITHBIM aJIrapbITMaM
BbIOapy Bimy Habopy (pbic. 84) (Habophl, AKisg CKIagaoIlla 3 dJIeMeHTay, IIITO
BBIBHAUAIOI[IIA YMOBaM B3aJadbl, MOTYIb SINYD HasbIBAI[lla KaMOiHaIbIAMI,
crocabami, 3IyUsHHAMI).

AusrapsiT™M BBIOApy Bigy Ha0opy

I1i yce smemeHTHI

HE . TAK
BBIKAPBICTOYBAIOIIITA
¥ amHBIM HaOOPHI?
: ITepacTanoyki
HE ITi mae sHAUDHHE TAK |
napajak pasMAINIYSHHA
ajgemMeHTay?
| CroanyusHHi | Pasmamusuni |

Pric. 84

PasriensiMm mphIkjgaabl KapbICTAHHSA aJiTapbITMaM IIPBLI PaIldHHI KaMOiHa-
TOPHBIX 3a1a4.
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IIpeikaan 4. KoabKi pO3HBIX YATHIPOX3HAUHBIX JiKay MOMKHA CKJACIIL 3
aiubay 1, 7, 8, 9 Tak, xab yce JqiuObl yasenbHiuaIi ¥ 3amice?

Pawsnne. Y aamaBemHaclli 3 ajrapbITMaM ITpaBepPbIM, IIi yce 3JIeMEeHTBHI
yasesabHiuamnb y agubiM HaObopbel. Tak, yce, MakoJabKi ycaro iubay uaTbIpsI, i
yce AHBI BEIKAPBICTOYBAIOIIIIA ¥ 3alrice JIiKy. SHAUBIIb, PO3HbBIS YaTHLIPOX3HAU-
HBIA JIiKi Yayaamonb caboil mepacTaHoyKi 3 uaTbIpox sjgemenTay. IIpniMeHiM
(opmMyay KoJbKacIli mepacTaHOBAK 3 1 djieMeHTay, arpbiMaem: P, =4l =12 X
X 3+4=24.

Adras: 24.

IIpeiraan 5. Koabkimi crmocabami MOryIlb pasMsCIIililia ¥ TypHipHail Tab-
JiInbeI 6 TaHAO0OJBHBIX KaMaHg, KaJi BAgoMa, IIITO HidKiA A3Be KaMaHIbl He Ha-
OpaJii agHOJIbKaBall KOJbKACIi auKkoy?

Pawasnne. Y apamaBemHaclli 3 ajrapbiTMaM ITpaBepPbIM, IIi yce 3JIeMEHTBHI
YasenbHiuamIb v agueIM Habopel. Tak, yce, MIaKoJIbKi KOJKHEI ca cmocabday pas-
MSAIMIIYSHHA KaMaH[ ¥ TaOJIiIbl 3MAIIuae yce 6 Kamaus i Oyase agpos3HiBaIiiia af
iHmIara ToJMbKi mapagKaM pasMAIIUYSHHA KaMaH[ v TypHipHai Tabainsl. Koas-
KacIlb criocabay pasMsAIIYSHHSI KaMaHI 0yA3e poyHa KOJIbKACIli mepacTaHOBaK 3
6 ssmemenTay. Ila (popMmyJie KOJbKACIIi IIepacTaHOBaK 3 11 9JIeMEHTAaYy aTpbIMaeM:
Py = 6! =720.

Adrasz: 720 criocabami.

IIpeirman 6. Y KapIiHHYIO rajeps ImacTtyiija 9 HoBbIX Kapiiiu. Kouab-
Kimi cmocabami MosKHA BHIOpAIlh YATHIPHI 3 iX [JIA BBICTABEI i 3MSACIIIL iX HA
4 mecIibl ¥ 3ae?

Pawsnne. Y aamaBemHaclli 3 ajrapbiTMaM ITpaBepPbIM, IIi yce 3JIeMEHTBHI
YasenbHiuamnb y agabiM Habopsl. IlakoabKi yearo xapiin 9, a BeIOpaiib Tpada
4, To ¥ agHBIM HA0OPHI BEIKAPBHICTOYBAIOIIlA HE YCe Jaa3eHbIA 9JIeMEeHThI. 3Ha-
YBIIlb, Pa3TJIAgaeMblsd KaMOiHaIbIi — IaTa cIaaydusHHI abo pasmarrusuui. I1a-
KOJIbKi BbI3HAUAHBI MECIbl Pa3MAMIIUIHHSA KapI[iH, TO IapagaK pPasMANIYIHHSI
sJeMeHTay y HaOOphl Mae 3HausHHe. TakiMm ublHaM, OJd aZKasy Ha IbITAHHE
3a1a4bl IPLEIMEHIM (QOPMYJIY KOJbKACIL PA3MAIIUSHHAY 3 9 syiemeHnTay ma 4:

91 9! 1:2-3-4:5-6-7-8-9

A =G TR T T —67T8:9-3024.

Aodrasz: 3024 cnocabami.

IIpeikaan 7. CTyasHTHI aAHOM 3 TPYII BBIBYYAONb 9 ABICIILIIIIIH, A 3 IIaphl
mroasedb. KoabKimi criocabami MoskHA CKJIACIIL PaCcKJaL HA aA3iH A3eHb?

Pawasnne. IlakoabKi ¥ pacKkjiagse Ha aa3iH A3eHb Oya3e 3 ABICHBIILIIHEL 3 9,
TO IIa ajJrapbiTMe pasrjiafaeMblsd KaMmOiHAIbli — TaTa He IlepacTaHoOyKi, a
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MakoJbKi Mae 3HAUSHHE mapafak Imap y pacKJaas3e, TO KOJbKAaCIb CIIO-
cabay ix BbpIOApY pOVHA KOJBKACI[ pasMAMIUSHHAY 3 9 saemeHTay ma 3:
Ag3 =9-8-7=>504.
Aodxa3s: 504 cnocabami.
IIpeikaan 8. KoabKkimi cmocabami Mo:KHa CKJIACI[i KaMaHAY 3 YaThIPOX
yajJaBeK s cmabopHinTBay ma miaaBauHi 3 7 masIyiioy?

Pawasnmne.

ITakoabKi PO3HBIA KaMaHIbl YKJIIOUAIONE 4 IJIBIYIIEI 3 caMi (He Jce IIbIIThI
OyayIlhb y amgHOM KaMaH/3e) i KaMaHAbI ILIBIVIIOY aapOo3HiBaloIlla TOJbKi aJe-
MeHTaMi (TTapagak BeIOApy He Mae 3HAU9HHA), TO ¥ aJIaBeIHAaCIIi 3 aarapbIT™MaM
pasrasagaoIiia CIajdyuysHHi 3 7 saaeMmenTay ma 4.

Kosbkacup cunaayusHHAY BBELIiUBIM Ha hopMyJIe:

ct 7 7 1:-2-3-4-5-6-7

T a7—4) 4181 1-2-3-4-1-2-3 = 35.

Adras: 35 criocabami.

IIpeikaan 9. Y BakaabHBIM I'ypTKY 3aiimaroriia 10 vanasek. Heabxomua
BbIOpaIb ABYX cajicray. Koabkimi crmocabami rata MmoskHa 3pabinn?

Pawasnmne.

ITakonbki §¥ Habopb! Oya3e 2 smeMeHTHI 3 10, To Ta aarapuITMe Pas3TJIsagaeMblsd
KamOiHaIlpli — raTa He IIepacTaHOVKi, a IaKoJbKi He Mae 3HAUSHHA Iapagak
BBIOAPY cajicray, TO KOJbKACIh clocabay ix BeIOApY pOyHA KOJIBKACIL

!
cnanyusuuay 3 10 snementay ma 2: Co) = 21,—%, =45.

33.1. KoabKi Habopay 3 5 mipoKHBIX MOKHA CKJIACIIL 3 7 Bigay HipoKHBIX ?

33.2. ¥V wiace 25 maByusuiay. Koabkimi crmocabami mosxHa BbIOpamb 3 ix
YaTHIPOX AdJeraray Ha KaH(epsHI[bIIo?

33.3. 3 IBYXCOT 3adABaK, MaJaA3€HbIX IJA VA3eJay ¥ MIKHAPOIHBLIM KiHa-
decThiBai, apraHisarapam Tps0a amadpamnbs 30 ¢inpMmay Oad KOHKypcHara
naxkasdy. KoabKiMmi crmocabami raTa MosxkHa 3pabinb?

33.4. KoabKi icHye posHacTapoOHHiX TPOXBYTOJIbHIKAY, Aay:KbIHI CTapoOH
AKiX IpBIMAaloOb HACTYHHbBISA 3HAUSHHI: 4, 5, 6, 7?

33.5. ¥ nmagpasngssanenui 60 caixgar i 5 adimppay. KoabKimi criocabami moxkHa
BBIOpAIlh CAPOJ iX YAaTHIPOX caJIIaT i ABYX adilppay aida HACeHHA BapThI?

33.6. Koapkimi criocabami 8 yamaBek MOTyIlb cecIli ¥ paj Ha 8 Kpacaay?

Aodxas: 45 cnocabami.



OnemeHTbl KaMbiHaTOPbIKI

171

33.7. Koubkimi crmocabami 3 8 yaseabHiKay Hapaabl MOKHA BhIOpAIlh CTap-
MIBIHIO i cakpaTapa?

33.8. Koubkimi cmocabami 3 8 cymparmoyHikay kammaHii MokHa BbIOpaIlh
IBYX yajiaBeK AJIA Cay:KO00Ball KaMaHA3IpoOyKi?

33.9. V xkpame nmakynHiKy npamanymoib 12 sigay kamyas i 10 Bigay mranoy
narpsduara namepy. Koabkimi crmocabami ém moska BuIOpalpb 3 ix 3 xammryui i
2 mrrasoy?

33.10. ITTacmépa csa0poy IPBIMAILIL ¥ KiHaTsaTp. Yce iX MecIbl pasMeIldyatbl
3amap y agHbIM pajase. KoabKimi cmocabami sHBI MOTYIh cecIli Tak, Kab Oua i
Kous capsesi mobau?

33.11. KonbKi po3HBIX aKopaay MOKHA Y3dIlb 3 A3eCAIli BBIOpaHBIX KJIaBiIl
pasiyis, Kaji KOMKHBI aKOPJ MOKa YTPHIMJIIBaIlh aJf TPOX Ha A3ecsAIli rykay?

33.12. KoubKi maAmisgauHbIX Jikay yTpbIMJIIBaIOIb y cBaim 3amice xamsa 0
ansin Hyab?

§ 34. MeTrag MmaTaMaThIYHAN IHIYKIBIi

CuBepmkanui Teiny « 8 KoKHaAra HaTypaJbHara n...» MOKHaA JTaKasBallb

3 Jamamoraii IpbIMAHEHHA acabjiBara MeTaay pasBasKaHHS, IKi Has3bIBaell-

Ima MeTagaM MaTaMaTbIUHAW iHAYKI[BIi.

Y acHoBe raTara MeTany JIAKbBIIb IIPLIHIILII MaTAMaTbIUHAN IHAYKIIBI (aK-
ciéma):

Kaxi cusepm:kanue A(n), y AkiM n — HaTypaJdbHbI JiK, mpayasiBae miasa
n =1, i3 Taro, nrTo AHO MpaynasiBae aa4a n = k, BbIHiKae, ITO THO MpayasiBae
aaan =k + 1, To aHo mpaynsiBae Aiasa Jr06ora HaTypaJbHara n.

Merang maTsmaThIUHAR 1HOYKIIBI, AKi IPLIMAHSAEIIA OJA CIHBEPIKAHHIY
TeIiny « [ KoKHAra HATypaJabHAra N...», 3aKJI0Yaerna y:

1) mpaBepiis! 6assl iHgyKIeIi (npel n = 1 A(1) — mpasinbHA);

2) iHmyKTBIVHBIM TIepaxon3e abo KpOKY IiHAYKIIbIi: Kaji mnpaBiibHae
cIlBepIKaHHe 3 HyMapaMm k, TO IIpaBijbHae cijBepiKaHHe 3 myMmapam k£ + 1
(A(k) = A(k + 1));

3) BhIBaJ3e: Ha IIaJCTaBe IPBIHIBITY MAaTIMATBIUYHAN iHAYKIIBII CIIBEPIKaH-
He IIpaBiJibHae AJid J0ora HaTypaJbHara 1.

3ajjeaza 1

Yacam 3pyuyHBI iHAYKTBIYHBI CIYCK: KaJi CIIBEpAsKaHHE 3 HyMapaMm 7,
n > 1, MoKHAa 3BecIii Ja agHaro abo HeKaJbKiX CIIBepAKaHHAY 3 MEHIIILIMI HY-
Mapami, To ciBepAs;KaHHe IpaBijibHae IJsd YCix n.
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3ayeaza 2

Yacam a1 goKa3y HacTyITHAra CIBepAKaHHsS Tpaba abamipariiia Ha yce ma-
AP AHIA cUBepAKaHHI, Taabl iIHAYKTHIYHBI Iepaxoj Mae HaCTyITHbI BBITJIA:

«Kauni mpaBiyiibHBIA yce ciBepaKaHHi 3 HymMapami ag 1 ma n, To ImpaBijibHae
cIBep:KaHHe 3 Hymapam n + 1».

@ Anzapoimm npolMAHEHHA memady mamamamuvliHall iH0YKybLi
(D BbLTyusIIIs Ba ¥MOBe 3amausl ciiBepa:xanae A(n).
@ CdapmynaBans cuepmxanae A(l) i mpaBepsIns ATO mpayA3iBacis.
(3 Bamicaus cusepmranui A(k) i A(k+1).
@ Ilaxasans BeiHikauae A(k) = A(k+1).
(5 3pabiik BHICHOBY.
2
+1
HMperxaanx 1. Jakaxsme, mro 12 +2% +...+n° = (n(n2 )J ,neN.
Hdokas.
1. Cusepa:xanne A(n): cyma Kyboy n HaTypaJbHBIX JiKay BhLIiUBaeIa ma

popmyiie (@)2 .

2. «Cyma», AKas cKJIamaelllia 3 agfHaro cKJjajaeMara, BelIiuBaera ma qop-

MyJe (%)2 .

. s (1-a+1)Y
I'sTa ciiBepaxaHHe mpaBijibHae, HaKoJbKi 1° = — ) 1=1.
1 2
3“Awk13+23+m+k3=(ﬂ%;l).

(k+1)(k+2) )2

A(k+1):13+23+...+k3+(k+1)3=( 5

4. Iakasawm, mro A(k) = A(k+1).

AGasmausiv 1%+ 23 +...+ B> =S, rager 1°+ 22 +..+ B+ (B +1)° =S, + (k +1)° =

E+1)(k+2) )2

=( k(k2+1))2 +(k+1)° = (B+1) (’f+k+1)= (( 5 — mpasijgbHA.

5. BeicHOBa: Ha IIaCcTaBe NPBLIHIILIITY MaTOMAThEIUYHAN iHAYKIIBIL CIIBEPAKAH-
n(n+1)
2

2
me 1 +28 + ... +n® = ( ) mpaBisbHAe 714 g06ora HaTypasIbHAara 1.
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IIpeiraan 2. Jakamblille, IIITO cyMa Ky00y TPOX ITacIAA0YVHBIX HATYpPaab-
HBIX JIikay msesimma Ha 9.

Hdokas.

@O A(n): n? -i-(n-i-l)3 +(n+2)3, n3e neN.

@ A(1):n=1, 1%+ 2%+ 3% = 36 azexinna Ha 9.

3 A(k):E + (B+ 1)3 +(k+ 2)3 n3exinma Ha 9,
A(k+1):(E+1)> +(k+2)° + (k+3)° aserimnma na 9.

@ Kami k* +(k+1)° + (k+2)° mseminnana 9, to (k+1)° +(k+2)° +(k +3)°
maeJrirma Ha 9.
(B+1° +(k+2)° +(B+3)° +k° =B =k +(k+1)° +(k+2)° + (k+3)’ —k° =

- (k3 +(k +1)3 +(k+ 2)3) + (9k2 + 27k +27) — pAsesinua Ha 9, IaKOJb-

Ki mepirae ckJjajgaeMae cyMbl A3elimia Ha 9 ma MepkaBaHHi, a Apyroe —
3MAIIYae MHOMKHIK 9.

(5 BrICcHOBa: Ha majCTaBe HPBIHIBIIY MaTOMAaThLIUHAN IHAYKIIBI CIBEpAKaHHe

HpaBiJU:Hae s Jirobora HaTypaJibHara n.

Mpeixman 3. Makamseime, mro (" — 1 gzeninia Ha 6 mpbl JOOBIM HATY-
PAJILHBIM 71.
Hokas.

n=1, 7'— 1 gzexinmna =a 6.
IMakasxam, mTo Kaai 7% —1 nzesimma Ha 6, Toi 77! —1 gseninua =a 6.

T l—1=(6+1)-7" —1=(7" —1)+6-7" — nzexninua ua 6, makonsKi mep-

1ae CKJajaeMae CyMbI A3eJiIna Ha 6 ma MepKaBaHHi, a Apyroe — 3MdAlldYae
MHOXKHIK 6.

BricHOBa: Ha IajsicTaBe IPBIHIILIITY MaTOMAaThIUHAN IHAYKITLIL CIIBepAKaHHE
mpaBijbHae AJig Jiobora HaTypaJibHara 7.

IMpeixman 4. [Jlakasaib, IMITO:
(B+B+..+P)Y = B +PB +...+P*+2PP +...+

+2PP, +2PP, +...+2PP, +2P,P, +...+ 2P,P, + ..+ 2P,_,P,.
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Hdokas.
BrikapnicTaeM MeTan MaTaMAaTBIYHAN iHAYKIIBII.

1) Iiper n = 2 maem (P, + B, ) = B> + 2B P, + B} — npasinbua.

2) Byasem mepkaBaiib, IITO CIIBEPAKaHHE IIpaBijbHae 1Jad n = k, I'. 3H.
(R+B+..+B) =R’ +PB +..+ P} +2RP, +...+
+2PP,+2PP +... +2BP +...+2P,_,P,.

3) Haxaskam, IITO AHO ITpaBinbHAe niasa n =k + 1, r. 3H.
(R+B+..+B. ) =R +B +..+P, +2PB +...+
+2RB,,, +2BB +... +2BB., +...+2BP.;.
Pasriensim

(B+B+..+B ) =((B+B+..+B)+PB.,) =

=(B+B+..+B) +2(R+B+...+B) B, TP, =
=(B*+ B’ +...+ B} +2BP, +...+2RP, +...+ 2PB,_,B,) +
+2B B, +2BP,,, +...+2BB,, + P, =

kE+1

__ 2 2 2
=B+ B 4.+ P,

+2PP, +...+2PP,,, +2P,P, +...+ 2P,P,, +

kE+1
+ ...+t2BPPB, ;.
Takim ustHam, popmyaa

(R+R+..+B) =P +B +..+ P +2PR +..+2RP, +
+2PP +...+2P,P, +2PP, +...+ BP, +...+2P _ P
npaBinabHasa as jobora n € N.

Ipeikaan: (a+b+c¢)’ =a? +b% +c? + 2ab + 2ac + 2be.

_®_

+1
34.1. Kani A, mae Beiryiaag 1+2+3+...+n = n(n2 ), TO A 11!
E+1)k+1
a)1+2+3+...+(k+1)=¥;
(k+1)(k+2).

0) 1+2+3+"'+k+1=f’
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(k+1)(E+2)
B) 1+2+3+...+k+1=f;
(E+1)(E+2)
) 2+3+4+...+k+1=f.

Bri0OephlIlie TpaBiIbHBI agKa3.

34.2. Kani A, mae BeITJIAL, (9”+1 —8n— 9) :16, T0 A, ;:
a) (9""1 —8k—8):16; 6) (9""2 —8k+1):16;

B) (9""2 —8k—17):16; r) (92 —8k+17):16.
Bribephilie mpaBiJbHBI aKa3.

2 _ n(2n—1)(2n +1)

34.3. Kani A, mae Boiraazn 1'+8° +5°+...+ (2n — 1) 3 , TOA,
L es s o (R+1)(2k+1)(2k+2)
a) ' +3°+5° + ..+ (k+1) = 3 ;
1 9 5 ' (k+1)(2k+2)(2k+3).
6) 1' +3% +5° +...+(2k)" = 3 ;
B) 1'+8° +52 +...+(k+1) = (k*1)2R)2E+2),
eoe 3 ’
2 (B+1)(2E+1)(2k+3)
r)1' +8* +5° +...+(2k+1) = 3

Bri0ephilie mpaBiJIbHBI aJKa3.

34.4. Kani A, Mae BBITJISAT (n3 + 5n) :6, TOA,  :

a) (K +5k+1):6; 6) (K° +5k+2):6;

B) ((k+1)* +5(k+1)):6; r) ((k+1)° +5k+1):6.

Bribephilie mpaBiJIbHBI aKa3.

34.5. Kami A, mae sorrosing 1°+ 8%+ 5° +...+ (2 — 1)’ =n?(2n° — 1), T0 4, :
a) 1° +3° +5° +...+ (2k)° = K (2k% +1);

6) 1° +3° +5° +...+ (2k)° = (k +1)* (2k* +1);

B) 1° +3° +5° +...+ (2k)° = (k+1)* (2k* + 2);

r) 1P +3 +5° +..+(2k+1)° = (k+1)(2(R+1)° +1).

Bri0eprIiie IpaBibHBL agKas.
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34.6. Kanmi A, mae BeITIIAL (4” +15n—1 ): 9, T0A,,:
a) (471 +15k+1):9; 6) (4""2 +15k+14):9;

B) (4*"2 +15k+2):9; r) (4*72 +15k +11): 9.
BriOephilie IpaBiIbHBI aKas.

34.7. Kani A, Mae BBITJIAL

1'—224+32—42 + +(_1)n—1.n2zm
5 ,
TO A, . !

a) 1' =22 +382 —42 + ..+ (1) K +1= )"k 1) +2)

2 b
6) 1' =22 +38° —4> +...+ (1) - K +1= (R '(Z+1)(k+2);
_\kt2
B) 11— 28 438 — 42 4+ (1) - (it +1) = L UEDETD),
_\kt2
D) 11— 28 488 — 42+ (—1) - (k1) = (Z+l)(k+2)

BriOepbilie IpaBiIbHBI aKas.

34.8. Kani A, mae BBITJIAL (52"+1 + 1) 16, TOA,,
a) (5"72 +2):6; 6) (52 +2): 6;

B) (52"*2 +1):6; r) (52#7% +1):6.
Bri6epbhilie paBiibHBI aKa3.

34.9. RaﬂlAnMaeB]:II‘JIHI[]_+ +14, +2 <n,u.71ﬂn>2 TOA, . {:

3
a) 1+%+%+,..+2k1_1+2k+}_1 <k+1;
6)2+§+ g <h
B) 1+%+é+,,,+2.2i_1+2k+}_1 <E+1;
M1+ g+gtat ot o <k+1

Bri0eprliie IpaBiJIbHEI agKas.
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34.10. Kani A, mae Beiraiag 2" >2n+7, To A4, ¢:
a) 2-2">2k+8; 6) 2°71 > 2k + 8;

B) 2871 > 2k +9; r) 2:28"1>2p 49,
Bri0eprIiie IpaBibHBI agKas.

34.11. lakasKbille pOyHACIIb:

o (1= D=l )=

6)1:4+2:-7+3-10+...+n(3n+1)=n(n+1)°;

9 (1= )5 ge (1~ ) = e

r)1-11+2-2+...+n-nl=(n+1)1—1;

e) %+327-25+'“+ (2n—1r;z2n+l) - 2,:(2’;111));

X) 1.;.5 + 3.§.7 ot (2n—1)(2nn+ 1)(2n+3) 2(2n’?:2(2i)+ 3))°

RS AT T +"'+m=é(%_mj;

i) 1-2-3+2-3-4+...+n(n+1)(n+2)=n(n+1)(n4+2)(n+3);

K) 2-12+3-22+...+(n+1)n = "(”+1)(”1+22)(3”+1);

) 1.2.13.4 + 2.3%4.5 Tt n(n+1)(n1+2)(n+3) Z%(%_n(n+l)(nl+2)(n+3));
M)1+x+x2+...+x”=%, m3e x = 1.

34.12. JlakaKbIlle CIIBepI:KaHHe:

a) (6" —1):35; 6) (4" +15n—1)9;

B) (20973 + 5" -3"12)117; r) (8""2 —8n—9):64;

m (2772 - 3% +5371) 1 37; e) (7" +8%"*1):57;

k) (2772 3" +5n —4) ' 25; 3) (8""2 .52 —3""2.22")11053.
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§ 35. Binom Hrrorauna

@ ITpbI 100BIM HATYPAJIBHBIM 7 CIIpaBALIiBaa hopMyia
(@+b)" =Cla"d’ +Cla" "' +...+Cla" 0" +...+ Cla’b",

AKas HasbIBaelna opmyJait HbeoraHa ¥ roHap anrJiiickara (pisika i maTama-
ThiKa Icaka Herorana (1642—1727).

IIpaByto yacTKy raTai opMyJIbl Ha3LIBAIOIlb PACKJIaaHHEM CTYIIeHi 6iHoMa.

Hdokas.
Hokas mpaBAg3éM MeTagaM MaTIMaThIYHAN iHAYKIIBII.
IIpaBepbiM cupaBsamIiBacib (GOPMYJIbI OPbI 2 = 1.

(a+ b)1 =Cla'p’ +1a°"' = a + b, cuseppKaHHe TpaBiTLHAE.

ITaxaxxawm, mro 3 A(k) Beinikae A(k +1), nze

A(k): (a+b)" =Cla*’ +Cra"* 'b" +...+ Cra" "™ +...+ Cla'b".

Maem: (a+b)""" =(a+b)" (a+b)=

=(CPa™® + Cra" b ...+ Cra" T + .+ Cra" ) (a +b) =

=Ca" B +(CH+C)atbt ...+ (Cr e )aF T T 4L+ Cra® T =
=CP,,a" b0 +CL, A"+ O T 4 L+ CE L%t

Ha mazacraBe mpBIHIIBIITY MaTaMaThIUHAN iHAYKIIBIL CIIBEPAsKAaHHE HIPaBiJb-
Hae aJs Jobora HATypaJabHara n.

TpoxsyroasHik Ilackamnsa

KasdinsienTsr § packaaganui 6imoma HbloTaHa MOMKHaA BBLIIUBIIb, BHIKA-
prictayuisl TpoxByroabHik [lackamns.

0 1

1 11

2 121

3 1331

4 14641

5 15101051
6 1615201561
7 172135352171
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Ka6 smatici Jik y AKiMchbIli pagrky TaOJiIibl, ZacTaTKoBa 3HAMWCIL CyMy
OBYX JIiKay, INTO CTadAlb y HaIlAPSOHIM pPamgKy Haa TI'9TBIM JiKaM cIIpaBa
i 3;eBa.

Hanpreikiang, 11 BEBIBHAUIHHSA Kas(illbleHTa ¥ YaIllBEPTHIM PaJKy BbIKaHAJ1
ckaagamue: 6 = 3 + 3; y cémbIM pagky — 35 = 15 + 20.

Ilpeixkaang 1. BHaiasine packiraganHe cryneHi 6inoma (a + b)C.
Pawanmne.
(a + b)5=ab+ 6a°b + 15a'b® + 20a%b® + 15a%b* + 6ab®+ bS.
KasdinblenTsl ¥ packJagaHHi ¥3ATH 3 6-ra pajgka TpoxByroJybHika Ilacka-
Jasa. [TakasubIK cTyneHi a nmaMmaHIinaeIna ag 6 ga 0, a maxasuyblK CTyIIeHi b maBs-
giuBaerna ag 0 na 6.

AcHoyHbIa BBIHIKI 3 (hopmyasr 6iHoma HeioTana

1. Y pacxknadanni 6inoma Hotomana 3amawwaeyya n + 1 cknadaemae.

Hanprikiazn, KoJbKAacIhb CKJIAZaeMbIX y packJjagaHHi O6imoma Hsiorama
(a+b)'poyran+1=11+ 1=12.

2.V ¢popmyne HotomaHna naxa3wovltk a cnadae ad n da 0, a naka3wvlk b
Hapacmae ad 0 da n.

3. BinHomHbLa Kadpiyblenmbl, pojHaaddanenbvia ad KaHY0Y pacKkia0anus,
POYHbBLA.

IMpeixman 2. Cémbl 6iHOMHBI Kas(dilbleHT y pacKJananHi 6inoma HbioTa-
Ha (a + b)* poyHBI m, 3HAlAZIe HyMap YIeHA pacKIaZaHHA 3 TakiM ka Kasdi-
IIBIEHTAaM.

Pawanmne.

Cémpl 6iHoMHBI KasdinbleHT y packiraganui 6inoma Heiorana (a + b)* poy-
HBI M, TaAbI €CI[b AU aA3iH YJIeH 3 TaKiM Ka Kas(ilbleHTaM Y T'9THIM PacKJia-
TaHHi.

T'sTel wyieH agmajieHbl a4 KaHIIa pacKJIaJaHHA Ha CTOJNBKI K, Ha KOJbKI UJIeH
3 Kas(ilpleHTaM m aamajeHbl af IavuaTKy pacKJIafauusd, aro Hymap k+1— 7 =
= k — 6. 3HAULINb, IITYKAHBI UJEeH pacKJaJaHHd Mae HymMap k — 6 (iriuausbl af
HYJISBOTA UJIeHA).

4. BinomHbLA KaIDiyblenmbl CNAYAmKY HApAcmanydb, a 3amvim cnada-
oyb. Kani makasublk cTyneHi 6iHOMa IIOTHBI, TO 0iHOMHBI Kas(illbIeHT CAPI/-
HATa CKJaJaeMara HaliOOJbIIbI, Kaji MaKas3uyblK CTYIIeHi OiHoMa HSAIIOTHBI, TO
OiHOMHBIS Kas(ilbIeHTHI ABYX CAPSAHIX CKJIAZAEMBIX POVHBIA IaMixK caboi i
3’ AYIAONIla HaliOOJbIITBIMI.
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IIpeikaan 3. 3HanA3ine HyMap ujeHa 3 HalOOJBIIBEIM OiHOMHBIM Kasdi-
IBIEHTaM Y packjajnaHHi 6iroma Heiorana (a + b)2°1° .

Pawoanmne.

ITaxkonpki ik useHay packJaagaHHsA IOTHBI, TO HANOOJBIILI OiHOMHEI Ka-
adinbleHT v packirazanui 6imoma Heiotana (a + b)?°'° 6yzase ¥ AByxX caApsaHix
yjeHay pacKJagaHHs. BeIZHAUBIM iX HyMaphbl: IMaKOJbKi YCAT0 UjJeHay y pac-
kaagauai 2015 + 1 = 2016, To capsgHimMi ugeHami OyAyIlbh YJIEHBI 3 HyMapami
1008 1 1009 (1007 unenay ma 1008-ra i 1007 unenay macasa 1009-ra).

5. Cyma naxasdusikalj cmyneneil a i b y packnadanni 6inoma Horomana
poijra cmyneni 6inoma.

IIpeikaan 4. 3Haiasine cymy ycix KasdinbleHTay uaeHay MHaraudjeHa ¥
packaagansi (14 x2°— 13x)*.

Pawasnne. KoKHBI UJleH MHaraujeHa 3MsAIIYae CTyIeHb 3MeHHaul i Kasdi-
IIBIEHT, POYHBI 3HAUSHHIO r'aTara ujeHa mphl X = 1. 3HAUBIIL, IITYKaHasd cyMa
Kas(inpienTay Oyase poyHa 3HAUSHHIO MHAraujeHa mpel x = 1, r. 3H.

(14-12°—13- 1" = 1.
6. A2ynvHbL wnen packnadanus, abasnawvim sazo T, , mae 6vLznad
T,=Cla, ™ -b".

IIpeikmaan 5. 3HaAWA3iIE A3ABATHI YJIEH PacKJaJaHHSA (a2 +1)12 b6iHOMA
Hrrorana.

Pawsnne. Ilakonsxi T, =C;'a; "b™, TO

T, = C2a'? °p° = C2a"? ™2 =220a% " = 2204°.

3ajjeaza

Kab samicamnp y aryJapHBIM BBITJISA/I3€ CKJAJAAEMbIA ¥ pacKJagaHHi OiHoma
Hyiorana, spyuna (m + 1)-e ckjiamaemae Jiublllb m-M ujeHaMm. Hamnpwikjan,
mATae ckiaazaeMae ¥ packuaazganui (a + b)° = a®+ 6a’°b + 15a*b® + 20a%b® +
+ 15a2b* + 6ab’+ b® éciip aguaunen 15a%b?, a yaiuparous, mTo 6iHOMHEBIA Kasdi-
IBICHTHI IAULIHAIOIIIA 3 JiKY Cg =1, agHauneH 15a2b* 3’ ayisgeniia 4anBépTHIM
YjIeHaM IraTara pacKJaJaHHd.

7.Cyma OinHOomMHBIX Kaddiyblenmaly packnadanns 6inoma poyHa

0 1 E_ ok

C, +C,+...+C;, =2%.

Hoxas. [TagcraBim a = b =1y dhopmyay

(a+b)" =Cla"® +Cla" "' +... +C'a" b +...+ Cra’D",

arpeimaem Cp +C, +...+CF = 2",
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8. Cyma 6inomnulx Kaspiyvienmalyf wnenayj packanadannsa 6inoma, AKia
cmaayb HA YOMHBLX Mecuax, poyHa cyme Kaadiyvienmay wieHaly packia-
0aHHA GiHOMA, AKIA CAAYL HA HAYOMHBLX Mecyax.

Horas. IlagcraBima =1, b = —1 y popmyay
(a+b)' =Cla"®® +Cla" "' +...+C"a" "b" +...+Cla’b".
Bynazem mernb:
0=C)—C.+C2—..+(-1)"Cp,

agkynn atpeimaem Co +C?...=Ch +C? ...

35.1. 3uaiigsime ¥ TpoxByroapHiKy Ilackansa KasdilbleHT mATara ujaeHa ¥
packirazanui 6imoma Heiotana (a + b)d.

35.2. 3 gamamoraii popmyasl T = 70a” ™ b™ 3amimnibile IATHl YJIEeH y pac-
kiaaganHi 6imoma Heorana (a + b)8.

35.3. Muarauimen

a®+8a™ 2 + 28a°- 22+ 56a°- 23+ T0a*- 2'+ 5643+ 2°+ 28a2- 26+ 8a - 27 + 28
TOeCHAa POYHBI:

a) (a +2)5 6) (a + 2)°; B) (a — 2)% r) (a + 2)°.

Bri0bephlilie TpaBiIbHBI aaKa3.

35.4. 3Hainasine Kas(ilnbleHT mATara 4ieHa ¥ packJjagaHHi 6imoma HrioTa-

Ha (a —1)%°.
35.5. IlaTs! unen y packaaganHi 6inoma Heiorarna (a — b)!° poymsr:
a) 120a°b°; 6) 252 a°b’; B) 120a°b?; r) 210a°p*.

BrI0eprIiie IpaBiJbHBI agKas.

35.6. Muarauen a®— 8a" + 28a° —564° + 70a* — 56a® + 28a*— 8a + 1 Toec-
Ha POYHBI:

a)(a+ 1) 6) (a +1)°% B) (a — 1)% r) (a + 1)°.

BrI0eprIiie IpaBiJIbHBI agKas.

20
35.7. BeizHaulle HyMap 4jeHa pacKJagaHHs (\/7 —4x ) , AKi 3aMsaAmIyae x°.
35.8. BHaiif3ine KoabKACIb YIeHAY y pacKiaagaHHi 6inoma (a + x) 2~ 1.

6
1 .
35.9. Beizuaulle HymMap 4jeHa pacKJagaHHs (—x + \/x) , AKi He 3MdAIIIUae x.

40 .
35.10. Brizuauile Hymap ujieHa pacKJagaHHsda (x - \4/x) , aKi smamruae x'2.

35.11. 3uaiiasine KoabKaclh UIeHay y pacKjaafaHHi 6iHoma (4a + x)4k75 .
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35.12. 3uaiigsinme cymy ¥Ycix xasdinbsleHTay y packiaamaHHi 6OiHOMa

144
(12x* —13x'2) .
35.13. 3uaiigsine cymy ycix xaspimpleHTay uIeHay MHaradjaeHa y packJja-

maHHi (14x20 —3x% —11x" )144 .

3,.2

P
) amHOCciHa Kas(ilbleHTa dYalBéprara
X

35.14. YV packiaagamfi (f —
yjieHa Aa Kas(pilpleHTa Apyrora ujeHa packJjamanud poyHa 7 : 2. Tagbl uien
packKJamaHHdA, IKi 3MAITYae X y mepIiai cTyneHi, pOyHbI:

a) 35x; 0) 84x; B) 32x; r) 6.

Bri6ephIlie IpaBiIbHBI aKas.

20

35.15. Beisnaune Kasbinpient npst x'2 y packaaganni (27 +x° +1) .



[MayTapaHHe. TaMaTbIYHbIA TACTbI

Toact 1. YaacuiBacii JiKaBbIX MHOCTBAY

YmoBEI BapreiaaTer agkasay
1. Bribepritie mapy Jikay, saxasd ckKJaamaeriia | a)l); 0) 2);
TOJIBKI 3 ipanblAHAJBHBIX JiKaY: B) 3); r)4);

1) 13 0,(12); 2) —0,5; \/3; 3) /3; m; 4) 0,8; 3; | M)
5)—4; 0,2 (52).

2. Axpyriine gik 547,698 n1a coTbIX. a) 500; 0) 547,7;
B) 548; r) 547,70;
o) 547,6.

3. Bribepsitie 1pob, AKi Hesbra s3amicallb y BeI- | a) 1); 0) 2);

ryIAn3e KaHeyHara a3ecATKoBara gpooy: B) 3); r)4);

T . oy 31, o0y 2. 9 . 3 n) 9).

D 555 2) 335 3) 155 4) 1357 9) 160-

4. 3Haiigzine HaOOJBIITLI IPOCTHI ABYX3HAYHBI | a) 91; 0) 21;

I3eJbHIK JiKky 2184. B) 13; T) 24;
o) 39.

5. 3uaiigsine cymy Halimenrmiara aByxsuHauuara | a) 70; 0) 60;

mpocTara Jiiky i HaitbosbIiara mpocrara JJiky rms- | B) 49; r) 58;

Tara A3AcATKa. o) 39.

6. 3maiinzinme HaliMeHIae aryjbHae KpaTHae | a) 2520; 6) 1260;

Ycix amHasHAYHBIX HATYPAJIbHBIX JIiKaY. B) 5040; r) 630;
o) 3780.

a)b:2; 6)10:9;

2 . o 5
7. Bagoma, mITo 3 8/IHATO Ky POYHBI & APYTO- B) 3 : 4; )5 : 8;

ra. 3Haa3iIe agHOCiHy I'aThIX JiKay. 1) 5:4.
8. 3uaiinzine sHausHHE BLIPaA3y a) 2,5; 0) 0,25;
2 1 B) 25; r) 250;
4=-3,5—3=-3, ):,14.
(335 32 3,(6)]:0,0 ) 2500,
9. Jlix maBsumiubnai Ha 60 % . 3uaiigsime, ma | a)37,5; 0) 30;
KOJIbKi mparnpHTay Tpada maMeHIBINb aTpbiMa- | B) 40; r) 20;
HBI JIiK, Ka0 aTpbIMAallb 3bIXOTHBI JiK. ) 60.

10. Snaiinzine HAJL (475; 570; 741).
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Ilpamar

YMoBBI BapeiaaTher agkasay

11. 3uaiigsine HAWOOJIBIILEI HATYPAJIbHEI JiK, AKi IPBI A3AJEeHHI 3 acTauan
Ha 19 nae n3enb, poyHyO 43.

12. 3naiinzine HAK (a; b; ¢), isea =2-3%+5;b=38%-5-7;¢c=2%2-3-3 5%

13. 3amimeine gik 968 y BeITIAL3€ CYMBI UaThIPOX AAZATHBIX JiKay, mpa-
. . 8
IapIBIAHATBHBIX JTiKAM, a/BAPOTHBIM JaA3€HBIM: 35 535 5 1 3. VY agkas 3a-

OiMIbIIe HAWMEHIITBI 3 JIiKay.

14. TuTopBasibl pyxy OpbITapagHbIX ayToOycay Ia TpPoxX MapIiIpyTax, aKisd
mavblHAIONIIa Ha ayTraBaksaje, ckJjaagaionb 10, 15 i 18 mim agmaBexmua.
3Hauasine, KoabKi pazoy 3 7 r 10 min ga 12 r 10 min Taro X gHS Ha ayTa-
Baksajie aJHAYacoBa CyCTpPaKarIla ayTo0ycsl ycix Tpox MapIipyray, Kaji
ajgHa 3 Takix cycrpau agobiBaeria ¥ 10 r 25 min.

15. Buaiinsine suausnne sripasy 2232 + 3 — [1 — 2242| - |-5|.

Tacr 2. [lepayTBapsHHi panbIdHAJLHBIX BhIpa3ay

YMoBBI BapwiaaTe agkasay
1. Bagoma, mro s —t = —5,2. Bribepoime | a)1);
BBIDAs, 3HAUPHHE AKora poyHa 10,4: 0) 2);
DE—s)? 2022 3)2(t—s); B) 8);
B ’ r) 4);
4)s—t—5,2; b5) 2(t+s). n) 5).
2. Beikanaiire a3sjeHHe agHauIeHay a) 0,3 ayz; 6) 0,03 - acyz;
0,21a"*'c"y’ u 7a"c"y", nze neN. ntl 9
B) 0,03-a " cy”;
r) 0,3 acyz;
1) 0,03 ay®.
3x—9 -5 2x—14. 4x—14.
3. Brikanaiine agHiManHe: ;_ 5 i_ 5 a) ——5; 0)——5
4x—14
B)1; )2 p)—_—5.
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IIpamar

YMOBBI

BapruiaaTer agkasay

4. Copacirime BeIpas

15a+ 6a Ta+35
5—a q¢%2-25 3

29a |
a) 5—a’

6) B) 15;

a .

a—5’
a 1

r) 5—a; 7) 5—a’

5. Packiazgsine Ha MHOMXKHIKI MHaradjgex

2bc + a® — b* — 2.

a)(a—b+ec)a+tb—rc);
6) (@a+b+ec)a—b—rc);
B) ala+b—c);

r) (b+c)(a—c);

) b+e)at+b—c).

. x3+5x%—4x—20 (x+5)(x—2)
6. Crapazitime 1po06 Z13.-10 5 0) —2;
-5
B) x+2; 1) x—2; n) i+5-
7. Copacirire BeIpas a)ym+1; 6) 1—m;
m—2+m0
-1 —1- o
(m—(l—m)fl)-mzi. B) m—1; r) m; m 1.
m°—m+1

8. Copacirime BrIipas

(49(4 —x?+6x" — 9) : (2ch4 +x? - 3x72).

a)3x 2 —x1+2;
6) 2—x ' +3;

B) 3x% —x +2;

r) —x +2;

) 3x% — x.

9. PackJiangime Ha MHOMKHIKI BbIpas

(x2 -Irx+1)2 -|r3x(x2 +x+1)—18x2.

a) (x* —5x +1)(x? +4x +1);
6) x2(x? +Tx +1);

B) x° (x2 t+x+ 1);

r) 54x%;

m) (x—1) (2% +7x+1).
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ITpamar
YMoBBI BapuiaHThI agkasay
-1
10.C . 6 _ 5n+30 | n-—2 . L
- Copacuine BbIpas | | o7~ o i r o i 3HaMABiIE AT0

3HAUSHHE OphI 11 = 9.

2 2
. x“+ 2xy + . .

11. Copacriiime BeIipas Y 5 T+ d T | 1 yl Y i 3HanA3iIe AT0

xy—x xy—y +=

x Yy
_ 1 _1

BHAUOHHE IIPBL X = — =, § = 3.
12. Buaiinsine sHausHHe BbIpady 16x% + 9x % + 3, kaui 4x —3x~ ! = —6.

13. 3uaiingine HaliMeHIIIae 3HAUSHHE BLIPA3y
8x% +2y° —4xy +4x + 2y —12.

14. Capaciiinie BoIpas, BRIKAHAYIIILI IepayTBAPIHHI:
-1 _ ba ! . 1, bal -1, _ ba! . _3a
(Sab 5 ) : (3ab + 3 +0,5 ) : ((1 3 ) 32 +b).

15. Cpaciiime BeIpas

1 1 1 1 1
ert) )2 G2 ers)  cra)ecd) | (xrd)xis)

i sHaliA3ine sHaUsHHe BhIpasy 164 mpsl x = 0,(3).

Tact 3. PaupistHAIbHBIA YPayHEeHH

YMoBBI BaprianTser agkasay

1. BribGepsllie HATPaBiIbHAE CIIBEPAKAHHE: a)l);

1) xkari 6ikBagpaTHae ypayHeHHe Mae KapaHi, | 0) 2);

TO cCyMa SIr0 KapaHEy poyHa HYJIIO; B) 3);

2) HAnoyHae KBaJpaTHae ypayHeHHe MOKa He | T)4);

MeIlb KapaHéy; n) 5).

3) mroboe siHeiinae ypayHeHHe Mae af3iHbI KO-

paHb;
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IIpamar

YMOBBI BapruianTer agkasay

4) KaJi mphIBe3eHae KBaJpaTHae ypayHeHHe
Mae KapaHi, To cyMa Aro KapaHey poyHa Apy-
roMy Kas(ilbleHTy, y3ATaMy 3 HOPOIiJIerJbIM
3HAKaM;

5) KaJIi ILICKPBIMiHAHT KBaJpaTHara ypay-
HEHHSA POYHBI HYJIO0, TO AT0 KOPAaHb MOYKHA

. _ b
BBLIIUBIIE 1A QOPMyIe X = — 5 -
2. Bribepehilie ypayHeHHe, He payHasHauHae a)l);
ypayuenuo x° +5 = 0: 0) 2);
3 _ . B) 3);
D=6 r) 4);
2) x* —Tx+13=0; R) 5).

3)[x—2/+9=28;
X — .
4)§_07
5) bx —12 =3(x +4) + 2x.

3. Parbltie ypayHenHe a) ﬁ; 6)0; B)1;

I') HIMa KapaHey;
1) 1100BI PAUaiCHBI JiK.

_1)y, 1 _
0,2(1,5x 3)-1-15 0,3x.

4. Pamblinie ypayHeHHe 2
a) —2;2; 6) =3; 35
1 -1 _ 6—x
2— Cx—2 2 _12° 2
* T sl B) —3;8  1)6;
2
,H) _25.
5. Brafinsine sHAUSHHE BEIPA3Y X X, + X X2, a)—1; 6) 3L, %;

Kaial x; 1 x, — KapaHi ypayHeHHA

31
r)25; nm) .
3x2+5x—1=0. ) ) 21
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ITpamar
YMOBBI BapruianTer agkasay
6. 3uaiigsime capsgHse apei)MeThIUHAE Ka- a) —4; 6) 0;
paHéy (KopaHb, KaJli 6H af3iHbI) ypayHeHH B) —6; r) —3;
x+3 x—3 4 _ 0. o) —2.
4x2—9  4x®+12x+9 6—4x
7. 3uaiingine cymy KapaHéy ypayHeHHs a) 2; 0) —15;

(6x—14)° = (x—1)".

B) 8; r) —8; o 15.

8. 3uaiigsimne 3gabbiTak KapaHEy ypayHeHHA

x2—4_ 2
29

X
7

a)—28; 0)14;
B)—14; 1)—2; ) 28.

9. 3uaiiggzine yce kapaHi ypayHeHHA

1 _ 3
3x—2—x> Tx—4-3x%"

al; 6)-15:1L2;
B) HAMA KapaHey;

I') JIIOOHBI JIiK;
x) —4.

. - . 2+3
10. Buaiinsine cymy Kapauéy ypayHeHHs 3x + x2 = (x 5 x) .

11. 3naiiazime cymy KapaHéy ypayHeHH (xz —2x+ 6)2 =9x?,

12. Buaiizzine sxabetak kapaney ypayuenns (x? + 2x)2 —(x+1)* =55.

13. 3uaiifsine cymy xKapaHéy (KopaHb, KaJji €éH aa3iubl) ypayHeHHg

522 —4x—1
——1 =x* +5.

3x* +11x+6 _ x+3
8+10x—3x* 4-x

14. 3uaiifsine KoJIbKaCIb I[9JIBIX KapaHey ypayHeHHg
Ha IPpaMeXKy [2; 15].

—x+1  x®2-8x+1 1
=2x—

-1 x—3 4x—8"

15. 3uaiigsine cymy Kapauéy ypayHeHHs
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Tacr 4. Panupisaaapasia HApoyHacHi. CicTaMsl i cyKynHacCIi HIpoyHacCH e

YMoBEI BapreiaaTer agkasay
1. BeiOeprliie HIPOYHACIb, PayHa3HAY- a)l);
HYIO HapoyHacii bx < 1: 0) 2);
1) 5x% < x; 2)5x+2<2+41; | B)3);
roF r) 4);
3) x <1,5; 4) x —0,2<0; ) 5).
5x 1
5) x—3 < x—3"°
2. BeiOepbhilie HAPOYHACIIH, AKad He Mae a)l);
PalISHHAY: 6) 2);
1) 3x—2(x+1) < 2+ 13 B)’i;?
r 5
3) 3x —2(x+1) < x —5;
4) 3x < =2+ x;
5) 3x < x.
3. Pambine HApoyHACIH a) (_Oo; 2]; 6) (_Oo; 0,2];
Tx—2 <3 1—x 26—7
X - - .
s 2 ¥ B) (—OO; g]; r) [2; +°°);
m) [0,2; +oo).
4. 3Haiizine KoJbKacIilb I[9JILIX PaIlloH- a)l; 0)2;
Hay Hapoyracmi 0,5x*— x —1,5 < 0. B)3; 1)4;
R) 5.
5. Pamrsiiie cicTomy HApPOYHACIIEH a) (_ oo; 3];
x+12 9+ x
5t 2rTR 6) (72; +oo);
x+5 15—«x
5t <x B) (—00; +00);

r) (—oo; 3]U (7%; +oo);

II) HaMa PaIlsHHIY.
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ITpamar

YMoBEI

BapruianaTser agkasay

6. Pairbliiie HIpOYHACIIb 1 1 < 2.
1+

a) (—00; —2] U (—1; +oo);

0) [—2;—1); B) [—2; +°°);
r) (—o0; —2]U(=1; 0) U (0; +o0);
n (-1;2].
7. 3Ha171;1312ue abcar BL13Har113HHﬂ GyHKIBI a)( o ) —oo; _1];
= - - - .

f(x)=+x® —6x — B)( - ) [7 roo);
) (—oo; —1]U[7; +eo);
) [75 +o0).

8. 3maiiazinme yce sHausHHI apryMeHTa, (_ J2: \/5)

IpHI AKix rpadik GYHKIBI ’ ’

y=x4+x2—6 6)(—00;— Z)U(—\/E;—I)U

pasMellryaHbl BBIIISHN BOCi abCIIbIC.

U(l; \/E)U( 2; +00);

1) (—o0; —\/3) U (V33 +o0).

9. Pamislie ABaiHYIO HAPOYHACIH a) (—oo; + OO);
—-83<1—-8x—x° <— 6) (—oo;—4]u[1,+oo),

B) [—4;1];

r) (—o0; —1,5) U (—1,5; +o0);

m [—4;-1,5)u(-1,5;1].
10. 3uaiifsine KoJabKaCIlb I[9JIBIX aAMOYHBIX PAIISHHAY HAPOYHACIIL
3x% —11x +22 53

x> —4x—5
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IIpamar

YMOBBI BapruianTer agkasay

11. 3maiifzsime KoJbKAaCIlh IPJBIX S3HAUSHHAY apryMeHTa 3 IIPaMeXKy
[—18; 1], Ipel AKix rpadik Gysknei y = (x + 2)2 pasMeIryaHbl HisKaH rpa-
dika pysxnei y = 2x(x +3) + 7.

12. Bagoma, mro 2,5 < a <4 i 3 < b < 8. 3uaiifsimne naiiboaplrae 3HaAUIHHE

b
BBIpA3y 2a — 3

13. 3uaiifzile HaliMeHIIIae I19J1ae palsHHe HIPoyHACIIL
(x2 +2x+ 1)(362 —6x+ 9)
>
x—3

14. 3uatinzime HaiiboJiblilae aJiae afMOyHae pallsHEe HAPOYHACIIi

(0,327 +0,5x —5)° < (0,827 +0,5x +5)".

15. 3uaiifzite 31a0bITAK II9JIBIX PAITYHHAY HAPOYHACITI

(x* —4x)" +8(x —2)* <17.

Tact 5. Apsi(pMeTHIUYHAS IPATPICis

YMOBBI BapruiaaTe agkasay
1. 3 magseHbIX IMacaAL0VHACIel BbIOePhIle apbi(h- a) 1);
MEeTBLIUHYIO IIparpaciio: 0) 2);
1,11, 1. o e 4o . B) 3);
1) 59 Z’ E’ ga--'a 2) 57 4’ 2’ 17---’ I‘) 4);
3) 2;6;18;54;...; 4) 0,1; 0,3; 0,5; 0,7;...; A) 5)-
5) —8; 8; — 8; 8;....
2. 3 mangseHBIX apbIMETBIUYHBIX IIparpaciii Beibe- | a)l);
PEBIIle TYIO, CAPOJ UeHay AKoi écib ik —10: 0) 2);
1) a, =2n+10; 2) a, = —3n; 3) a, = —3n +2; B) 3);
r) 4);
4) a, =—4n—8; 5) a, = —2n +11. A) 5)-
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ITpamar

YMo0BEI

BapeiaaTer agkasay

3. 3Haliazie mepIrbl YJIeH i posHacilhb apbipMme-
ThIUHAM nparpacii (a, ), Kari a, = 21, a, = 29.

a)a, =3, d=4;
0) a, =3, d=4;
B)a, =4, d=—3;

r)a, =27, d=8;
o) a =-3, d=—4.
4. 3uaigsimne capsgHsae apbl)MeTbIUHAe JiKay a) 52;
4;7;10;...; 100. 0) 48;
B) 858;
r) 64;
) 100.
5. 3ualiazine, KOJbKi uieHay, OOJBIIBIX 3a —1, a) 21;
3MAITYaeIa ¥ apelpMeTbIuHal mparpacii 92; 88; | 06) 22;
84; ... B) 23;
r) 24;
o) 25.
6. BHaiinsi . . 1 a) 54;
. 3HaiiAsile HATYPAIBHBI JiK, DOYHBEI 5 CYMBI 6) 45;
HaTypaJbHBIX JiKaY, AKid AMy nandpsgHidaronsb. B) 21;
r)43;
o) 47.
7. 3maiigsinme cymy mepinmbix agsarmami ume- | a) 80;
Hay apbl@MeThIUHAl mparpacii a,), xam | 6)120;
ag tay t+a,t+a; =20. B) 90;
r) 110;
) 100.
8. Cxuiazpzsime ¢opmyay n-ra ujeHa apbipme- a) a, = 20n;
TbmHaﬁ_ nparpacii (a, ), xkamxi a, +a, +a; = 66, 6) a, = 2n + 20;
a, - a; = 528.
B) a, = 2n +18;
r) a, =20n +2;

o) a, = 4n +16.
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IIpamar
YmoBBEI BapeiaHTEI agkasay
9. Cyma usenay apni()MeTbIUHA# IIparpacii (an> 2; (2):5;
BBRIpasKaenna gopmynai S, = 2n® — 3n. BHaiinzi- B) 1;
e %. r) :1;
1) —3.
10. Haxaii y apsidmersiuHail mnparpacii a, = —3,d = 5. 3naiijgine

S15 — 8-

11. VY apsidbmersIuHail nparpacii a, = 9. 3Haiinsime sHausHHe BeIpasy 20d,
n3e d — 3HaAuUSHHE PO3HACIIi apbl(pMeThIUHAN ITparpacii, Ipsl AKiM 3m1a0bITaAK
a, * a, * a, IpbIMae HallMeHIIIae 3HAYDHHE.

12. Kpaiiuisa uneHb! apbl(pMeTbIUHA TTparpacii, sKas Mae ceM ujaeHay, poy-
HeI 11 i 35. 3uaiifsine, KoabKi uaeHay Mae iHias cuagaabHadg apblpMeThIu-
Hasd Iparpacid, KpalHia ywieHbl AKo 38 i 13, KaJri yarBeépThid Y4IeHbI adens-
BIOX ITParpaciii afHOJbKaBBIA.

13. Ilana TaBapy sHixkajlacsd HeKaJbKi pasoy Ha agHy i TyIO K KOJbKAacIlb
pyouey. Ilacoa Tparsgara 3HiK9HHA TaBap KamraBay 2460 p., a macuas angi-
Harmarara 3HiskeHHEA — 1980 p. 3HaiiA3ine, maciad KOJbKiX 3HiIsKOHHAY ITaHa
TaBapy ckaanase 50 % mepimamadaTKOBAa IaHbI.

14. ApwipmeTbiuHas mparpacia smsairuae 8 uigenay. Cyma uigeHay, aKis
cTadllb Ha IIOTHBIX MecIllaX, poyHa 28, a cyMa uJjieHay, AKiA cTasdilb Ha HA-
IIOTHBIX MecIlaX, poyHa 16. 3Haliasiie mepImbl YieH mparpacii.

15.CyMma mepInsIx IATHAIITAIL YieHay apblMeThIuHA TParpacii, AKasd cKJia-
Iaellla 3 HATypPaJIbHBIX JiKay, OoJbinad 3a 337, ajme MeHIas 3a 393. 3Haii-
I3ille BOChMBI WJIEH I'dTall mparpacii, kaJji Bagoma, IITO €H KPaTHBI YaTHIPOM.

Tact 6. 'eameTpbIuHas mparpacisa

YMOBEI BapbeiaaTer agkasay
1. Buibepsritie JiK, 9Ki He Mo:Ka 3 Ayaaiia wie- | a) 1);
HaM reaMeTpbIYHA Iparpacii: 0) 2);
B) 3);
1)3; 2)1; 3)-J2; 4)0; 5)-1. 1) 4);
) 5).
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ITpamar
YMoBBI BaprianTser agkasay
2. [lagseHBbI TPHI MACHANOYVHBISA YJIEHBI reaMeT- | a) —9; 0) —21;
peIUHAal mparpacii: 7; x; 63. 3uaiiazine x, xaai | B) —18; r) —27;
x <0. o) —42.
3. 3maiinsimne i ujgeH reame ar ar-
Halazime aApyri uieH r MprquHPIHpP a)%; 6) 4; B)%;
pacii, KaJi de mepIsl YJeH POYHbBI g» @ BOCBMBEI L
YJIeH POYHBI 1 r) 16; n) 2
JIEH POYHEL 74504+
4. TeameTpbIiuHasa mparpacia 3agansena opmy- | a) 186; 0) 234;
Jaii n-ra wieHa b, = 3-2". 3uaiiazine cymy nep- | B) 148; r) 236;
MIBIX MIAI YiIeHay raTai mparpacii. o) 214.
5. 3mHaiifgime wHymap UJeHa TreaMeTpbIuHail | a) b; 0) 8;
nparpacii 0,1; 0,3; ..., poyuara 218,7. B) 7; ) 6;
m9.
6.Y reamerpbIuHaii Iparpacii (bn) BAIOMA, a) 114; 6) 26,5;
mTo by, * by, = 57. BHaiigsine smausHHe Bhipasy | B)19; r) 76;
byg * by - m) 57.
7. 3Haligsimne mepinbl YieH OSACKOHIA clazanab- | a) 16,2; 6) 17,64;
Ha¥l reaMeTpBIYHAN TIparpacii, kasui cyma unenay | B) 15,4; r) 2,51;
raraii mparpacii poyua 12,6, a agmocima 20-ra ) 13.
oo _ 8

ujeHa ga 17-ra poyHa 195"
8. 3maiigsine HasoyHIK reamerpbIuHali mparps- | a)2; 6)—2; B)0,5;
cii (bn , Kami b, — b, = 48; b; + b, = 48. r)—0,5; ) 3.
9. ¥V poyHacTapoOHHI TPOXBYTOJbHIK ca cTapaHoi a) 3. 5) 3.
8 ymicambl APYri TPOXBYIOJIbHIK, BAPIILIHAMI 4’ 32’
AKora 3’ sayJISIoNIila CAPIA3iHbI CTAPOH IIepIiara B) 3., r) 3.
TPOXBYTOJbHIKA. ¥ APYTi TPOXBYTOJbHIK TaKim 48’ 16’
caMbIM YbIHAM YITiCAHBI TPSI[i TPOXBYTOJBHIK 1) 3

3"

i r. n. 3maiazime mepLIMETP BOcbMAara TPOXBY-
ToJIbHiKA.
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) ) 6-(2n-1)
10. ¥ reamerprruHaii nparpacii S, = 5 . 3Halizile 3HAUSHHE BHIPA3y

5b;, n3e b, — mATHI WiIeH raraii mparpacii.

11. Cyma psecsani uieHay reaMeTpbluHail mparpacii poyaa 64, sgabwbiTax
mepIIara i gssicarara ujeHay poyHbl 16. 3uaiiazime cymy Jikay, aaBapoT-
HBIX UJIeHaM reaMeTpPbIUHAN mparpacii.

12. Suaiigsine (y rpagycax) HaliMeHIIIae fafaTHae 3HAUIHHE 3MEeHHAH X, TPbI

AKiM Jgiki sinx, tgx, y JaI3€eHbIM IapagKy 3’ ayIarola Iacaa 0y Hbl-

COsX
Mi wJieHaMi reaMeTpPBIYHAN ITparpacii.

13. 3uaiiazimne suausuue Boipasy 30S, nse

~1_1,1_ 1,1 _ 1 —
S—3 4+6 8+12 16+...

14. Tpsl JiKi yTBapamois HapacTaIbHYIO I'eaMeTpPhIUuHYI0 IIparpaciro. Kaui
IPYTi JiK maBAJTiUBIIIb HA 2, TO IIParpacia cTaHe apbl(DMeThIUHAH, a KaJi mac-
JISI T9Tara amoIlHi JIK ImaBaJiublnh Ha 9, TO Iparpacis 3HOY cTaHe reaMer-
pbluHal. 3HANA3iIIe HallMEeHIIThI 3 3BLIXOHBIX JiKay.

15. [Tagsens! apbipMeThIUHAS i reaMeTpbluHas mparpacii. Cyma ix mepribix
yjieHay poyHa —3, cyMa TPIIlixX ujaeHay poyHa 1, a cyma IATBIX YjaeHay poy-
Ha 5. 3HalA3i1e po3Hacilb apbl(PMeThIUHAN TParpacii.

Tocr 7. TokcTaBbIA 3adaUbI

YMmoBEI BapeiaaThel agkasay

1. Bauk masiuBae ma Vriaanse 14 % ragaBbIX. a)l);
VYrnagusik maxjgay Ha paxyHak 900 p. Koabki | 0) 2);
rpoiait Oyznse Ha paxyHKy mpas roxn? Beibepswime | B) 3);
IPaBLIbHYIO POYHACIIH AJIS PAIISHHS 3a4aUbl: r) 4);
1) 900-14 =12 600 (p.); 2) 900 +14 = 914 (p.); z) 5).
3) 900:0,14 =126 (p.); 4) 900-1,14 =1026 (p.);
5) 900-1,4 =1260 (p.).
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ITpamar

YMOBBI BaprwianTer agkasay
2. YV HeKaTOpbLIM ropajase amoObLIicsa BbiOapel ¥ ra- | a) 100 000;
pajcki caser, y AKiX mpeiHsaai yasex 75 % BeI- | 6) 750 000;
6aprrubikay. Toaski 10 % ax xoabkacii ysaymeix | B) 25 000;
yA3esJ y BeIOApax ajgaJii rajgachl IapThli 3AJIEHBIX. r) 75 000;
3Halazine, KoJbKi KbIxapoy mparanacasBaii s3a | mx) 50 000.
9Ty IapThIIO, KaJji ¥ ropaase 1 MJIH BbIOAPIITYBLIKAY.
3. Herarops! Jik maBaaiublii Ha 200 %, a sateim | a) 1200 %
aTpBIMAaHBI JIK NaBaIiubLIi § 6 pasoy. 3uaiigsime, 6) 1500 % ;
KOJIbKi TIpamlpHTay amomiHi JiKk ckJaazae anx | B) 1800 %;
mepIramavyaTKoBara. r) 600 % ;

1) 1000 %.

4. 3uaiigsine, Ha KOJIbKi mpatpHTay napaaiusinma | a) 10 %; 6) 100 % ;
IJIOITYa KBajapaTa, Kaji aro mepeiMeTp maBsiai- | B) 21 %; r) 121 %;
ubinb HA 10 % . ) 50 %.
5. V xpame mpagaznseHa s3a mepinbl a3eHb 50 % a) 25 %; 6) 75 %
aTpbeIMaHara TaBapy, a 3a Apyri aseabr — 25 % B)22,5%; 1)12,5 %;
actaubl. 3HaWABime, KOJIbKi mpamsHTay artpbl- | 1) 37,5 %.
MaHara TaBapy 3acTaJioCsa Helpaaaa3eHbIM.
6. YV agunim ropazase Kamager 70 % Jxbixapoy Be- | a) 50;
nmarollh (paHIly3cKyi0 MoBY i 80 % — amruiiickyio | 6) 10;
MOBY. 3HaW3iIe, KOJbKI mpamaHTay sKbixapoy Be- | B) 20;
IaoIllb abe3Be MOBBI, Kaji BAAOMAa, IITO KOMKHBI | T) 75;
JKBIXap ropajia Bejlae IpbIHAMCI aiHy 3 T9THIX MOY. o) 40.
7. Cacua Ha 25 % BoImIdiiasa 3a eaxky. Kaai koxx- | a) 1; 0)1,2;
Hae apsBa mazpacie Ha 1,8 M, To cacua Oyznse Ha | B)O0,8; r) 2,2;
10 % sBwimdiimai 3a eary. 3Haiazine (y merpax) | m) 1,5.
MepPIIAavaTKOBYIO BBIIIBIHIO €JIKi.
8. ITana raBapy crauaTky nmassiaiusraacs va 10 %, | a) 10;
a 3aThIM IaMeHIbLIaca Ha 25 % y mapayHauui 3 | 0)40;
naBsJTiuaHaii 1mamoi. ¥ BBIHIKY TaBap matanHey | B) 20;
Ha 7 p. 3uaiigsine (y pyoaax), KoabKi kamrasay | T) 25;

TaBap mepIrranavaTKoBa.

1) 50.
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IIpamar

YmoBBEI BapeiaaTher agkasay

9. IIBa mpaameTsl ¥ cyme Kamryoons 40 p. Kaxi | a) 10;
KOIIIT IIepirara mamMeHmibinb Ha 10 % , a apyrora — | 6) 17;
Ha 40 %, To pasam sHBI OyayIb Kamrrasanb 33 p. | B) 20;
3uanazine (y pyo0ax) JamgaTHYIO PO3HiIy mamixk | 1) 22;
KOIITaMi IrpagMeTay ga 3MAHEeHHS I[9H. o) 26.

10. Ha npamsAry roga 3aBoj ABOMYBI IABAIIUBAY BRIMYCK MPAAYKIBIi HA aTHY
i TyI0 K KOJIbKACIh HpalpHTay. SHAWA3iIe raTy KoJbKaclb, KaJi BamoMa,
IITO ¥ mavyaTKy roja 3aBoj InToMecsll Beityckay 600 BrIipaday, a ¥ KaHIIbI
roja cray IITOMeCSI] BRIIYyCcKAaIlh (26 BuIpabday.

11. 3uaiigsine, Axada HallMeHIIad KOJbKAacIlhb PaboTHiIKaY MosKa OBITL ¥ (ip-
Me, KaJi BImoMa, IIITO MYKUBIHBI CKJIaAaions y éit ment 3a 50 % , aje 60JIbIIT
340 %.

12. [lnia mepaBoski 90 T rpysy marpabyerina HeKaTopas KOJbKaCIlb aHOJb-
KaBbIX I'Py3aBikoy. ¥ CyBs3i 3 ThIM, IIITO HA KOMKHYIO MAIIIbIHY Iarpysiji Ha
0,75 T rpy3y MeHIII, JagaTKOBa cIaTpa0idica amus 4 rpysasiki. 3uaiiasime,
Ha KOJbKI ITpamsHTay maBagiubliacd KOJbKacllb IPYy3aBiK0OY Yy mapayHaHHi 3
neplIanavyaTKoBall 3adyKaii.

13. Ecmp aBa cunaBbl. Axsin smamrgae 2,8 Kr 3o1arta i 1,2 Kr mpbiMeceit,
apyri — 2,7 kr 3omara i 0,3 Kr mpeIiMeceii. AIpa3ayIibl 1a KaBaJIKy al KO-
Hara CIJIaBYy i CIJIABiYIIBI iX, aTphIMaJIi 2 KI' CILJIaBY 3 YTPhIMAHHEM 30JIaTa
85 % . 3maiiasiie, KOJbKi IpamMay MeTany aapa3alii ag Ipyrora KaBajaKa.

14. Ha BesaTpaky, AKi Mae ¢opMy aKkpysKHaCIli, 3 ObIIMeTpabHA ITPOILi-
JIETJIBIX IIYHKTAy aJHadYacoBa CTApTYIOIb ABa BeJacilleABICTHI ca CKapa-

cusMi 775 % i 800 ﬁ agmaBeqHa. SHAKWA3iIIe, KOJbKI IIOVHBIX KPYyroy

mpaezse MepIbl BeJacillefbICT Ta MOMAHTY, KaJli Aro ZAroHillhb APYTi, Be-
Iaioubl, IMITO AaYy:KbIHA BeJIATPIKa POYyHAa UBIPIIL Kiamerpa.

15. Y CKPBIHITBI 3HAXOA3AIIA YBIPBOHBIA i CiHisA 1ITapbl, IPBIYBIM CiHiA MT1APHI
ckyagaronb 1 % am aryiabHal KoabKaciii mapoy. Ilacas raro sk ca CKPBIHKI
Y3411 4aCTKY UBIPBOHBIX IIIAPOY, MOJIS CiHIX IIapoy aj aryJbHal KOJbKACIIi
IIapoy, IIITO 3aCTAJICA ¥ CKPBIHILI, cKIaga 2 % . 3HalA3ine, y KOJIbKi pa3oy
mepIranavaTkoBas KOJbKACIh IITapoy 00JbINas 38 KOJbKACIHb Y3ATBIX UbIP-
BOHBIX ITIAPOY.
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Anxassl 1a TOMATBIYHBIX TICTAY

Taer 1

1. B). 2. 1). 3. B). 4. B). 5. 1). 6. a). 7. m). 8. r). 9. a). 10. 19. 11. 835.
12. 18 900. 13. 120. 14. 4. 15. 448.

Tacr 2

1. B). 2. n). 3. 1). 4. 7). 5. a). 6. B). 7. B). 8. B). 9. m). 10. 2. 11. 441.
12. 63. 13. —14. 14. 1. 15. 45.

Toer 3
1.8). 2.1). 3. 1). 4.6). 5. B). 6. 1). 7. B). 8. 1). 9. B). 10. —6. 11. 5. 12, —8.
13. 4. 14. 13. 15. 4.

Toact 4
1.r). 2. B). 3. a). 4. 1). 5. 1). 6.1). 7. 6). 8. 1). 9. n). 10. 36. 11. 20. 12. 7.
13. —1. 14. —2. 15. 6.

Tact 5
1.7). 2.B). 3.a). 4.a). 5. 1). 6.1). 7. 1). 8. B). 9. m). 10. 67. 11. 33. 12. 6.
13. 22. 14. —5. 15. 24.

Tact 6
1.1). 2. 6). 3. B). 4. a). 5. 6). 6. 1). 7. 6). 8. a). 9. ). 10. 96. 11. 4. 12. 45°.
13.5.14. 4. 15. 2.

Tacr 7
1.1). 2. 7). 3. B). 4. B). 5. m). 6. a). 7. 6). 8. 6). 9. B). 10. 10. 11. 7. 12. 20.
13. 1500. 14. 15. 15. 2.
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Pakamenmanpli ma BBIKAHAHHI TAMATHIYHBIX TICTAY

Tacr 1
1. JIiki 0,(12); —0,5; 0,8; —4; 0,2(52) 3’aynasAmoIiiia panblaHaIbHBIMI, IIa-
KOJIbKI iX MoOskHAa 3amicallb y BBITJISA3€ APO0Y %, m3e me Z, ne N. Takim

YpIHAM, Iapa Jikay \/§ i cKJIamaerlia TOJIBKI 3 ipalblAHAJIBHBIX JiKaY.

2. 547,698 = 547,70.

Hyas y paspaznse coTbIXx makasBae, Ja sKora paspajy BbIKaHaHaA aKpyr-
JIeHHeE.

3. HeckapauaabHbI 3BRIUAMHEI AP00 MOJKHA 3allicallb y BRITVIAA3€ KaHeuHara
I3ecsaTKOBara Jpo0y y THIM BBIIAAKY, KaJi Ha30VHIK rarara Ipo0y He 3MsdAIIdae
IHIITBIX TIPOCTBHIX MHOMXKHiKAY, akpamsa 2 i 5. Packiansém HazoyHiKI KoKHara
Ipo0y Ha IPOCTBIA MHOMKHIKI.

50= 2-5-5; 32=2-2-2-2-2; 15= 3-5;

125=5-5-5; 160=2-2-2:-2-2-5.

HaszoyHik gpoby % 3MsAITYae MHOKHIKI, agpos3Hbld af 2 1 5, 3HAUBII, I'ITHI
Ipob Hesbra saimicallb y BRITVISIA3€ KaHeUHAra A3ecsaTKoBara apooy.

4. Packiansém ik 2184 Ha mpOCTHIST MHOMKHIKI:

2184
1092
546
273
91
13 13
1

Haifi6oabmIibIM HOPOCTBIM ABYX3HAUHBIM J3€JbHIKAM majgs3eHara JiKy
3’aynaena Jgik 13.

5. HaliMmeHIIIBIM BYX3HAUHBIM IIPOCTBIM JIiKaMm 3’ayidera jgik 11, a Hai-
OOJIBIIIEIM IPOCTBIM JIIKaM IATara A3dAcATKa 3 ayiaderiia Jik 47. CyMma raTeix
Jikay poyua 58.

6. lllykausl JiK 3’ ayiaderna sga0obiTkam Jgikay 9, 8, 71 5.

9:-8-7-5= 2520.

ITakonbKi aTpbIMaHbI JiK KpaTHBI 9, TO 6H KpaTHHI i 3.

ITaxoabki aik 2520 KpaTHBI 8, TO €H KpaTHBI i 4, i 2.

ITaxkoabki aTpbiMaHbl JiK gserdinma i Ha 9, 1 ma 8, To éu mzerimnma i Ha 6.

=N W NN DN
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o . . o 2 _ 5
7. Haxait x — mepiusl JiK, a y — apyri. I1a ymoBe 3agaubl 3% = Y, Tamsl

5 e e = e _— = . = .

E‘3’y 6 2,y 4> D-8H. X1y 5:4.

8.1) IlepaBansém OSCKOHIBI IEPLIAABIYHBI ApPo0 3,(6) y B3BBIYAKHEI.
Hsaxaii 3,(6) = x, ragst 36,(6) = 10x. Aguimem anx [pyroil poyHACIIi mepIryo

i arpeimaem 36,(6) — 3,(6) = 10x — x; 383 =9x; x = 3%.
2) (4% +3,5— 31" 3,(6)) :0,014 = (4§ -3,5—3,5- 3%) £ 0,014 =

— a2 _ — _9%9 _ 3500 _
=35 (43 3)0014 3,5-1:0,014 = 3,5:0,014 = (%2 = 3590 _ 950,

9. Haxaii x — seixonusbl JiK. ITacad Taro sk 3bIXOLHBI JiK MaBATiYbLII Ha
60 % , arpeimauri Jik (1,6x). BeicBeTsiM, Ha KOJMBKI IIpalpHTay HeabXxomHa Ima-
MeHIIbITb (1,6x), Kab aTpeIMalhb X:

1,6x—x 06x

16z 100 % = :100% = -~ +100% = 37,5 %.
,0X

10. Packaagzém giki 475, 570 1 741 ma mpocThiA MHOMKHIKI i 3HOIa3eM
HATI(475; 570; 741).

475| 5 570 | 5 741 | 3

95 |5 1142  247|13
19 |19 57 |3 19 |19 HAJ(475; 570; 741) = 19.

1 19 |19 1
1

11. IIlykaHus! JiK MOKHA 3alricaib y BeIriAgase x = 4319+ r, nse r — ac-
taua. HaifibosbIiltasg MarybIiMas actaua Opbl A3AaeHHi Ha 19 poyua 18, r. 3H.
ITyKaHbl JiKk x = 4319 +18 = 835.

12.Kami a=2-3*-5;6=3%-5-7; ¢ =2%2:3-5°, 1o

HAK (a; b; ¢) = 2 - 8° - 5 - 7 = 18 900.

w

i 2 4 .
- 3’ayisaroniia JikaMi, agBapoTHBLIMI JiKam §;§;g i %

3.3
13. JIiki E’Z’ 8

oﬂm

agmaBesHAa.
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3 3 2 3
Ta,I[I)I Ex + Zx + gx + gx = 068.

ITamuORBIM aben3Be dYacTKi aTpbiMaHara ypayHeHHda Ha 40 i aTprimaem

60x +30x +16x +15x =968 -40; 121x =968-40; x = %; x = 320.

3HOMI3eM HAMEeHIITYIO 3 YacTaK, Ha AKisd maassaaimi gk 968: % - 320 =120.

14. BricBeriiM, pas KOJbKI MIHYT Hacas CYCTPIUBLl ayToOyChI TPOX
MapIIpyTay amHadacoBa AaIbIHYIIIla Ha CTaHIbIi, [IJd TraTara B3HOWI3eM
HAR(IO; 15; 18) = 90. Takim ublHAM, ayTOOyChI TPOX MapHIpyTay OyAyIlbL afi-
HayacoBa aKasBalllla Ha CTAHIIbII KOKHBIA 90 MiHyT.

Bsagowma, 1miTo agHa 3 cycTpau agoeniaca ¥ 10 r 25 min.

Ilepbian wacy 3 7 r 10 mim ma 10 r 25 mim poyuel 195 mimyram, a 3
10 r 25 miu ma 12 r 10 mim poyusr 105 minmyram. 3HaubIlb, 3 7 r 10 MiH ma
10 r 25 min ayTOOyCHI cycTpaaicsa aBoiubl, a 3 10 r 25 min ga 12 r 10 min amrus
ansim pas. Taxim ubIHaM, y a3sHadyaHbI IpaMeKaK yacy am0blI0Csd YaThIPhI CyC-
TPOSYBI.

15. [223% + 3| —[1 — 224?| - |-5| = [228% + 3 — (2242 —1)— 5| =
=[223% +3—224% +1—5| = [223% — 224> — 1| =
=[(223 — 224)(223 + 224) — 1| = |-1-447 — 1| = |—448| = 448.

Tact 2
1. 2(t—s)=—2(s—t)=—2-(—5,2) =10,4.

(021an+17 9) (7an7 7) 0,03 gttt neT T 9 7_003 acy

=0,03: ay’.

g 379 _x-5 _8x—9—(x—5)  3x-9-x+5 _2x—4 _2x—2) _,
Cx—2 x—2 x—2 x—2 x—2 x—2 :
15a 6a _Tat35 _ 15a 6a-7(a+5) _ 154 lda _

4. +— + = + =
5-a  42-25 3  b5-a 3ats)a-5) b-a a-b

_ 150 _ 14a _ 15a—14a _ 4

5—a 5—-a  5-a 5—a’
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5.2bc+a?—b>—c? = a?—(b* —2bc+c?)= a® —(b—c)
=(a—b+c)atb—oc).

6 B +5x2—4x—20  x2%(x+5)—4(x+5)
T 2+3x-10

(e +5)2=4)

x2+38x—10 °

x*+3x—10
Ila dopmynre ax®+bx+c= a(x - x )(x - xz) packKJam3éM Ha MHOMKHiKi
KBaJpaTHLI TPOXUJIEH Y HA30YHIKY Apo0y:

x*+38x—10=0; x, =—5; x, = 2.

Tagsr x4+ 3x —10 = (x +5)(x — 2) i aApo6 npbIMae BHITIAL

(x+5)(x"~4) _ (x+5)(x—2)(x+2) _

= =x+
x2+3x—10 (x+5)(x—2) x+2.
m=-2, .0 ( )
1 ,1.m—1 _ 1 _mm—2+1_
7. (m 1-—m) )m2_m+1—(m l—m) T
m(l—m)—l . m?—2m+1 _ m—m2—1 (m—l)2
- 1-m 2 -

__mz—m+1 (l—m)2

= mz_m+1=—(1—m)=m—1.

1-m

8. (4x* —x2+6x'—9):(2x* +x%—3x7?)= Lk B L

2x t+x3-3x 2%
_ 4x74—(x72—6x71+9) _ 4x74—(x71—3)2

x 2 (2x_2 +x - 3) B

x 2 (Zx_2 +x - 3) -

(Zx_z—x_1+3)(2x_2+x_1—3) _2x2—x1+3

x72(2x72 +x - 3) x 2 =32 —x+2.

9. A=(x?+x+1) +3x(x® +x+1)— 1822

Haxait x> +x+1=1¢, rager A =¢*> + 3xt —18x?. Pasriensim aTpbIMaHbI
BBIPa3 K KBaJ[PaTHBI TPOXUJIEH aJHOCHA { i pacKJIaf3€éM Ar0 Ha MHOMKHIKI:

A=1t>+3xt—18x%> = (t +6x)(t — 3x)

t=x?+x+1
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=(e*+x+1+6x)(x* +x+1—3x)=

=(x?+7x+1)(x® —2x +1) = (x —1)*(«? + Tx +1).

-1
10.HﬁxaﬁA=(( 6 5n+ 30 ) n—2 ) .

n+l n245n+6) n’+3n+2
1) 6 __ 5n+30 _ 6(n+2)(n+3)—(5n+30)(n+1)
) w1 (n+2)(n+9) (17 10+ 2)(n+3)
_ 6(n?+5n+6)—(5n°+35n+30)  p2—5n+6 _ (n—2)(n—3)
(n+1)(n+2)<n+3) B (n+1)(n+2)(n+3)_ (n+1)(n+2)(n+3)'
2) (n—2)(n—3) . n—2 _ (n—2)(n—3) .(n+1)(n+2)=n—3
(n+1)(n+2)(n+3) " n2+3n+2 (n+1)(n+2)(n+3) n—2 nt3’
o a_[92-3)"_
3)[per n=9 A= 073 = 2.
2 2 2 2
y x x" +2xyty y x x" +2xy+y
. + : = + . —
1 (xy—x2 xy—yz) 1,1 (x(y—x) y(x—y)) ytx
x Yy Xy
ytx
o 2 2
y x xy y —x ytx 2 2
= — . = . . —+ —+ =
(x(y—x) y(y—x) xz+2.7cy+y2 xy(y—x) xy (x 2xy y)
- + +
_(y—x)y+x)  y+a 2=(y ) 1 1 409441,
xy-(y—x)  xy-(y+x) xy  xy-(y+x) 2%y e=ti =l
12. V3Banzém abensse yacTki poyrHacii 4x —3x ' = —6 y kBazgpart:

(4x—3x7")" = 36; 16x> +9x % —2-4x-3x " = 36;
16x% +9x72 — 24 = 36; 16x +9x 2 = 60,

ranel 16x> +9x2+3=60+3 =63.

13. BolryubIM HOVHBIA KBaApaThl ¥ BhIpase
8x® +2y® —4xy +4x+2y—12=

=4x* —4xy+yt +4x* +4x+1+ 2 +2y+1—-14 =

=(2x—y) +@x+1)? +(y+1) —14.
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2 2
ITakoabKi (2x - y) >0; (2x+1)* >0 (y + 1) >0 npsl JTI00BIX pPaYaiCHBIX
BHAUPHHAX X 1 y (poyHacip HYJIIO gacAraeliia IPbl X = —%, y=—1), To

(22— y) +(2x+1)° +(y+1)" —14 > —14.

TakiM ublHAM, HaWMEHIIBIM 3HAUSHHEM [JajJ3eHara BbIpasy 3 sayiadera
Jik —14.

71_ba71 . 1 ba ! -11. _ba71 . 3a —
14. (3ab ).(3ab +% 10,5 )((1 . ) 3a+b)—

3

— (382 _b).(3a . b 1=t ). 82 | =

_(b 3a)'(b +3a+2)'((1 3a) 3a+b)

_ 940" (9a®+b*+6ab)_ (3a—b 34 \_
3ab 3ab : 3a 3a+b

(3a—b)(8a+b)  3ab (3a—b)_3a—b 3a+b _

B 3ab '(3a+b)2' 3a+b) Ba+b Ba—b 1-

1. 1 _ 1 1
x(x+1) x+1’(x+1xx+2) x+1 x+2
Tazbl 3bIXOAHBI BEIPA3 IPbIMae BBITJIA]

15. 3ayBaKbIM, IIITO

=1_ ir
o ..

1 1 1 1 1
= + + + + =
A= G a2 T Gr)ers)  mraerd) (ke a)xes)
_1_ 1 .1 1 .1 1 11 R
x x+1 x+1 x+2 x+2 x+3 x+3 x+4 x+4 x+5
-1_ 1 __ 5
x  x+5  x(x+5)°

3Hoiig3eM 3HAUsHHE BIpasy 16A mpel x =0,(3):

5 - 5 1.4 =
16'1(1) —16 E - 16 16 45.
33+ 3

3 3

Taer 3

1. HaopasBinsubIM 3’ ayisdeliiia ciBepasKante 3), IaKoJAbKi JiiHeliHae ypay-
HeHHe MOJKa Mellb a[3iHbl KOpaHb, MOYKAa MeIlb OsICKOHIIa MHOTa KapaHéy abo He
MeIlb KapaHey.

2. Vpayuenue x* +5 =0 He Mae KapaHéy. YpayHeHHI, AKig He MaloIb Ka-
paHey, jgiualiia payHa3HaUHbIMI.
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3 mpamaHaBaHBLIX y BapbIAHTAX aJKasay ypayHeHHAY He MAalollb KapaHey

=0; x2—Tx+13=0;]x—2/+9=8i5x—12=3(x+4)+ 2x.

o . 3
ypayHeHH] ——

Kopanem ypayHeHnHsa =03 aynasenma Jik 0.

8
Taxim ublHaAM, ypayHeHHe g = (0 He payHasHauHa ypayHeHHIO x> +5 = 0.
_ _ 1,1 _ _ 1 _ 1,
302(15 )+— 0,3x; 0,3x 15+ 0,3x; 0,3x —0,3x 515
0-x=0;x€R.
1 _ 6-x 1 ., 1 6-x _.
4. 1= 3x%—12° 2—x =773 3x% —12 0;
1 1 6—x 2 6—x
J— + + = . J— J— — .
s Tax Ty % zr 1T axrz) O
6(x+2)—3(2—x)(x+2)—(6—x) o 6x+12—-12+3x% —6+x — o:
3(2— x)(x+2) ’ 3(2—x)(x+2) ’
r=2
3:2+7c-6 _ |32 +Tx—6=0, 8 Jx=2,
32-x)(x+2) T |x=-—2;2 x=-3, x=—3.
x #*—2; 2

5. KBagparuae ypayuenne 3x2 +5x —1 =0 mae xapaui, makoiasxi D > 0,
4. =5, _ 1
Tangbl X, Xy = 3 X1 X9 = 3"
3HoIi3eM 3HAUSHHE IIyKaHara BeIpasy:

x2xt+atx= x2xl (22 + x2)= (x,x, )2 ((xl +x, )2 - 2xlx2) =
1

LR /A R R

x+3 x—3 n 4 —0: x+3 x—3 _ 4 -0

T4x® -9 4x®+12x+9  6-4x 7 (2x-3)(2x+83)  (2x+3)° 22x-3)

x+3 =8 _ 2 _,. (x +3)(22 +3) +(x — 3)(2xc — 3) — 2(2x + 3 o

(2x—3)(2x+3)  (2x+3° 2x—3 (22— 3)(2x + 3)° ’
2x2+3x+6x+9+2x2—3x—6x+9—8x2—24x—18=0_ —4x? —24x — o

(2x —3)(2x + 3)° " (20-3)(2x +3)
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5 x=0,
x°+6x=0, x =0,
x = —6,
x *—1,5;1,5; x = —6.
x #—1,5; 1,5;
Capoause apei)MeTbIUHAE KapaHEYy maaseHara ypayHeHHs poyHa
—6+0
g = —3.

7. Ypayuenre (6x —14)° = (x —1)"® paymasmauna ypajnenHo
6x—14=(x—1)%.

x2—2x+1—6x+14=0; x> —8x+15=0. ArpsimMaHae ypayHeHHe Mae
rkapani (D > 0). BrikapsicTaem Toapamy Biera i aTpsiMaeM cymy KapaHéy ypay-
HeHHSA, POYHYIO 8.

2_4 2
ig_g =25 7(x? —4) = *(x* — 9) mprr x # +3; x* — 9x® — Tx? +28 = 0;

x*—16x*> +28 = 0.

8.

Hsxait x? = t, Tagsl YypayHeHHe IpPbIMae BBITJIA t*—16t+28 =0; [t _ 1;

A =2, |x=+J2,
KVJb
ARVIAR | 2= 14; |2 = 4414,

3IabpITak KapaHeéy spIXogHara ypayHeHHs POYHBI

—J2 -2 -(-V14)- V14 = 28.

Tx—4—3x* =3(3x —2— x?),
1 3

. = ; {Tx—4—3x2 %0,
3x—2—x> Tx—4—3x
3x—2—x? # 0

Tx—4—3x>=9x—6—3x%, |[*=1,
3x> —Tx+4+#0, xil;lé, x e .
x2—3x+2+#0; x #1;2;

YpayHeHHe He Mae KapaHey.
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2
10. Haxait 3x+x®=t, Tagbl ypayHeHHe IpPHIMAe BBITJIAL t=(£);

, t=0, ’
t° — 4t =0; [t=4.
x=0,
x2+38x=0, [x(x+3)=0, x=-38,
Ay e [x2+3x=4; |:x2+3x—4=0; x =4,

x=1.
Cyma KapaHéy ypayHeHHS poyHa —6.

11. (x> —2x+6) = 9x%; (x* —2x +6)" —92% = 0;
x*—bx+6=0,

(x? —2x+6—3x)(x* —2x + 6 + 3x) = 0; [x2+x+6=0 Tlpyroe pay-

HeHHe CyKyITHacIli He Mae Kapauéy (D < 0).
Cyma KapaHEY 3bIXOQHATra YypayHEeHHA poyHa 5.
12. (2% +2x)" — (x +1)* = 55; (x* +2x)° — (x* +2x +1) = 55.

Haxait x*+2x =t, tagsl ypayHenHHe mpeimMae Beiruan t°— (¢t +1) = 55;

2 — ¢ —56 = 0; [t=_7’
t = 8.
Anxyuab [xz tax= I:xz TaxrT=0, Ilepmiae ypayHeHHe CYKYITHACIIL
x2+2x=8; |x*+2x—8=0.

He Mae Kapauéy. 3gabbITak KapaHeéy apyrora ypayHeHHS POVHBI —8.
13. I1a popmyne ax® +bx +c = a(x —x )(x — xz) packJan3éM Ha MHOMKHIKI
KBaJpaTHBI TPOXUJIEH YV JiUHIKY Ipo0y.
5x2 —4x—1=0; D =16+ 20 = 36;
ﬂ 1 _4+6

=—tix, =" =1

X1~ 10 5° 10

Tager Hx®> —4x—1= 5(x + %)(x —1)=(5x+1)(x—1) i seIxozHae ¥pay-

(5x + 1)(x - 1)

HEHHE IIPbIMae BBITJIAL *—1

= x® + 5. PombIM aTpeIMaHae ypayHeHHe:

) 5 x =4,
S5x+1=x"+5, [x"—bx+4=0,
x=1, x=4.
x#1; x #1;

x*1;
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3x°+11x+6 _ x+3 3x°+1lx+6 _ x+3
8+10x—3x% 4—x’ 3x2-10x—8 x—4~

14.

IIa gopmyne ax® +bx+c= a(x —x )(x - xz) packIamg3éM Ha MHOMKHIKI

KBaJAPAaTHBIA TPOXUJIEHBI ¥ JIUHIKY i Ha30¥HIKY Apo0y i aTpriMaem:

2 x+3 x+3 xeR

e+ ofo+2) i laer,
x+3 x—4 x—4’

8/ = 5 x#*4,

_ 2) x4 2
3(x 4)(x+3) x#* =2

2
)
x 3

C e . . . . . . . 2.
Kapanawmi ypayuenns 3’ ayasaiomnia yce pauaicHbIA JiKi, akpamsa Jikay —3i 4.

ITpamesxxy [2; 15] HaJiexkanpb 13 IpJbIX KapaHey ypayHeHHd.

2 2
x“—x+1 x*—=3x+1 1
15, — 5t~ T2
x(x—1)+1+x(x—3)+1_2 1
x—1 x—3 X qx-g’
1 1 o 1 .
Xttt T =20 g
1 o, 1 _ 1 x—3+x—-1 1
x—1 x-—3 4x—8’ (x—1)(x—3) 4x—8’
2x—4 1 20x—-2) 1

(x—1)(x—3) 4x-8" (x-1Jx-3) 4(x-2)°

8(x—2) =—(x—1)(x—3), |9x* —36x+35=0,
x#*1;2;3; x #*1;2;3.

PombiM  ypayHeHHe 9x® —36x +35=0; 9x®> —36x+36—1=0;

1
3x—6=1, |*¥=23;

3x—6=—1; leg.

Bx—6)°—-1=0; (8x—6)7°=1; |: ATpBIMaHBIA JiKi 3a-

IaBaJbHAIOIL YMOBY X = 1; 2; 3.

Takim usiHaM, cymMa KapaHey ypayHeHHA poyHa 2% + 1% =4,
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Toct 4

1. HapoyHacii HaspIBamIIa payHa3HAYHBIMI, KaJli MHOCTBBI iX PAI9HHAY
cynagamonb. Kaai HapoyHacIiii He MaioIlb PalIdHHAY, TO SHLI TaAKCcaMa Jivuaiia
payHasHAUHBIMI.

Pammsarem HapoyHaci dx < 1 3’ayisera mpaMerxar (—00; %]

3HOMI3eM palIdHHi ITpanaHaBaHbIX HAPOYVHACIIEH:

1) 5x® < x; bx®> —x < 0; x(5x—1)<0; xe[O;%:l;

1
5x <1 5 x<7,
2) bx+2<2+1; 5 xe(—oo;o)u(o;l];
x x x # 0; x # 0; 5

3) x <1,5; x e (—o0;1,5];
) x=0,2<0; x<0,% xe(—w ;]

5x 1 Sx—1 [1 )
< . < . .
5) -3 S 73 ,-3 <0; xe 5,3 .

Takim ublHaM, 3BIXOAHAS HAPOYHACIh payHa3HaAUHA HIPOYHACIIL

x—0,2<0.
2. PorrsivM mpamraHaBaHbIsd HAPOYHACI:
1) 8x—2(x+1)<2+x; 3x—2x—2<2+x; 0-x<4; xeR;

2) —83x20; x<0; xe( Oo;O];

3) 83x—2(x+1)<x—5; 8x—2x—2< x—5; 0-x < —3; HAMA palISHHAY;
4) 3x < —2+x; 2x<—2; x<—1; xe(—o0; —1];

5) 8x < x; 2x <0; xe(—o0; 0]

. o . (x 7 .
3. I[TamHOKBIM abe3Be YacTKi HApoYyHAacCIi <3-— - HaA 61

arpeiMaem: 2(7x—2)<18—-3(1—x)—(2x—17);
14x—4<18—-3+3x—2x+7; 18x <26; x < 2; xe( 00'2]

4. TTaMHOMKBIM aﬁeusBe vactri Hapoyraci 0,5x%— x —1,5 < 0 Ha 2 i aTpbI-

MaeM HApoyHacub x> —2x — 3 < 0.
Poambiv se:

x2—2x—3<0; x, =—1; x, = 3. \ / xe[—l;S].
IN——— x

HapoyHacips Mae IAMb II9JIBIX PAIIdHHAY.
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x+12 9+ x
st 2xt2, {6(x+12)+5(9+x)>30(x+2),

5.

x+5 15—« T(x+5)+2(15— x) < 14x;

5 <x
{Gx +72+45+5x > 30x + 60, {—19x > =57, {x <3,

7x+35+ 30— 2x < 14x; —9x < —65; x>7§;x€@-

x x x—2(x+1)
<2, —-2<0, B S
6. 1y <2 i< {“1\ {x“ <0 PRSI

x # 0; x #0; x # 0;

_xx+_12<0, iif)O, xe(—OO;—Z]U(—l;+OO),
x #= 0;

x # 0; x # 0;

xe (—00; —2] U (—1; 0) U (O; +0<>).

7. A6car BoisHausHHA QyHKIBH f(x) = x*—6x—T7 — \/% cymazae 3
—oX

MHOCTBaM PAIIdHHAY CiCTOMBI HAPOYHACIIEH:

{xz—ﬁx—7>0, {(x‘7)(x+1)>0’

2—3x > 0; x<§;

74
-1

2
3

Y

SR

X € (—00; —1].

8. I'padik pyHKIEBI Yy = x* + x* — 6 pasmerruaHbI BBIIISIH BOCi aGCIBIC IPHI

x* +x% —6 > 0. Haxait x>= ¢, rags HSIPOYHACIIH IPhIMAae BBITJIAL t?+t—6>0;
(t+3)(t—2)>0, r. su. (x2+3)(x®—2)> 0. Taxonski x*+3 >0 nps x € R,

to x2—2> 0; (x—\/E)(x+\/§>>0; xe(—oo; —\/§)U(\/§; +00).
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9. JIBaitnas HapoyHachb —3 <1—3x —x% < T payHasHauHa cicTame Hs-

) o Jiesx—ar < {4—12x—4x <13, {4x2+12x+9>0,
poyHaciei

1-8x—x%>—3; 4—3x—x%>0; x> +3x—4<0;

2 = —1,5,
{(Zx + 3) > Oa {x x e [—4; _1,5) ) (_1,5; 1].

(x+4)(x—-1)<0; |xe[-41];
3x2 —11x +22 3x% —11x+22—3(x* —4x—5 +37
10. g 2 ( >>0; L
x“—4x—5 x“—4x—5 x“—4x—5
x+37 . .
——— 2> 0. BeikapbicTaeM MeTaz iHTopBaJIay:
(x—5)(x+1)
- + - +
o 4 >
° > xe|—387;—1)U(5;+ o),
-37 -1 5 (37 -1 u (s + =)

Hapoyracis mae 36 1pJbIX aAMOYHBIX PAIIdHHAY.

11. I'padik Gyurnsi y = (x +2)° pasmermruans! Hisxeil rpadika GyHKIbI
y=2x(x+3)+7 ram (x+2)°<2x(x+3)+7; x*+4x+4<2x2+6x+7;
x2+2x+3>0;, D=4—12<0.

>

X

Taxim ubiHaM, rpadix GyHKObH y = (x +2)° pasmemruans Hisksll rpadika
dyarneiy = 2x(x +38) + 7 npsl M06LIX 3HAUSHHAX apryMeHTa. 3HAUBLILbL, HA
IPaMeRKKy [—18; 1] pasmerruana 20 maabIxX JiKay, AKisg 3amaBalbHAIONb YMO-

BY 3aJja4bl.
12. Kami 2,5 <a <4, 1o 5 < 2a < 8.
Maxonski 3<b<8, 10 1< 2 <2, mager —1> 2> -3, 22 <2<,
CrJag3éM aTpbIMaHbLA HﬁpoyHacm:
5<2a<8
—22<-t<

Haiibosbltae 3HaUsHHE BLIPa3y 2a — oyHa 7.

|
T W
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(x2 +2x+1)(x2 —6x+9) (x+1)2(x—3)2
> 0;
x—3 ’ x—3

13.

> 0.

BrikapreicTaeM mMeTan iHTapBajay:

iy x e {—1}U(3; + o).

-1 - 3

HaiimeHIIbIM IPJIBIM PAIIdHHEM HAPOYHACIIL 3’ ayiidernia Jik —1.
2 2
14. 3amimam HApoOYHACIH (0,3902 +0,6x — 5) < (0,3x2 +0,56x + 5) Y BBI-

radanse (O,Sx2 +0,5x — 5)2 - (0,3x2 +0,5x + 5)2 < 0 i BeIkapbIcTaeM GOPMYJIy
poBHAacIIi KBagparay

(0,3x%+0,5x — 5 (0,3x>+0,5x + 5)) (0,3x% + 0,5x — 5 + (0,3%> + 0,5x +5)) < 0;
(0,3x% +0,5x —5—0,3x> —0,5x —5)(0,3x> + 0,5x — 5+ 0,3x + 0,5x + 5) < 0;
~10(0,6x* +x) < 0; 0,6x* +x > 0; x(0,6x+1) > 0;

X € (—OO; —1§:| U [O; +<>0).

HaiiboabmIbIM LPJILIM aAMOYHBIM PpAIIdHHEM HApOoyHAacIi 3 ayiserna
JiK —2.

15. (x> —4x)" +8(x —2)° <17; (2 —4x)" +8(x* — 4x +4) < 17.

Haxait x>—4x =¢, Tagsl HIpoyHAcUb npeiMae BeIraan - + 8(t +4) < 17;
t? +8t+15<0; (t+3)(t+5)<0. Ilakompki t=x>—4x, TO arpsIMa-
eM (x2 —4x+ 3)(x2 —4x + 5) < 0. ITaxkonbKi MABICKPBIMIHAHT KBaJpaTHa-
ra TpPOXUJeHa x2—4x+5 aIMOYVHBI, a MepIIbl Kad(iIlbleHT magaTHBI, TO
x* —4x+5> 0 mpst x € R. Takim ustaam, x> —4x+3<0; (x —1)(x—3) < 0;
X e [1; 3].

31a0bITaK LPJBIX PAIISHHAY HAPOYHACHI poyHEI 123 = 6.

Tacr 5

1. ApeimeThIuHAN TpArpaciaii 3’ ayideriia nacasamaoyHacIlb

0,1; 0,3; 0,5; 0,7; ...; .

2. BeicBetitiM, y AKOIl 3 apbl(hMeTHIUHBIX IIparpaciii écup a, = —10.

1) —10 =2n+10; 2n = —20; n = —10. ITakouabki —10 He 3’aydelia HATY-
PaJIbHBIM JiKaM, TO CAPOJ WiIeHay Haas3eHau mparpacii aama jgixky —10.

2) =10 =—3n; n =2 ¢ N;
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3) "10=—-3n+2;3n=12; n =4 — HaTypaJIbHBI JiK, 3HaYbIIb, JiK —10
3’ayiseria yanBEPTHIM UJIeHAM Jaj3eHail mparpacii.

4) ~10=—4n—8;4n=2n =1 ¢ N;
5) =10 =—2n+11;2n = 21;n = % ¢ N.

- 29—-21
3. ITakoapki a, = 21, a, =29, To d = % 5 1 _ 5 = 4.
Tager a, = a, —6d =21 —24 = —3.
4. Pasraensim macaagoyHacup 4, 7, 10, ..., 100 ax apbipMeTHIYHYIO

nparpacitoo, y akoii a;, =4;d = 3; a, =100. Ila dopmyse n-ra uneHa apbih-
MeTBIYHAU mparpacii a, = a, +d(n—1) 3sHoiiZzeM KOJBKACIb UIeHAY raTail

mparpacii: 100 =4+3(n—1); 96=38(n—1); n—1=32; n = 33. Tagel cyma

o o .. o a ta 4+100
wieHay gaaseHail mparpacii poyHa S;; = 1 3 3 .33 = 5 33 =52-33.
o . o 833 52-33
3Holi3eM capsaHse apbl(pMeThIUHAE TaaA3eHbIX JiKay: 33 - 33 52.

5. Ckaazmzém popMyay n-ra dieHa maj3eHail apblMeThHIUHAN Iparpacii.
IMakonbki a, = 92; d = —4, 10 a, =92—4(n—1); a, = 96 — 4n.

PosmsiM HApoyHAacs 96 —4n > —1; —4n > —97; n < 24,25.

HanseHas mparpacis amdAmruae 24 ujgeHbl, 00JbIIBIA 3a —1.

6. Haxait n — mykaus! gik. Tagsl cyma (n —1) HaTypaldbHBIX JiKay, AKia

1+n—

1
AMY HanapaAHivaons, poyra S, ; = ——5— (n—-1)= % -(n—1).

ITakonbKi JiK 7 POYHBI % CYMBI HATYPaJbHBIX JIiKay, AKig aMy ma-
OAPSAHIYAIONb, TO CKJAA36M ypayHeHHe n = % S, ;;n= % . % -(n—1);
42n =n(n—1); n = 43.

7. Ilakoubki a4 +ay +a,, +a,5; = 20, TO

a, +5d +a, +8d +a, +11d +a, +14d = 20; 4a, + 38d = 20; 24, +19d = 10.

2a; +19d
Broinzem S, =~ —-20 = 12- 20 = 100.

8. Ila ymoBe a, +a, +a; = 66, a, -a; = 528.
Ckrnansém cicramy ypayHeHHAY 1 3HOIABEM a, 1 d:
a, +a, +d+a, +2d =66, |a, +d =22, a, +d =22,
{(a1 +d)(a, +2d) = 528; {(a1 +d)(a, +2d) = 528; {22@1 +2d) = 528;
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a, +d=22, [d=2,
Tansr a, =20+ 2(n—1); a, =2n +18.

a, +2d = 24; |a, = 20.
9. Cyma uyeHay apbidMeTbIUHAN mparpscii (an) BBRIpasKaelina (opmyai
S, = 2n% — 3n, Tamw S, = 2-12—-8-1=-1; S, = 2:22-3.2=2, aTpbIMaeM
a, =8, =-1;a,=8,— S, =2—(—1) = 3. Takim usrnam, Z—j =-3.
10. S, —S,, =a,; =a, +14d =—-3+14-5 = 67.
11. Bempagim @, i a, mpas a, i d i arpeimaem a,°a,'a, =
= (a7 - 6d)(a7 - 5d)a7. IMakoaski a, =9, T0 a, *a,-a, = (9—6d4)(9—5d)-9.

3Holi3eM, IPLI AKIiM 3HAUSHHI d aTphIMaHBI BhIpas IIpbIMae HaliMeHIIae 3Ha-
Y9HHE:

9:(9—-6d)(9—5d)=27-(3—2d)(9—5d) =
=27-(27 —15d —18d +10d?) = 27 - (10d? — 33d + 27).
KBagparerunaa pyaxneia y = 27 + (10d2 —33d + 27) ImpbIMae cBaé HaliMeH-

Irae 3HAUSHHE ¥ BAPIIBIHI mapabaibl. 3HOHA3eM aOCIbICY BAPIIBIHI mapadaJibl

_ 33
d= 50"
Tanpl 3HausHHE IITyKaHara BbeIpa3y poyHa 20 * % = 33.
12. Haxait (an) — mepinas apbi()MeThIUHASA Iparpacid, a (bn) — napyras.
. a1+a7 11+35 o
Taner a, =11; a, =351 a, = 7 = g = 23. Ila ymoBe 3amaubl yarr-

BEPTHIA 4JIeHbl abel3BIOX IIparpasciii agjHONIbKaBblA, I'. 3H. b, = 23. Ilakoabki
b, =38, 10 d=(b, —b):3=-5.

ITaxkonpki b, =13, To ma ¢QopmyJsie n-ra 4jaeHa apblMeTbHIUHAN IIpar-
pacii 3HOHAZEM KoJbKacIbh uieHay Apyroit mparpacii: b, =b, +d(n — 1);
18=38—-5(n—1);n =6.

13. Haxaii a; — mneplranadyaTKoBad IlaHa TaBapy, d — KOJIbKaclb pyOJIey,
Ha AKYIO ITaHa TaBapy 3HijKaJsaca KOXKHEBI pas.

ITaxonbpki macas TpaudAra sHisk9HHS TaBap kairrasay 2460 p., a macuasa ansi-

Hanuarara sHisksHHA — 1980 p., TO a4 = 2460, a a,, = 1980. Crianzém cicramy
YpayHeHHaY:
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a, +3d = 2460, [a, +3d = 2460, [a, = 2640,
a, +11d = 1980; |8d = —480; d =—60.

Takim ublHam, TaBap mepiranauatkoBa xamrasay 2640 p. Tazsr 50 % ag
mepIamavyaTkoBara KomrTy poysesl 1320 p., r. 3H. a, = 1320.
IMakonbki a, = a, +d(n—1), To

1320 = 2640 — 60(n —1); —1320 = —60(n —1); n = 23.

Taxim ubiHaM, Imacad 22-ra 3HiMKOHHA IaHa TaBapy ckjaanse 50 % anm mep-
mrammavyaTKoOBaM IIaHBbI.

14. ITakoJsbKi cymMa uieHay, AKis cTadllb HAa IOTHBIX MecIlaxX Jaj3eHai mpar-
pacii, poyHa 28, a cyma uyeHay, SIKid cTasllb HA HAIOTHLIX Mecliax, poyHa 16,

TO a, ta, tasgta; =28 i a, ta; +a; +a, =16.
AnmuimMem an mepriail poyHacIii Apyryo i arpriMaem
(a, —a,) +(a, —a,) + (a5 — a;) + (a5 — a;) = 28 —16. Axxyms 4d =12; d = 3.
ITakospki a, +a; +a, +a, =16, 10 a, +a, +2d +a, + 4d +a, + 6d = 16;
4a, +12d = 16; a, +3d = 4. Ilakoabki d = 3, To a, = —5.
15. Bagoma, mTo 337 < S, <393.

ITa hopmysie cyMbI 11 IEPIIBIX UJeHAY apbl()METhIUYHAN ITparpacii arpriMmaem

2a, +14d
Sy = 25— 15=(a, +7d)-15 =15a,.
Anrynp 337 <1b5ag <393; ﬁ <ag < %, 22— <ag < 26 . IMTarkoabki

Iparpacid CKJIafaeniia 3 HaTypaJbHBIX JiKay i BOCBMBI WiIeH nparpacii KPaTHBI
4aThIPOM, TO ag = 24.

Tact 6

1. JIix O He MosKa 3’aAyAIia 4JeHaM reaMeTpbIYHal mIparpacii.
2.1Ia {uacumiBacii reamerpeluHail mparpacii arpeimaem xZ =7 -63;
2=7.7-9; x =—21 a6o x = 21. IMakoupki x <0, To x = —21.

3. 3HOIA3eM HAa30YHIK /:[a,useHafx’I mparpacii:

b =b + gl L 8 _ 22 _ 1. _1
s — % "4 5 7022 ¢4 T 1024 o0 9097 7%
1.1_1

Tager b, =b, *q; b, = 55 = =
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4. 3Hoiig3eM mepIlbl YiIeH i HasoyHiK mparpacii:

b.
b = 3-2' =6; b, =3 22 =12;q = Ez = 2. Ila dopmyse cyMbl n TepPIIbIX

yJjJeHay reaMeTpPbIYHAl Mparpacii sHOWAZEeM cyMy MEePIbIX ALl UjJeHay nanse-
Ha¥ mparpacii:

bl -1) _6(2°-1) _
S5_ﬁ, S5_?_6'31_186-
b.
5. 3Holi3eM Ha3oyHiK nmparpacii: b = 0,1; b, =0,3; ¢ = Ez = 3.

Bagoma, mro b, = 218,7. Ila dopmysne n-ra 4djeHa reaMeTpBIUHail Ipa-
rpacii arpeimMaem: b, =0, - ¢"';218,7=0,1-3""1; 3" =2187; 3" ' =37;
n—1=7n=8.

6. by by =b, ¢ b -¢® =b-q¢",r. 30 b ¢ =5T7.

Tager by, *b,, = b, - q* b, - q*® =02 -q"" =517.

7. BHolin3eM HA30VHIK mparpacii: ¢® = Do 8., -2
. a y p p . q b17 125 bl q 5 M
o o .. . b
Cyma 6sACKOHIIA cIajajbHail reaMeTpbIUHAN mparpacii poyma S = 1—1q’

b, =S(1—¢q); b, =12,6-(1+0,4) = 17,64.
8. Bripasim b, i by npas b, i g i pamIbIM cicTaMy ypayHeHHAY:
b.g? —b, = 48, [b,(¢> —1) =48, [b,(¢+1)(¢—1) = 48, [48(¢ —1) = 48,
{bf,q +b, = 48; {bs (¢ +1) = 48; {bs (¢ +1) = 48; {b5 (¢ +1) = 48;
g—1=1;q=2.
9. Ko)KHBI HaCTYIIHEI TPOXBYTOJbHIK IIag00HbI HAIAPIAHAMY 3 Kas(ilbleH-
TaM mmago0HAaCIi, POYHBIM % Ix mepbIMeTpHI 3’ AYIAOIIA YUJIeHaMi reaMeTpbid-

. . . o - " 1 .
Hail mparpacii, mepIsl YieH SKoi poyHb 24, a HA30YHIK POYHBI 9¢ 3Hola3eM

7
IepEIMeTP BOChMara TPOXBYTOMbHIKA: by = b, q'; by = 24 - (l) 3 by = %.
6-(2°-1) _ 631 _ 186 6-(2'~1) _6-15 _ 90
10.6, =8, =858 =—5 =5 = 5%~ 5 ~ 5 "5

b, = % - % = 9—56. 3HausHHe IIIyKaHara Bbipasy poyHa 96.
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11. ITakosabKi cyma asecslli uneHay reaMeTpbluHail mparpacii poyua 64, To

10
bi(q"°—1) _ . . o .
e 64. IlaxkosabKi 3ma0bIiTaK IepIara i AsscsaTara ujgeHay poyHBI 16,
T0 b, b, - q° =16; b° - ¢° =16.

CymMma Jgikay, agBapoTHBIX UJieHAM JIaj3eHali reaMeTPbIUYHANW mmparpacii, yay-
Jsie caboil cymMy A3ecsAlli IepIIbIX UjIeHay reaMeTpbIUHAM Iparpacii, mepribl

YJIeH AKON POYHBI bi’ a Ha30YHIiK POYHBI %. Tanbr
1
1( 1
bl[q“’ ) 1]

S'0= i,
q
1. 1-¢"
S’ _b " _1.,1-¢° 1-¢_ 1 1-¢" ¢ _1-¢° 1
v 1g b0 a0 1g 17g b’
q
n(1-4°) _ S =64 _ 4

SlO= 1—¢ : b12q9 - bibio 16

12. T1a §naciisacni reamerperanatt mparpacii b> =b, _,+b,,,, n > 2, aTpbiMa-
tgx =1

. toly = sinxc —t: tolx = tox: tolx — =0: —1)=o0- ’
eM: tg°x =sinx cosz? tg“x = tgx; tgx —tgx O,tgx(tgx 1) O’[tgx=0.

ITakosbKi uIeHAM reaMeTPBIYHAN Iparpacii He Mmoska ObITlb HYJIb, TO tgx =1,

= % +an, n € Z. HaliMeHIIBIM AaJaTHBIM KOPaHeM Jaf3eHara ypayHeHHA
3’ ayadeniia % = 45",
Lyl 1,11, =

13. 3amimnmam myKaHymo cyMy ¥ BBITJISA3€ 11,1 1,1
: 3 4 6 8 12 16

)— (l +L1y 14 ) i ma popmyie S = 1% BHOW/I3eM CyMBI

(1,1, 1
(3+6+12+"' 4 8 16
.. 1 1 1 .11 1
O0sICKOHIIAa CIIafaJbHBIX reaMeTPLIYHbBIX IIParpaciii: 3G 1g0 e L gigrigr
1 1

N[ =

’r— g =3 ”r— Z —
S'=—73=3 8=—71

1- 1-

DO |
DO |

1 1
5 %" Tanpl 3HAUSHHE IITyKaHara BbI-

Ilyxkamasa cyma poyaa S ' —S"= %

pasy poyHa 5.
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14. Haxait b;; b,q; b1q2 — TPBI 3LIXOOHBIA JiKi, AKisg yTBapamoIlb reamMer-
peruHyIo nparpacito. Taxer by; bg +2; blq2 — apbIip)MeThIYHAS IIparpacis, a
b; bqg+2; bq®+9 — reamerpeldHas mparpacis.

BrikapricTaem yiaciiBaciii apbei)MeThIUYHAN i reaMeTpbIuHAN mparpaciit i
CKJIAZ3EM CicTaMy YpayHEeHHAY:

2
blq+2:¥’ {b1+b1q2—2b1q—4=0,

(ba+2) =b,-(bg® +9); BT +4bg+4="big" +90;

b +bq° —2bg—4=0, |b +bq”®—2bg—4=0,
4b,q +4 = 9b;; 2b,q = 4,5b, — 2;

b, +b,q> — (4,56, —2)—4=0, [b +bg®—4,55 —2=0,
2b,q = 4,56, — 2; 2b,q = 4,5b, — 2;

bq* — 3,55, =2 =0, iy . - o .
CriuanséMm meplimae i gpyroe ypayHeHHi cicToambr i

2b,g —4,5b, +2=0.
arpermaem: b,q° + 2b,q — 8b, =0; b, (q2 +2q— 8) =0.

ITakonbki ik 0 He MosKa 3’AYaAdAIIIa UIeHaM reaMeTpPbIUYHAM ITparpacii, To

¢*+29—8=0; [q —9 " Makombki reaMeTpbLIUHAA IIparpacia 3 ayiasderiia Ha-

pacranbHail, To ¢ = 2. 3 poyHacui 2b,q — 4,5b, + 2 = 0 3HOIA3eM IIYKaHBI JiK
4b, — 4,50, +2=0; —0,6b, = —2; b, = 4.

15. Haxait (an) — apbIip)MeThIYHASA ITparpacis, a (bn) — reaMeTpBLIYHASA
mparpacis.

Haxait a, =a;a; =a+d; a;, =a+2d, nse d — nagBoeHasd PO3HACIH 3bI-
xXomHaU apel(pMeThIUHAN ITparpacii.

Haxaii b =b;b;, =b-q;b, =b" qz, J13e ¢ — KBaJpaT Ha30yHiKa 3bIXOLHAM

reaMeTpbIuHail nparpacii. Ila ymose zagausl b, = —3—a;; b, =1—a,; b, =5—a,.
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Tanmp!l mma yiaciiiBaciii reamMeTpbIUyHAal mparpacii (1 —a, )2 = (—3 —a, )(5 —a ),
r.oa. 1—a—d)? =(—3—a)(5—a—2d); d?—8d+16=0; d =4.
Tanpl mykamasa po3HacCIlb 3bIX0AHAN apbl(pMeThIUHAN Iparpacii poyua 2.
Tact 7
1. IIpaBinpHai 3’ ayasaeria poyHacias 900-1,14 = 1026 (p.).
2.1)1000000-0,75 =750 000 vasaBek y3dAJi ya3ea y Bbibapax.

2) 750 000+ 0,1 = 75 000 uamaBex aamaji rajachl MapThii 3AJIEHBIX.

3. Haxait x — 1mIyKaHbI JiK.

IMTacss naBeniusuHA diKy x Ha 200 % aTpeiMaeM Jik (3x).

MaaniubiM aik (8x) y macns pasoy i arpeimaem aik (18x).

3HoII3eM, KOJbKI IpalpHTay alollHi JiK cKJaagae aj IepilamadyaTKoBara:
18x
? -100 % =1800 % .

4. Haxait a — mayKbIHg cTapaHbl KBaapara. Taabl Aro mioimda S = a’.

ITacssa Taro sk mepbIMeTp KBajapaTa naBsaaiubiai Ha 10 % , KoKHAas Aro cra-
pana nassuriubLiacsa Ha 10 %, r. 3H. crana poyHait 1,1a. Tangel miomua KBaj-

o 2

parta poyHa S, = (l,la) =1,21a% =1,218. Buausis, mIoMIYa KBajJpara IaBs-
giusrmiza Ha 21 %.

5. 3a mepibl A3ensb npazaai 50 % =% yCcaro TaBapy, a 3a APYri O3eHb —

(1 — %) -% = % yecaro rtaBapy. TakiM ubIHAM, HeOpagaA3eHBIM 3aCTaJIoCs
1 1 _ 3
1—- 3 " g~ g aTPeIMaHara raBapy.

§=37,5%.

6. Ilakompki 70 9% oKeIxapoy Bemaiolb (DPaAHIIY3CKYI0 MOBY, TO
100 % — 70 % = 30 % He Bemaob PAHITY3CKYIO MOBY, a BAJIOJAI0Ilb TOJMbKI aH-
raiickaii mosaii. Tager 80 % — 30 % = 50 % xbIxapoy Begarois adbe3Be MOBHI.

7. Haxait x M — mepIamavyaTKOBAas BBIMIBIHS €JIKi, TaIbl (1,25x) M — IIep-
IIarmavyaTKoBasl BBIMIBIHSA cacHbI. Ilacias Taro sk ApsBhI magpacTyilb Ha 1,8 M,
BBIIIIBIHA €JIKi cTaHe poyHan (x + 1,8)M, a BBIIIIBIHSA CACHBI — (1,25x + 1,8) M.
Bsapoma, mrro cacua axassaemua Ha 10 % sormsimai 3a enry. Criaamzém i
paUIBIM ypayHeHHe:

1,25x+1,8 =1,1(x +1,8); 1,254 —1,1x =1,1-1,8 —1,8; 0,15x = 0,1-1,8;

_01-1,8 _ 18 _ 6 _
x = 015 X =15 X g;x—l,Z(M).
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8. Haxaii x p. — mepiiamavaTKoBas IfaHa TaBapy. Ilacisa maBeiusHHSA [aHBI
TaBap cTay KalllTaBallb (l,lx) P., 4 Hacasa 3HiMKOHHSA IAHBl — (0,75 . 1,1x) P
ITaxonbki TaBap maTamuey Ha 7 p. y IapayHaHHI 3 IepIlanavyaTKoBal I[aHOHi, TO
ckaan3ém ypayaenue: x — 0,75 1,1x = 7;x — 0,825x = 7;0,175x = 7; x = 40 p.

9. Haxaii x p. — meplranavyaTKOBBI KOIIT Ileplara nmpagMeTa, §y P. — APY-
rora. Ilacisa Taro K KOIIT IepIiara mpagMmera naMmeHinsLii ma 10 %, a gpyro-
ra — ua 40 %, AHBI cTAJi KalITaBailb (O,9x) p.i (O,6y) p. anmaBenHa. Ckua-
I3€M i POIIBIM cicTaMy YpayHEeHHAY:

[x+y=40, x +y =40, x+y =40, —2x — 2y = —80, [x =30,
10,9x +0,6y =33; [9x+6y =330; |3x+2y=110; [3x+2y =110; y =10.

HamaTHasa posHACIh IMaMi’K KOIIITaMi mpagMeTay na 3MsIHEHHS II9H pPoyHa

20 p.
10. Haxait saBop MBOMYBI MaBAJdiuBay BRINYCK HNPAAyKIIbIL HA p MpaIoHTAY.

2 2
. . . P\ _op. p\ _ 726,
Tanmel ckaag3ém i pambiM ypayuernHe: 600 « (1 + 100) 726; (1 + 100) 500>
2
p )\ _ 121, p _1, p _11_ . P _ 1, __
(1+ 100) =700° 17700 " 105700 10 U 100 10’ p =10.

11. Haxaii y ipme n paboTHiKaY, i 8 ix m my:KubIH. [lakoabKi Bagoma, 1ITO
MYJKUBIHBI CKJIamamoIb MeHmI 3a 50 % , aje 6oabim 3a 40 % paboTHikay hipMbI,

To 0,4 < % <0,5;0,4n <m <0,5n.

IlakoabKi n i m — HPJIbIA JIiKi, TO HAWNMEHIIIBIM 3HAUDHHEM 71, IIPBI AKiM m
Oynase IPJIBIM JiKaM, 3 Ayiaderiia JiK 7.
ITper n =7 arpeimaem: 0,4-7<m <0,5:7; 2,8 <m <3,5; m =3.

12. Haxai nepiramavyaTkoBa ObLIO TaTpadHA X rpy3aBikoy, Taabl HA KOXK-

o s 90 . .
HYI0O MallIbIHY marpysimi 6 ~ T Tpysy. ITakonbki gamaTkoBa cmaTpabijacs

9
~+4 TTDy3Y. Bsapoma, 1miTo Ha
KOJKHYIO MaIIbIHy marpysiai za 0,75 T menIn, usiM maaHaBasacsa. CKaagsém i
PpAIIBIM ypayHeHHe:

A1y 4 rpysaBiki, To Ha KOMKHBI 3 iX marpysimi

90 _ 90 _3 30 _ 30 _1, 30(x+4)-30x _1 120 _ 1,
x x+4 4’ x x+4 4’ x(x+4) 4’ x(x+4) 4’
b ax—ag0=0; |© b

X X — =V,
x = 20.

Taxim ublHaM, IepIamadyaTKoBa 0bLI0 maTpadoHa 20 rpysaBikoy. Aue macisa
3aKasy Amus 4 rpysasikoy ix craJa 24.
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3HoWI3eM, Ha KOJIbKI HpalpHTay MaBAJiubliacsa KOJbKAcCIlhb I'Py3aBiKoy y

24 —20
20 100 % =20 %.

13. 3Holia3eM IIpalpHTHAEe YTPEIMAHHE 30J1aTa ¥ KOMKHBIM CILJIaBe:

mapayHaHHi 3 mepIramayaTKoBall 3asayKaii:

% +100 % = 70 % BsoJsiaTa ¥ mepIILIM CILJIaBE.
2,7 . .
27+03 100 % = 90 % 3om;ara ¥ ApPyTiM cILIaBe.
Maca agpasaHara KaBaika, KT Maca 3071aTa, KT
Ilepsr cnay x 0.7x
Hpyri cunay y 0,9y
Hossl cinay 2 0,85-2=1,7

CacrasiM i paIIbIM cicToMy YpayHeHHAY:

x+y=2, —Tx—Ty=-14, |2y =3, y=15,
{O,7x +0,9y =1,7; {7x +9y =17; {7x +9y =17; {7x +9y =17.
Taxim ublHaM, ajg Apyrora KaBaJjka agpasaJi 1,5 kr = 1500 r meraiy.

14. Haxaii ¢ MiH — yac aJ MOMaHTY cTapTa Ja MOMAHTY CYCTPAYbl BeJaci-
nexabicTay. Taabl IepIbl BeJlacimeabICT 3a M'9THI Yac IIpaexay

775t m, a ogpyri — 800¢ m. ITakoJsibKi meprramauaTkoBas o 775,»/
ajJierjaciib mamizk imi Oblia poyHa majoBe may KbIHI Be- ”’{&
250

JaTpaky, To 800t — 775t = SN t = 5 miH.
3a 1mgamb MIHYT IepIIbl  BeJacimeAbIcT  IIpaexay
775-5=3875m, abo 3875:250 =15,5 xpyra. Taxkim ubI-
HaM, Ja MOMAHTY CYCTP3UYbl IepIIbl BeJacimeanIicT mpaexay
15 moyHBIX KPYToOy. Y4
15. ITa ymMoBe 3amaubl CKJIaA3EM TabJIIIy:

Bsrro Y3ari 3acrasocsa
Vesaro mapoy x y xX—y
Cimix mapoy 0,01x 0,01x
YBIPBOHBIX IIIAPOY 0,99x y 0,99x —y

ITakonbKi Mo cCiHiX Iapoy ag aryJibHal KOJIBKACIIL IITapoy, IIITO 3acTaricd ¥
CKPBIHIIBI, cKJIaaa 2 % , To CKJIaA3€EM i parrbiM ypayHerHe: 0,01x = 0,02(x — y);
x = 2x — 2y; x = 2y. IlepmanayaTKoBasd KOJbKAacIlb I1apoy y 2 passl O0JIbIasa
3a KOJIbKACI[h Y3ATHIX UBIPBOHBIX ITapPOY.
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